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Abstract

Tt has become clear that many organisms possess the ability to reg-
alate their mutation rate in response to environmental conditions. So
the question of finding an optimal mutation rate must be repla.ce;i by
that of finding an optimal mutation schedule. We show that this task
cannot be accomplished with standard population—dynamic models.
We then develop a “hybrid” model for populations experiencing time—
dependent mutation that treats population growth as deterministic
but the time of first appearance of new variants as stochastic. We
show that the hybrid model agrees well with a Monte Carlo simula-
tion. From this model, we derive a deterministic approximation, a
“threshold” model, that is similar to standard population dynamic
models, but differs in the initial rate of generation of new mutants.
We use these techniques to model antibody affinity ma.turla.tion by
somatic hypefmutation. We had previously shown that the optimal
mutation schedule for the deterministic threshold model is phasic,
with periods of mutation between intervals of mutation—free growth.
To establish the validity of this schedule, we now show that the pha-
sic schedule that optimizes the deterministic threshold model signif-
icantly irpproves upon the best constant-rate schedule for both the

hybrid and Monte Carlo models.



Introduction

The optimal replication fidelity f01; a population of oréanisms rep-
resents a compromise between the need to preserve hard-won gains
in fitness and the need to maintain adaptability in an unpredictably
changing environment. If replication fidelity is too low, deleterious
mutations will quickly accumulate, and the population will “diffuse”
away from its adaptive fitness peak [1]. If, on the other hand, replica-
tion fidelity is too high, a population that is presently well-adapted
may not be able to adjust to subsequent changes in the fitness land-
séape. Several investigators have examined this question in several
contexts. and found optimal mutation rates [2, 3, 4].

It is now apparent that some organisms partially resolve these
conflicting needs by regulating -their mutation rates in response to
environmental circumstances. When the popula.tion is thriving, their
genomes are maintained with high fidelity, but when stressed, a spe-
cific mechanism is invoked to upregulate the mutation rate. The best
studied among these systems is the résponse to DNA lesions in E.
coli known as the 508 response {5]. The SOS responsé increases mu-
tation rates thronghout the genome as well as in the specific area of
the lesions. Genes that play a central role in the regulation of the

SOS response have recently been implicated [6] in the phenomenon



of “directed mutation” [7, 8. Induced genomic alteration in response

to environmental conditions has been studied in eukaryotes as well .

[9, 10]. An inducible downregulation of replication fidelity mediated

by biasing the nucleotide pool has been noted in association with HIV

[11], although the implications of this finding are unclear at present.

A remarkable system for the study of mutation and selection is

the affinity maturation of the humoral immune response by somatic

hypermutation [12, 13, 14]. Upon exposure to a foreign antigen, B

| cells whose antigen receptors are specific for that antigen prolifer-
ate and differentiate. A subset of these colonize germinal centers in

the lymph nodes and spleen [15, 16]. Here they divide rapidly and

. the genes that encode the variable regions of their immunoglobulins
(both heavy and light chains) experience a 10%-105-fold increase in
their mutation rate [17). If a ]ﬁgher—a.fﬁnity variant immunoglobulin
arises by chance in this process, the B cell that produces it binds
antigen more easily and is preferentially stimulated. When antigen
becomes limiting, these high-affinity variants grow to dominate the
population. When the germinal center reaction dwindles, after four-
teen days or so, the mutation rate appears to return to normal. This
extraordinary miniature Darwinian evolution typically produces in-

creases in affinity of from ten to one—handred—fold [12].



For organisms that change replication fidelity as a result of condi-
tions in the environment, the issue of optimizing their mutation rate
is more complicated. Optimization must be performed over the mu-
tation rate considered as a function of time. One must ﬁnd the best
mutation schedule. This problem is considerably harder and presents
some interesting mathematical and computational challenges. One
approach that has been successfully employed to find optimal con-
stant mutation rates is to apply deterministic ordinary differential
equation (ODE) population-dynamic modeling and include appro-
priate terms for mutation [18, 19, 20]. This ﬁpproach can be shown
to give accurate results when the population growth is not density-
dependent or when all populations are always large. Of course, when
novelty arises, the population representing it is very small; uncer-
fainty as to the time of arrival of the first mutants implies a large
variance in the size of the mutant sub—population, which, in the pres-
ence of non—ﬁneaﬁties in the yoﬁh equations, feeds back to influence
the mean. Thus, the deterministic model is no longer accurate. The
problem is greatly exacerbated by time-dependent mutation rates,
which can act to maintain a large coefficient of variation.

In an ordina.r-y continuum description using concentrations or real-

valued population sizes, mutations do not generate integer-valued



jumps in population size. Thus, it is not possible, within the context
of these models, to ask when a mutatjon takes place. This situation
is similar to one faced in modeling diffusion, for example, where the
solution of Fick’s equation gives no sense of when the first particle
in a finite population will cross a given boundary; the concentra.tion'
is non—zero at all points immediately and there is no sense of “one
particle”. But in 2 population model, these “phantom” concentra-
tions of instantly produced mutants experience exponential growth,
and can produce wildly mistaken results.

A single short burst of mutation seeds all mutant classes connected
to the initial population. The size of these mutant “pppulations”
might be minuscule, but those that are advantageous will quickly
grow to dominate the population, even though the time that mutation
was active can be made arbitrarily short, so that the probability that
a single advantageous mutant would have been created is vanishingly
small.

Rather than nsing ODEs, one could model mutation and growth
with a Markov model. Agur et al. [21] used a Markov model with lin-
ear growth rates to determine the optimal start time for a mutation
process when seeking a single—step mutant. This approach is very

difficult to implement when generalized to multiple mutations and to



mote realistic density—dependent growth rates. Furthermore, in spite
of their relative complexity, single age—class Markov models are them-
selves inaccurate, greatly overestimating the population variance by
overestimating the variance in the length of the generation times.

We have developed an alternative approach to modeling popula-
tions with time—dependent mutation rates. Our strategy is to neglect
fluctuations due to random variations in the length of generation
times, but to account fully for the randomness in the times at which
mutations arise. These mutation arrival times will be introduced
as random variables, upon which the vector fields of the population
ODEs will then depend. In turn, the differential equations describing
the behavior .of the probability demsity functions for the muta.fion
arrival times will depend on the state of the population. We call this
new model a stochastic hybrid model.

From this hybrid model we derive an alternative deterministic
model by replacing the mutation arrival times by dynamically deter-
mined characteristic values for those times. This new ODE model,
which we call a threshold model, contains discrete thresholds that
need 1o be surpassed before mutant populations are introduced, is
appropriate for investigating the behavior of systems experiencing

time-dependent mutation, and in particular, for optimizing over mu-



tation schedules.

We will illustrate the process by modeling the somatic mutation
of B cells. We have previously shown that, for a B cell population
model of the “threshold” type, the schedule that maximizes a measure
of “fitness” is one in which periods of high mutation rates alternate
with periods of mutation—free growth [22, 23]. Having obtained this
optimum schedule using an algorithm based on the Pontryagin maxi-
mum principle, we now test this schedule using the hybrid stochastic
model as well as Monte Carlo simulations of the population dynamics
regarded as an age—structured Markov model. We cannot easily say
whether or not this schedule remains optimal for the Markov model,
but we do show that it is a significant improvement over the best

constant-rate schedule.

Models

We write a general popula,tion—'dyna.mjc equation with mutation, un-

der the assumption that mutations are expressed only during repli-

cation, as follows:

dz;

5 = gilzp)Eit > ms(w)bi(z)z; » (1)
J#

where z; is the population size of the ith strain or affinity class [23], g;

is the net growth rate of this class, which owing to competition gener-
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ally will depend on the total population composition as well as on the
mutation rate g. The mutation matrix mj; gives the probability that
3 given daughter of a cell of class j will be of class i. The birth rate
is b;. We consider the case where the fitnesses of the various classes
differ, and ask what mutation schedule most quickly facilitates the
dominance of the population by fitter classes. This is an appropriate
question when, for example, the environment is changing in such a
way that the survival of the population depends on the rapid estab-
lishment of fitter classes. In the case of antibody affinity maturation,
we assume fitness is equivalent to the binding affinity of antibody for
the eliciting antigen; increasing the affinity enhances the efficacy of
the immune response.

We have formulated a model for germinal center B cell dynamics

[22, 23] that is a special case of Eq. (1), with
i = 1(—1+ 2e7hi(a)). (2)

Here 7 is the cell division rate, cell death is assumed to also occur
at rate r [23], a is the concentration of free antigen, which we may
think of as a resource necessary for growth, and h; is the probability

that a cell reaching the end of its cycle divides rather than undergo



programmed cell death, and is given by

K;
h(@) = T 3)

where K; is the affinity of the antigen receptor of class i for the
antigen. Furthermore,

b = 2rhi(a), (4)

and

_ {1 - pr)}E-ile s
™ = G A ®)

where p is the effective genomic mutation rate (gen~'), i.e. the mata-
tion rate (ignoring silent and functionally silent mutations) per base
pair times the number of base pairs targeted for mutation, pg, is the
probability that a non-silent mutation is lethal (or non-binding), and
A is a constant that determines the fraction of expressed, honlethal
mutations of a cell that are advantagecus or disadvantageous (see
[23] for details). The free antigen obeys the following conservation
equation,

a+orz::,-h.-(a) =ag | (6) |

i

where ¢ is the number of antigen receptors per B cell and ag is the
(constant) total amount of antigen. In writing Eq. (6) we assume
that h; is equal to the proportion of antigen receptors that are bound
by antigen.
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We will maximize the total affinity A(T), defined as the prod-
uct of the average affinity and the total population size, or A(t) =
¥, Kizi(t) evaluated at some specified time, 7. This maximization
is over all mutation schedules, and is performed using an algorithm
based on the Pontryagin maximum principle (22, 27].‘ A direct max-
~ imization of the system specified b;-y Eqs. (1-6) with a single class
initially occupied and one lower and two higher a.fﬁnify classes avail-
able yields the schedule of Fig. 1a, showing an initial sharp, brief peak
of mutation followed by mutation—free growth for the remaining time.

With this “optimal” schedule, the highest affinity class completely
dominates the population by generation 40 (Fig. 1b). But when this
schedule is used in a Monte Carlo simulation of the population, we
find that less than 0.2% of replicate runs produce affinity class 2
cells and that the unmutated cells, i = 0, dominate the population
(Fig. 1c). In the ODE model, the explosive process of cell prolifer-
ation has taken a tiny concentration of mutants, corresponding to
much less than one cell, and blown it up into the dominant clone. To
avoid this problem, we must re—interpret concentrations that corre-

spond to less than one individual and adjust our models accordingly.

A Stochastic Hybrid Model

The failure of this and other standard ODE models stems from their
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M of a size scale corresponding to a single individual. This is mani-
fest in the absence of any sense of the time it takes for the first mutant
to arise (in fact, all mutants arise immediately). Therefore, we extend
the state space for our model, by including discrete random variables
- that indicate whether or not a given class has become occupied, i.c.,
whether a mutation to that class has yet occurred. Since these are
stochastic variables, we keep track of their probability distributions.
Let F;(t) be the probability that the ith mutant class has not become
occupied by time t. A reasonable description, basgd on a Markov
assumption, is given by

2 = B Y malubi(e)e (M)
J#i

The coefficient on the right is the intensity, or the rate at whicia
individuals of class i are produced by mutation from individuals of
all other occupied classes.

Now Eq. (1) is modified to read

dz;

-5 = |gilzp)zi+ § m;i(p)bi(z)z;| 0t~ t) + é(t - &)  (8)
where 8(t) is the Heavyside function, which is 1 for ¢ > 0, a.mi is 0
otherwise. The Dirac delta is the derivative of the Heavyside function,
and t; is the stochastic variable giving the time at which the first

mutant of class ¢ appears. The term §(t — ;) bumps the population
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in class { from zero fo one at time t;, after which the familiar dynamics
(identical to those prescribed by Eq. (1)) take over.

Notice that once the t!s are prescribed, Eq. (8) is deterministic,
hence the term “hybrid” model. This system may be solved as a
“path integral®. One fixes the ¢; and integrates Eq. (8). Then Eq.
(7) is used to find the probability dgnsity at this #;. This model has
some similarity to the Luria-Delbriick model [30, 31] for mutation in
bacterial populations, in which an ODE was used to model for the
' growth of the unmutated population and a stochastic model for the

generation of variants.

A Deterministic Threshold Model

Equations (7,8) prescribe a stochastic dynamical system that more

accurately models populations experiencing mutations and especially
temporally variable mutations. We can derive a simpler determinis-
tic model, useful for qualitative analysis, by replacing the stochastic

variables ¢; by real variables 7; defined by
Py(ri) = 1/e. (9)

The 7; are similar to medians (which are defined by Py(7:;) = 1/2).
Note that the mean is an inappropriate characteristic value because

it depends on the future course of the dynamical system. The mode
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is also poor because it is very sensitive to local fluctuations in the
intensity, and hence, to spikes in the mutation rate.
The deterministic system we study is given by replacing ; with
7; in Eq. (8), retaining Eq. (7), and adding Eq. (9). Note that
the equations for P; and z; are never used simultaneously. F; is
calculated until it reaches the value 1/e, after which it is no longer
needed. On the other hand, z; is inert until P; = 1/e, at which time
it jumps to the value 1 and then changes according to the modified
Eq. (8). Under these circumstances, we can define a new variable
' ¢; that equals z; when t > 7;, and —log F; when { < 7. This new

variable is continuous and obeys

% = g:(&, wEB(& — 1) + 3 mu()bi(€)6;0(6 - 1), (10)

#i
which is quite similar to the “traditional” ODE, but contains Heavy-

side functions to switch from passive to active growth.

Example: Optimization

We have previously taken Eq. (10) as our starting point in the opti-

' mization of the mutation schedule [22, 23]. Here, we show that the
schedule obtained using the threshold model represents a significant
improvement over the best constant-rate schedule for corresponding

stochastic models realized by Monte Carlo methods.
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In the hybrid model cell division is deterministic. To generate a
comparable stochastic model we want fhe variance in the time to di-
vision to be a parameter. The Markov model we use for this purpose
is related to the Smith and Martin [28] model of the cell cycle, and
bas N “immature” states or “ages” and a single mature state. Upon
passing through the mature state, the cell either divides or dies. The
rate of passage from age a to age a+ 1, or from age N to either death
or division, depends on the affinity class and is taken for convenience
to be (2¥ — a)h;. The probability of dividing at the mature state
is h; as in the hybrid model, and the mutation matrix is also car-
ried over. The standard deviation of the intermitotic time for rapidly
| dividing eukaryotic cells (in this case, neuroblastomas) has been care-

fully measured {29] and amounts to 10% of the mean. We have used

| N = 25 age classes, giving a cycle-length standard deviation about
20% of the mean. It is computationally unfeasible to use significantly
larger N to lower the standard deviation further.

We have found, using techniques described earlier [22, 23], the
optimal schedule for the threshold ODE system corresponding to the
above Muiov model (Fig. 2a): The interpretation of this sched-
ule is straightforward. The initial period when the mutation rate is

essentially zero allows the seed population to grow as rapidly as pos-
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sible, without loss to deleterious mutations. When this population
has reached a critical size, inversely proportional to the probability
of a given single mu';ation being advantageous, the mutation rate is
quickly raised, so that an advantageous mutant will quickly arrive.
Once this advantageous mutation has occurred, the mautation ratg is
again lowered to let this new subpopulation grow at the maximum
rate.

This simple description wo-rks well for the deterministic model
that generated this schedule, but there remains some question about
hc;w well this strategy will work in the more realistic situa.tio;x when
the mutation arrival time is random. In Fig. 2c we show the popu-
lation dynamics predicted using the hybrid and Monte Ca?lo mod-
els. These agree well with each other and with the predictions of
the threshold model (Fig. 2b). In Fig. 3 we compared the phasic
schedule to the optimum constant rate schedule (which we deter-
mined occurs with g = 0.075 gen~!) in the hybrid and Monte Carlo
models. Figure 3 shows the density of first mutation times for the
passage from the seed class to class one and from class one to class
two. The histograms represent ten-thousand replicates of the Monte
Carlo simulation and the solid curves show the results for our hybﬁd

model. Differences between the Monte Carlo and hybrid models are
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due primarily to the large variance of cell cycle length in the former.
Even ﬁth 25 age classes, the variance of the cell division time is 20%
of the square of the mean division time. The hybrid model neglects
this variance; all the variance in this model is due to the uncertainty
in the mutation arrival time. The agreement is worse when the vari-
ance is still higher, but lowering the variance further by increasing
the number of age classes is computationally prohibitive. The agree-
ment at this level is quite good neverthel;:ss. The mutation arrival
times are moved forward in the optimal schedule with respect to the
constant rate schedule.

We define an advantage index by

n; = ;Toz‘:iz; ) (11)
where the factor in front of the sum is the reciprocal of the ma.ximuﬁ
possible population size. Then n, is the product of the average class
index in the population and the size of the population relative to its
“;arrying capacity”. The average {n,) of the advantage index over
ten thousand Monte Carlo replicates is, for the best constant schedule
(1 = 0.075gen™1), (n,) = 0.965, and for the optimal schedule, (na) =
1.300. Figure 4 shows the empirical density functions for n, for both
schedules, as well as the density functions calculated using the hybrid

model, and shows that our optimal schedule significantly enhances the
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density over large values of n,.

Conclusions

We have developed a population—dynamic model that treats pop-
ulation growth as deterministic but the arrival times of mutations as
stochastic. This hybrid model can then be farther simplified to yield
a detemﬁm'stic approximation appropriate for finite populations ex-
periencing temporally varying mutation rates. Using this threshold
model, we havé shown that the mutation schedulé that maximizes the
efficiency of the mutation and selection process is phasic, with peri-
ods of increased mutation rate punctuating intervals of mutation-
free growth. This schedule maintains an advantage over the best
constant-rate schedule when applied to a Monte Carlo simulation of
é.n age-structured Markov model. For both the constant and pha-
sic mutation schedules, the ilybrid model fits the Monte Carlo data
adequately. _

While the phasic mutation schedule was derived frdm an affinity
maturation model it may have advantages over constant rate muta-
tion schedules in many other contexts. When this phasic schedule is
viewed in the context of species evolution, it is suggestive of punctu-
ated equilibrium [32], although the significance of this relationship is
unclear at present. | |
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Self-regulation of mutation rate does occur among prokaryotes,
eukaryotes and somatically among cellular constituents of higher or-
ganisms. The maaipulation of these mutation rates may enhance

fitness in a significant way.

We thank George 1. Bell for useful comments. This work was
partially performed under the auspices of the U.S. Department of
Energy and supported by NIH grant A128433 (A.S.P.) and by NSF

grant MCB-9357637 (T.B.K.).
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Figure Captions

Figure 1 (a) The optimal mutation schedule (see text for optimality cri-

terion) for the B cell hypermutation model given by Egs. (1-
6), with affinity classes i = —1,0,1,2, and initial condition
zo(0) = 2 cells, z,{(0) = 0 for i # 0. The parameters = log2
gen~l,aq = 3.3 pM,0 = 3.3 x 107* pM cell™! (correspond-
ing to 10° antigen feceptors per B cell and 2 system of volume
5x 10° um3), K; = 5 x 10° M}, py, = 0.5 and A = 100, corre-
sponding to a frequency of advantageous mutations among all
replacement mutations of about 1/100. (b) Population dynam-
ics rof conventional ODE model. The seed class is i = 0 and
i designates the number of advantageous mutations acquired.
Note that by generation 40, the highest affinity class, i = 2, ‘is
at maximum size, and all other classes are negligible. (c) The
mean population sizes over 10,000 replica.té runs of the Monte
Carlo simulation of the age—structured Markov model described

in the text (dashed lines) and the mean population sizes for the

" hybrid model of Eqs. (7,8) and (2-6), (solid lines), both using

Figure 2

the schedule shown in (a).

(a) The optimal mutation schedule using the threshold ODE
model given by Eq. (10) and Eqs. (2-6), with the same param-
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eters as in Fig. 1. (b) Population dynamics for this threshold
model. (c) Analogous to Fig. 1c, but computed using the sched-

ule in (a).

Figure 3 Histograms (normalized to probability density functions) for

the mutation ﬁ;rst—a.rriva.l times in 10,000 replicate rnns of the
Monte Carlo simulation. The solid lines are thé density func- |
tions calculated using the hybrid model. (a) and (c) arrival
times of the first cells in class ¢ = 1, (b) and (d) arrival times
of the first cells in class i = 2. (a) and (b) were produced using
a constant mutation rate of g = 0.075 gen™!, which we have
f_ound, within the limits imposed by fluctuations, to be optimal
among constant schedules. {¢) and (d) were produced using
the schedule shown in Fig. 2a. During the first mutation phase
88.9% of mutations to class i = 1 occur, 11.0% occur during

the second phase and 0.1% do not occur at all. The analogous

" percentages for mutations to class 1t = 2 are 0.6%, 78.5% and

Figure 4

20.9%.

Histograms (normalized to probability density functions) for the
advantage index (described in the text) based on 10,000 runs of
the Monte Carlo simulation of the age structured Markov model.

The panel labeled “optimal” was made using the schedule of
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Fig. 2a, that labeled “constant”™, using a constant schedule with
p = 0.075 gen™!. The solid lines were calculated using the

hybrid model.
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