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Summary

The development of the immune repertoire during neonatal life involves a strong selection
process among different clones. The it:nmune system is genetically capable of producing a
much more diverse set of lymphocyte receptors than are expressed in the actual repertoire.
By means of a model we investigate the hypothesis that repertoire selection is carried out
during early life by the immune networ~.

We develop a model network in which possibly hundreds of B cell clones proliferate ailel
produce antibodies following stimulation. Stimulation is viewed as occurring throug11 re
ceptor crosslinking and is modeled via a log bell-shaped dose-response function. Through
secretion of free antibody B cell clones can stimulate one another if their receptors have
complementary shapes. Receptor 'shapes are modeled as binary strings and complemen
tarity is evaluated by a string matching algorithm. The dynamic behavior of our model is
typically oscillatory and for some parameters chaotic. In the case of two complementary
B cell clones, the chaotic attractor has a number of features in common with the Lorenz
attractor. The networks we model do not have a predetennined 'size or topology~'Rather,
we model the bone marrow as a source which generates novel clones. These novel clones
can either be incorporated into the network or remain isolated, mimicking the non-network
portion of the immune system. Clones are removed from the network if they fail to expand.
We investigate the properties of the network as a function of P(match), the probability
that two randomly selected immunoglobulins have complementary shapes.

"As ,~hemodel n~t\Yorks evolve they develop a number of self-regulatory features. Most im
portantly,n~tworks attain a specific equilibrium size an'd'getrerate a"characteristic amount
of "natural" antibody. Because the network reaches an asymptotic size even though the
bone marrow keeps supplying novel clones, clones must compete for presence in the net
work, i.e. repertoire selection takes place. Networks comprised of cells with multireactive
receptors remain small, whereas networks consisting of cells with specific receptors become
much larger. We find an inverse relationship between n, the number of clones in a network,
and P(match), and a linear relationship between nand M, the rate at which novel clones
are produced in the bone marrow. We present a simple phenomenological model for the
number of clones in the network that accounts for the inverse relationship between nand
P(match), and that can account for the relationship between nand M. Additionally,
the phenomenological model suggests that there are two qualitatively different network
equilibria.

The number of clones a given clone interacts with, its connectivity, is another emergent
property of these networks. During early ontogeny, before the network reaches its equilib
rium size, the connectivity may become very high. Within a few months however, networks



attain a degree of connectivity that is hardly dependent on the matching probability of the
receptors. The networks appear to select for specificity: the average connectivity alvvays
remains lower than expected, and the selection process favors adding novel specific clones
over maintaining established multireactive ones. We discuss the "dominance" of specificity,
and the fact that the connectivity is lower than expected because clones tend to occupy
similar regions in shape space..

The rate at which antibodies in solution are removed from the system by forming idio
typic complexes, and the parameter in the dose-response curv~ 4~termining the onset of
suppression, turn out to be the most crucial parameters of t'he'model.

To summarize, we show how an immune network could select a limited actual repertoire
from a seemingly infinite source of novelty from the. bone marrow.
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Introduction

Jerne (1974) postulated that the immune system functions as a net"vork with a com
plexity comparable to that of the neural network. The immune network is based upon
so-called "idiotypic" interactions between B-Iymphocyte clones expressing antibody recep
tors of complementary shapes. Most previous theoretical studies of idiotypic networks
have addressed· the existence of multiple steady states in a network and the phenomenon
of immunological memory. Here we study· properties of the network such as its size and
connectivity, and show via a simulation model that the immune network developed during
early ontogeny is capable of influencing the adult immune repertoire. This is in agreement
with recent experiments.

The number of immunoglobulin molecules that an animal can make is called its potential
repertoire (Holmberg et al., 1986b). Calculated on the basis of the size of the immunoglob
ulin variable region gene segment libraries and the errors introduced during gene' segment
joining, the potential repertoire of the mouse has been estimated to be larger than 1010

(Berek & Milstein, 1988). The number of different immunoglobulins in an animal used
as lymphocyte receptors, its available (or expressed) repertoire, however, is estimated to
remain well below 108 (Holmberg et al., 1986b; Berek & Milstein, 1988). The actual
repertoire is composed of antibodies that are being secreted by activated B lymphocytes
(Holmberg et al., 1986b). The formation of the available and the actual antibody repertoire
is thought to involve several selection mechanisms. One of them is the idiotypic network.
The establishment of the adult B cell repertoire was demonstrated to depend on idiotypic
interactions during early ontogeny (Cosenza & Kohler, 1972; Hiernaux et al., 1981; Kear
ney & Vakil, 1986; Vakil et al., 1986). Compared with adult life, idiotypic interactions are
very common during early ontogeny (Holmberg et al., 1986a, 1989). Connectivity assays
in which a collection of antibodies from unimmunized animals are tested for the ability to
react with each other, have suggested that antibodies from newborn animals, on average,
match 23-28% of other antibodies in the collection (Holmberg et al., 1984; Kearney et al.,
1987), whereas hardly any antibodies from uniIIlmunized adult animals match each other
(Holmberg et al., 1986a). The pronounced network interactions seen in newborn animals
are found among the so-called' "natural" antibodies. These antibodies are present in the
serum before antigen has been given, they are of the IgM type, and they preferentially lIse
specific V-region gene families (Bona, 1988). A subclass of B cells, identified by the Ly1 or
CD5 marker, might be responsible for generating these networks of natural antibodies. The
Ly1+ B cells appear during early ontogeny, are multispecific, are probably independent of
helper T cells, and playa role in autoimmunity (Hardy & Hayakawa, 1986; Herzenberg
et al., 1986). However, in animals exposed to antigen, antibodies of the IgG isotype are
made. Hsu et al. (1989) recently found that antigen specific monoclonal IgG antibodies
obtained from adult animals immunized with the protein antigen hen egg white lysozyme
show a high connectivity. Thus high network connectivity can be obtained in a variety of
circumstances. Here we will focus on networks in unimmunized animals, which appear to
be most pronounced in neonatal animals and amongst IgM antibodies (Holmberg et al.,
1984, 1986a).
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The most detailed data on idiotypic repertoire selection have been obtained with a four
layered (i.e. Ab1-Ab4) network of several periri~tal monoclonal IgM antibodies that are
known to playa role in the immune response to the. antigens phosphorylcholine and dextran
(Kearney & Vakil, 1986; Vakil et al., 1986). The data show that in vivo manipulation
of the developing mouse immune system with members of this network influences the
adult B cell response to these antigens. For e~:ample, administration of Ab2, Ab3, or
Ab4 antibodies during the first weeks of life en.hances or suppresses the. adult immune
response to phosphorylcholine and dextran depeI1ding on the time of administration. The
administration of Ab2 or Ab3 antibodies can restore the suppressive effect of an earlier dose
of an Ab4 antibody. These data show that idiQtypic interactions during early ontogeny
can influence the adult immune response.

Lundkvist et al. (1989) detected the presence ofi9:1otypic anti-idiotypic interactions among
antibodies in unimmunized mice. They found that the concentrations of these natural IgM
antibodies fluctuate in a 2-3 fold range. Although they have too little data to be conclu
sive, Lundkvist et aI. (1989) suggest that the cox:i;~entrationfluctuations they measured are
compatible with the existence of chaotic dynami'~al behavior. Treatment of the mice with
(probably) low doses of either idiotypic or anti..-jfliotypic antibody resulted in the illhil)i
tion of the fluctuations for months. These result's were taken to indicate that there exist
functional connections in an idiotypic network of::Jlatural IgM antibodies that are involved
in the regulation of antibody concentrations. Additionally, Varela and Stewart (1990) and
Stewart and Varela (1990), interpreting these data along the lines of their formal model,
argue that this oscillatory behavior enables the network to sustain diversity.

According to the view of Vaz & Varela (1978), Coutinho et ale (1984), and Varela et
al. (1988) the immune system is not antigen driven. Rather the system is organized as
a network reacting autonomously with itself. ':khe autonomous activity described in the
Lundkvist experiment seems to confirm this v~e\y'. Other experiments, such as the obser
vation that 10-20% of the lymphocytes from "alltigen-free" mice are activated (Hooyl\:aas
et al., 1984; Pereira et al., 1986), also sugges~~\ltonomous activity that is due to inter
actions either within the network, or with the eIl'\Tiron~entofself antigens (Holmberg et
al., 1984, 1986a, 1989; Coutinho et al., 1984, 1-987; Coutinho, 1989; Huetz et al., 1988).
The interactions with self antigens are called "self-assertion", and are postulated to pre
vent auto-immunity. These considerations are evolving into to a new view of the immune
system in which both a clonal and a network orgq,nization are assumed to coexist. In two
recent reviews, Coutinho (1989) and Holmberg'~'t al. (1989) argue that about 10-20% of
clones form an idiotypic network. In their view, the other 80-90% of clones are discon
nected from the network and form a clonal corp.p~rtment of immunocompetent but resting
lymphocytes that is responsible for immune re~P9nses to foreign antigens. The net\vork is
thought to select which T and B cell clones are·~xpressed in an animal. This is what we
call repertoire selection. We here refer to the two compartments as the "clonal system"
and the "immune network".
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Here we propose and analyze a m"odel for the development of an immune network. The
model will demonstrate how repertoire selection can be carried out by an idiotypic network,
and will show how certain features of the network, such as its size and connectivity develop.
As our· model networks develop, the connectivity first increases, s<;:> that each clone reacts
with many others, but then decreases so that in adults each clone reacts with rather few
species. This developmental pattern ~ollows that observed by Holmberg et al. (1986C1).

The Model

Our model is composed of a varying number of B cell subpopulations of different specificities
that form a network. A source, meant to model the bone marrow, supplies novel B cell
subpopulations that can be incorporated into the network. Each subpopulation, or clone,
is characterized by its specific antib<?"dy receptor, which is specified in the model by a bit
pattern that reflects the "shape" of the antibody (cf., Farmer et al., 1986). Two clones can
interact via solution phase antibodies whenever their receptor shapes (i.e. bit-patterns) are
complementary (Fig. 1). For simplicity, we quantify the degree of match between molecules
in terms of only two affinity classes, -which can be thought of as high and low. The affinity,
Jij, of antibody j for the receptors on cells of clone i, is important in determining the
degree of stimulation of the B cells of clone i. Cells· that become activated, proliferate
and differentiate into antibody secreting cells. This maturation process takes a fevv days.
Free antibodies may also react with complementary antibodies to fOITIl complexes. These
complexes, which are analogous to antigen-antibody complexes, will be removed from the
system by phagocytic cells such as macrophages. The rate of complex removal will turn
out to be one of the most crucial parameters of the model. Each clone is stimulated
(and possibly over-stimulated) by the binding of all possible complementary anti-idiotypic
antibodies in the network. Their combined effect, denoted Ai, is referred to as the field
of clone i. This term originates from physics and has been used in neural network theory.
Preyious authors in idiotypic network theory have called it the connectivity (Hoffmann
et al., 1988) or the sensitivity (Varela et al., 1988). We prefer the term field and use it
exclusively here. The field of a clone represents the combined effect of all the anti-idiotypic
~tibodies in the environment that the clone interacts with, weighted by the affinities of
."~he·~various interactions; i.e.,

n

Ai = LJijAj ,
i=l

where J ij defines the affinity with which antibody j interacts with clone i.

As we shall see below, our model also includes direct interactions between antibody i
and antibody j. For simplicity, we assume that the affinity of antibody j for antibody
i is the same as its affinity for a receptor i. Thus, in this simplification we are not
distinguishing between cell sunace antibody and solution antibody with regard to their
binding properties. Because of this, it is natural to assume that the affinity matrix J is
symmetric, i.e. J ij = J ji. If we were to distinguish between these two classes of reactions,
as in Segel & Perelson (1989), one might argue that because of the environment of a
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called a cross-linking curve. For ligands that are bivalent the cross-linking curve is bell
shaped and symmetric around its maximum (Perelson & DeLisi, 1980; Perelson, 1984).
Indeed, the behavior of this model resembles the behavior of more complicated models
that incorporate the chemistry involved in receptor binding and cross-linking (Perelson,
1989a; De Boer'et al., 1990). For reasons of simplicity, we shall study Eq. (1) for r] =1.
For TJ = 1, this function has been studied extensively (De Boer and Hogeweg, 19S9a,b; De
Boer et al., 1990; Weisbuch et al., 1990), and accounts for interesting network behavior.
Varela et al.(1988) have also proposed biphasicactivation functions giving rise to similar
network behavior; see also the discussion in Coutinho (1989). They, however, use two
biphasic functions: one for proliferation and one'for maturation. Our model accounts for
maturation by incorporating a simple one compartment model for a time-delay.

B cells that are stimulated produce antibodies ate, rate set). To model the time-dependent
aspects of antibody production we introduce a "gearing up" function, G(t), that accounts
for the time lag associated with the differentiatid!l of small stimulated B cells to the large
lymphocyte and plasma cell states that are characteristic of antibody secreting cells. Thus
we set the rate of antibody secretion set) = sG(t), where s is a constant equal to the
maximal secretion rate and the function G(t)Js chosen such that 0 ~ G(t) :s; 1.. We
introduce a separate gearing up function for each clone so that Gi(t) can be interpreted as
the proportion of mature B cells of type i. Following Segel &. Perelson (1989) we construct
Gi(t) as the solution of the first order differential equation

where f(Ai) is the activation function and k is a constant that determines the characteristic
time for gearing up. At t = 0 we set Gi(O) = 0 so that there is no initial secretion. When
a clone becomes activated, f(Ai) increases from '0 to a positive value and Get) i~creases.

If Ai where constant, G(t) would increase until<Gi = f(Ai). However, as Ai changes in
time G(t) follows with a lag. This is illustrated ill Fig. 2b. Other authors, e.g. Dibrov et
al. (1977) and Fowler (1981), explicitly introdu.ce a time delay T such that the antibody
production at time t depends on the B cell population, and its degree of stimulation, at
a time t - T in the past. However, since antibody production at time t depends on the B
cells present at time t, our model seems more appropriate.

After antibodies are secreted they are free in solution. Free antibodies can form complexes
with complementary antibodies and be eliminated at rate dc . Additionally, antibodies
decay at rate dA. Thus

dAi ...... -
dt = SBiGi - Ai(dcAi + dA ) ·

The formation of an antibody-antibody complex is a reversible reaction, which typically
reaches equilibrium rather rapidly, i.e. on a time scale, of seconds to minutes. Thus, on
the time scale of days, appropriate to cellular changes these reactions should be tll0ught
of as being at equilibrium. If this is the case, then the concentration of Ai-Aj complex is
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JijAiAj. Thus the coefficient de multiplies the equilibrium concentration of all possible
complexes, i.e. Ai Ej JijAj, see the Appendix.

To summarize, our model can be formally described by the following system of equations:

n

Ai = LJijAj

j=l

dBi .-
-d = m + Bi(pf(Ai) - dB)

t .

dAi -& = sBiGi - Ai(dcAi + dA )

dGi -
dt = k(f(Ai ) - Gd

(1)

(3)

(4)

(5)

It consists of 3n differential equations, where n is the number of clones in the system. For
each idiotype i there is one equation for the B cells (Bi), one for the antibodies (Ai), and
one for the maturation of B cells to antibody secretion, i.e. the gearing up process (Gi).
Additionally, for each idiotype we compute the field due to complementary antibodies (Ai).
These fields are determined by summing the concentration of all antibodies weighted by
their affinity with the antibody of clone i.

This model is a combination of two previous ones. The B cell equation, the antibody
equation, and the activation function were previously defined by (De Boer, 1988; De Boer
& Hogeweg, 1989b,c; De Boer et al., 1990; Weisbuch et al., 1990). The gearing up function
is the one defined previously by Segel & Perelson (1989) and Perelson (19S9a).

Parameters. Most of the parameter values were pr~sented before (De Boer & Hogevveg,
1989a,b). For each clone, the rate m at which cells appear .from the bone marrow should
be small. We either choose m = 1 or m = O. The values o~t~e.matrix J are either 0,0.1, or
1.0, denoting no interaction, a low affinity interaction, and a maximum affinity interaction
respectively. The Hill coefficient TJ describing the steepness of the bell-shaped activation
function has been set to one and hence does not appear in Eq. (1). The population
of antibody molecules is normalized so that each B cell produces maximally 1 unit of
antibody per day: s = 1 d- 1 • If we assume a maximal secretion rate of 10,000 antibodies
per second, then one unit corresponds to 1.4 x 10-15 moles of antibody. B cells have a
life-time of 1-2 days: dB = 0.5 d-1 . Antibodies are known to persist much longer; vve chose
dA = 0.05 d- 1(i.e., about 20 days). B cell division (proliferation) takes about 16 h; in the
model each B cell proliferates maximally at a net rate p-dB. In order to account for a 16 h
cell cycle p = 1 d-1

• The onset of proliferation (i.e. 81 ) is kept low (i.e. (}1 = 100) in order
to facilitate "natural" idiotypic interactions (cf. De Boer & Hogeweg, 1989b). The onset of
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"suppression" (i.e. ( 2 ) determines the maximum B cell population; we chose f)2 = 104 . In
order to account for considerable clonal expansion these thresholds should be several orders
of magnitude apart (i.e. 82 ~ ( 1 ). At either threshold f( 8) = 0.5. Because p = 1 d- 1 and
dB = 0.5 d-1 , at threshold pf(Ai ) - dB = o. The source m is small compared with the
production of cells at proliferation, thus to a good approximation, the B cell populations
attain an equilibrium whenever' Ai ~ 81 or 82 (De Boer and Hogeweg, 1989a,b; De Boer
et al., 1990; Weisbuch et al., 1990). The gearing up parameter k = 0.2 d-1 sets a time
scale for antibody production of about 5 days. The rates at which antibodies are removed
by complex formation (de) is largely unknown. The de parameter is varied throughout
the analysis; the typical range of de values is discussed in the Appendix. For simplicity
parameter values will be quoted with their units omitted. The time unit is always d- 1

•

Simulation

We study the model defined by Eqs. (1)-(5) in two distinct ways. First, we examine a
simple example containing only two clones that are complementary to each other. Using
numerical solution of the ordinary differential equations, employing the program GRIND
(De Boer, 1983), coupled with analysis of the steady states and numerical bifurcation
techniques, using AUTO (Doedel, 1981), we build up a detailed picture of the dynamical
behaviors inherent in our description of B cell proliferation, differentiation and antibody
interactions. This work provides a baseline for our subsequent study of a large dynamically
evolving network. The study of systems containing only two clones that interact through
solution phase antibody has been studied previously by (Perelson, 1989a; De Boer et
al., 1990; Stewart.& Varela, 1990). What distinguishes the work presented here is the
particular form of the differential equations under study. In Perelson (1989a) a system of
11 differential equations was used and the interactions between cells and molecules "vas
described in great chemical detail. In our previous work, (De Boer et al., 1990) we ignored
gearing up, which reduced the system to four differential equ~tions. In the next section,
after" our study of the two clone system is completed we present our model for the in
vivo development of idiotypic networks. Rather than prespecifying the· components of the
network, we characterize each clone by a bit-string and use a string matching algorithm to
determine when a clone has a receptor cOIP-plementary to a solution phase antibody. No
constant source is included (i.e. m = 0), but rather new clones are generated and injected
into the system at rate M.

Dynamics of Two Interacting Clones

Consider a network of two populations, i = 1,2, that interact with each other with affinity
J 12 = 1. We exclude self interactions and thus J 11 = J 22 = O. New cells are supplied from
the bone marrow to each clone at rate m = 1 d-1 • The balance between the supply of
new cells and the turnover of cells generates a stable virgin state that is devoid of idiotypic
stimulation (i.e. at Bi = m/dB ). The transition from this virgin state to immune states
has been the topic of previous studies (De Boer, 1988; De Boer & Hogeweg, 1989a,b;
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Weisbuch et al., 1990). In Fig. 3 we depict the behavior of the model projected in the
A I -A2 phase-plane. The behavior depicted is attained for a network in the virgin state
stimulated by the introduction of either of the two antibodies in a maximum stimulatory
concentration (i.e. Ai = JB1 B2 = 103

). Varying the rate of complex elimination, dc,
we found several types of oscillatory behavior (Fig. 2a and Fig. 3a-f). The trajectories
fluctuate around the equilibria that are present when both antibody populations equal ()l

and/or f)2 (see the straight lines in the Fig. 3, which in fact are the B I and the B 2 nullclines
for m = 0).

Fig. 3a shows an example of a symmetric cycle (e.g. de = 10-4 ) which gives rise to
two asymmetric cycles by a pitchfork bifurcatioll. An example of one of them is depicted
in Fig. 3b (for de = 4 x 10-4 ). The asymmetric cycles go through period doubliIigs
(e.g. Fig. 3c, de = 4.7 x 10-4 and Fig. 3d, de = 5 x 10-4 ), display "noisy periodicity"
(e.g. Fig. 3e, de = 5.2 x 10-4 ), and give rise to a chaotic attractor (e.g. Figs. 2a,3f,
de = 10-3 ) which appears similar to the Lorenz attractor. The sustained fluctuating
behavior disappears at even larger rates of complex formation (e.g. de = 10-2 ): following
some oscillations the system returns to the virgin state. Immunologically, we conclude that
the behavior of this model is typically oscillatory and/or chaotic. The concentrations of
complementary antibody appear to be correlated inversely; see Fig. 3. Changing de we find
several windows in which periodic and chaotic solutions alternate. As suggested by these
examples, we also find the classical cascades of symmetry breaking, period doublings, and
eventually chaos. In this respect, and visually, this chaotic attractor is similar to the Lorenz
attractor (Lorenz, 1963; Sparrow, 1982). These, and other, properties were described in 
much more detail for a simplified version of this model which omits the time-delay (De Boer
et al., 1990).

Two stable equilibria, corresponding to "immune" (B I high, B 2 low) and "suppressed" (B1

low, B 2 high) states, arise in the two-clone networks for what we believe to be unrealistic
parameter values. An example would be de = 0.01, k = 10, i.e. rapid complex elimination
and rapid maturation. These equilibria can only be stable if maturation is sufficiently
fast (i.e., k > 5, not shown). The presence of stable equilibria may account for idiotypic
memory (De Boer & Hogeweg, 1989b; Weisbuch et al., 1990). For the parameter choices
we made in this paper stable immune states' are' absent and the behavior of the model is
typically oscillatory.

Quiescent periods. As a part of the normal chaotic behavior one observes time intervals
during which one of the antibody concentrations is large, and is decaying exponentially,
while the other antibody has almost disappeared. For example, in Fig 2a we see this
behavior with Al large and A2 small for t = 80--150 d. When Al is large, population A2

remains small because B 2 cells are suppressed by the high field caused by Al and thus
they fail to produce antibody. Additionally, A 2 is removed by complex formation vvith the
large amount of AI. In the absence of A2 , B 1 cells remain unstimulated and thus Al is
not being produced and chemical interactions between Al and A2 are negligible. Thus the
dominant effect is that the large antibody population, AI, decays exponentially by normal
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turnover at a rate dA . Ultimately, the concentration of Al falls into the stimulatory
regime, leading to the renewed production of A2 and fluctuations resume. This situation
can arise whenever one antibody concentration becomes large, resulting in the removal
of its complementary antibodies by complex formation. We call this type of dynamical
behavior quiescent because the fluctuations cease. Because one of the antibodies severely
suppresses the other, one could also speak of dominance of one of the two. We think that
quiescent behavior develops whenever a trajectory approaches the inset of the symmetric
saddle equilibrium in which A 1 = A2 ~ (}2 (see Fig. 3 and De Boer et al. (1990)). The
one-dimensional outset of this equilibrium pushes such trajectories into the regions where
either Al > A 2 or A2 > Al (De Boer et al., 1990). This again resembles the Lorenz
attractor where the largest amplitudes are found following the approach of the symmetric
saddle state along its inset. In our model the length of the quiescent periods depends on
the rate of antibody decay (dA ), and the size of the large antibody population.

Our model predicts that quiescent periods can be induced in vivo by injecting a sufficient
amount of one of two complementary antibodies. An experiment of this type has been
p'erforrned in mice by Lundkvist et al. (1989) (see our Introduction) and results· in a
cessation of apparent chaotic behavior. Our interpretation of this experiment is described
in greater detail in De Boer et al. (1990).

Periods. The limit cycle displayed in Fig. 3a has a period of 115 days. If one keeps the
rate of complex formation at de = 10-4 and varies the antibody decay rate dA , one finds
that the period of the cycle depends linearly on the antibody life-time, 1/dA . Within the
biologically reasonable range 0.01 < dA- < 0.08 the period length ranges from 83-520 days,
which can be fitted to 15 + 5/dA days. Above dA = 0.08 we found a symmetry breaking
(pit,chfork) bifurcation, period doublings and chaos (not shown).

By means of a Fast Fourier Transform (Press et al., 1988), we computed power spectra
of the fluctuations· {Q.und ill: the chaotic regimes corresponding to several rates of complex
formation (de). The final power spectrUm. was based upon the average of five individual
spectra, each computed from a time series of 1024 days. These spectra were typically 1/ f13,
with f3 ~ 3. In addition to the low frequencies that are typical of chaos, we found several
minor peaks that depended on de. For de :::; 10-3 , these peaks typically correspond to
periods between 30 and 150 days. This is in agreement with empirical data of Rodkey
and Adler (1983) which shows an 80 d period in rabbits. Networl{s with larger rates of
complex formation failed to have sustained oscillatory behavior. This can be circumvented
by increasing the bone marrow production m, but one finds different periods for different
values of m (not shown). A number of these (e.g. m = 50), have the 2-4 week period
that was suggested by the in vitro experiments by Kelsoe & Cerny (1979) and the in
vivo experiments by Lundkvist et al. (1989). The fact that the period becomes shorter if
the rate of antibody removal by complex formation increases again suggests that it is the
antibody life-time (as compared to the B cell life-time) which determines the periods.
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We conclude that the time-scale of the chaotic/oscillatory behavior depends on the life
time of the antibodies, which in turn is determined by the rate of normal turnover dA and
the rate of complex formation de. Since de varies with the affinity of the antibodies (see
the Appendix), our model is able to account for differences in time scales of oscillations in
different experimental systems, e.g. Kelsoe & Cerny (1979), Lundkvist et al. (1989), and
Rodkey & Adler (1983), if different antibody affinities are involved.

Development of Idi.Qty:pi~ Networks

Having described the basic dynamics of idiotyp~ anti-idiotype clones, we now examine a
more realistic model in which clones are generat:~4at random; if they are successful in the
sense that the cells in the clone are stimulated to grow the clone remains in the system,
otherwise it dies out. This model will exhibit a number of interesting features. First, the
network will develop to some characteristic size,. and then despite the constant generation
of new clones will fail to grow any larger. We w~11 characterize the equilibrium size of the
emergent net\vork in terms of the rate of generation ofnovel clones, a parameter P(match),
and the various parameters such as de introduced in the two clone model. By P(match)
we mean the probability that two randomly generated antibody bit-strings match each
other. P(match) is to be distinguished from the connectivity, which is a network property
and defined to be the average number of connections per clone in the network. The two
may be different because of selection processes. We will show that networl<:s evolve so as
to maintain a characteristic degree of connectivity that is relatively independent of the
antibody matching probability. vVe begin by describing our model.

Generation ofNovel Clones. From the genetics of antibody V region gene recombination it
seems that the potential repertoire should be much greater than the repertoire present in
the B cells of an organism at anyone time. Typical estimates of the potential repertoire,
ignoring somatic mutation, are of order 1010 -1011. (Darnell et al., 1986; Berek & Milstein,
1988). A mouse with a total of 108 B lymphocytes should have an available repertoire that
is well below 108 (Holmberg et al., 1986b;- l3erek, & Milstein, 1988). Because. of this large
discrepancy in repertoire sizes, we shall assume~that each time a clone is generated in the
bone marrow it contains a unique antibody variable region that is produced for the first
time. To account,for the total production of cells; by the bone marrow, we assume lvI novel
clones are produced daily,with each clone contpining about 10 cells. We introduce more
than one cell per clone because of some clonal expansion at thepre-B cell stage (Opstelten
& Osmond, 1983). Once a clone has been gener,ated, we assume that there is no further
generation from the bone marrow of cells of that clone, i.e. we assume m = O. Using
the string matching algorithm described below,·::each newly generated clone is compared
with all other clones already existing in the netyvork. A new clone is incorporated in the
network only if (1) it recognizes at least one other clone (or antigen) already present in
the network, and if (2) these interactions are_~uffi.ciently stimulatory so that the clone
is expected to increase following its introductio:Xl (i.e. dBi/dt > 0). Rule (1) restricts
us to considering only those clones that connect to the network. Coutinho (1989) and
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Holmberg et al. (1989) have suggested that only 10%-20% of clones participate in the
network; t~e remainder forming a set of independent clones acting according to a classical
clonal organization. Rule (2) is just a short-cut to avoid incorporating clones into the
network that decrease and have to be removed within a few time steps. The number of
clones not connected to the network due to rule (1) or (2) ·is kept track of, and will play an
important role in our discussion of the Coutinho/Holmberg hypothesis of a network and
clonal components to the immune ~ystem.

Clone Removal. At time intervals of one day all clones in the model are checked for the
size of the B cell and antibody population. If Bi < 1 and Ai < ()1/10, i.e. if the clone
consists of less than one cell, and its antibody population is too small to have any effect,
the clone is removed from the network.

Matching rules. The shape of each antibody molecule is represented as a bit-string of
length L. Antibody molecules are assumed to recognize each other whenever their bit
strings can be matched complementarily. Such a matching rule is symmetric: if clone "i"
matches clone "j", "j" also matches "i" (cf. Hoffmann, 1975). Similar rules have been
applied before (Farmer et al., 1986; De Boer, 1988; De Boer and Hogeweg, 1989b); and
have been discussed in detail by Perelson (1988, 1989b). Stewart and Varela (1989) have
used sine-functions to represent antibody shapes. Weinand (1990) has developed a three
dimensional shape space model in which antibody shapes are represented using unit· cubes
placed on a grid. The specific rule that we apply here is that we align the bit-strings and
require a complementary match over a stretch of at least T adjacent positions. Because
the strings are aligned they cannot match themselves (i.e. we exclude autobodies; see the
Discussion). If the strings match over exactly T adjacent positions we assign a low affinity,
i.e. Jij = 0.1. Whenever the strings match over more than T adjacent positions we assign
a high affinity, i.e. J ij = 1.0. Since L > T there are several positions on the string to
find an adjacent match. This makes it possible to have several independent idiotopes on
one idiotype, which generates considerable branching in the tree representing the network
topology; see Perelson (1988) and De Boer & Hogeweg (198gb).

We set L = 32, and vary T in order to vary the matching probability, P(match), of the
receptors. In fact, for our specific match rule, P(match) is the probability of finding a
"success run" of length T in a sequence of L Bernoulli trials (e.g. T "heads" in a row in
a sequence of L coin tosses). Feller (1968) provides an approximate formula for P(match)
that becomes reasonably accurate for L ~ 2. Using Feller's result we find for L = 32
and T = 6, 7, 8, 9, 10, and 11, P(match) = 0.205, 0.103, 0.05, 0.024, 0.012, and 0.005
respectively.

Initial Conditions. During the development of a mammal maternal antibodies pass across
the placenta and influence the development of the embryo's immune system. To mimic this
effect, we initialized our model with 1/P(match) randomly made "maternal antibodies".
The concentrations of these antibodies were set to random values in the stimulatory range,
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i.e. to V8182 with 10% standard deviation; the corresponding B cell populations and
gearing up functions were set to zero. The maternal antibodies were assumed not to
interact idiotypically (this was achieved by selecting idiotypes that did not match amongst
each other). The idea behind this approach was to generate an initial population that
spanned a diversity of initial shapes. The number of clones in this population was made
proportional to 1/P(match) because P(match) de~ermines how large a part of tIle shape
space each antibody covers (see below). Because: the maternal antibodies are introduced
without B cells, they decay at rate dA and disappear from the system.

Simulation. The topology and dynamics of these large' networks were studied by computer
simulation via a program coded in the C programming language. The C code implements
the variable time step Runge-Kutta integrator provided by Press et al. (1988). Each net
work was simulated for a time corresponding to at least 300 days on a SUN4 Sparcstation 1.
Simulations took between 2 and 36 hours of computer time; the longer simulations corre
sponding to larger values of M and hence larger networks, or to large values of de or 82

which turned out to increase the stiffness of the equations.

Results

In Fig. 4 we plot the dynamics of all the clones in one representative network. We let L = 32
and T = 8, for which P(match) = 0.05. The bone marrow of the network displayed in
Fig. 4 supplies 10 novel clones per day (i.e. M = 10). During its life-time of 300 days, in
which period 3000 clones were generated, the network encompassed a total of 933 clones.
This corresponds to the 933 separate panels displayed in Fig. 4. Each panel in Fig. 4
shows the antibody population as a function of time for one clone (i.e. Ai vs. t); each
panel in Fig. 5 is a projection onto a phase-plane in which the antibody concentration and
the corresponding B cell populations are plotted (i.e. Ai vs. Bi). Because the Ai vs. Bi
graphs are square, whereas the Ai vs. t graphs are elongated, the number of columns in
Figs. 4 and 5 are not the same, and thus the panels do not line up. Notice that the time
plots in Fig. 4 start at different values of t, corresponding to the time the clone entered the
network. Similarly the plots end at the time the clone exits the network. The panels in
Figs. 4 and 5 are sorted by the life-average connectivity of the clones: from the left to the
right and from the top to the bottom the life-average of the ntlmber of connections to other
clones increases. The connectivity with which each row starts is indicated on the left in
each figure. Thus, in Figs. 4 and 5, the clone displayed in the panel at the top-left corner
has the lowest connectivity (i.e. 1 clone); whereas the one in the bottom-right corner has
the highest connectivity (i.e. 20 clones). By scanning Figs. 4 and 5 from the top to. the
bottom one can examine the effect of a clone's connectivity on its behavior.

In many models of idiotypic networks (e.g. Hoffmann, 1975; Richter, 1975; Gunther &
Hoffmann, 1982; Hoffmann et al., 1988; Farmer et al., 1986; De Boer, 1988; De Boer &
Hogeweg, 1989a; Segel & Perelson, 1988; Weisbl1ch, 1990) it has been assumed that the
antibody concentration follows the B cell population level, and thus a single variable is
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used to represent both. In Fig. 5 a proportionality betwee:p. antibody and B cells would be
depicted by a diagonal line running from the lower left to the upper right, i.e. the antibody
concentration would be low when the B cell population was small, and high when the B
cell population was large. ,As one can see this is not necessarily the case. Antibodies and
B cells have different lifetimes and thus need ~o be considered separately. In fact, this
difference in lifetimes seems to be essential in generating the complex dynamical behavior
characteristic of the two clone model (Fig. 3).

Figures 4 and 5 illustrate several other things. The behavior of most clones is typically
oscillatory. Scanning from the top to the bottom one observes that the highly connected
antibodies, i.e. those at the bottom of the figures, are short-lived and occur only during
early life. Plotting the life-time of the clones versus their connectivity, one finds an inverse
relation_ (not shown). Highly connected _clones tend to be suppressed (i.e., they are over
stimulated); they can therefore only be maintained during early life when all clones are
still small and the network has not yet filled with antibodies (see Fig. 6b). Clones that
maintain themselves during many oscillatory cycles dominate at low connectivity values
(i.e., in the top third of Figs. 4 and 5). Clones with a long life-span go through several
rounds of oscillation. A large number of clones display the "quiescent" behavior defined
in Fig. 2. Quiescent clones in Fig. 4 have a region in which they form a straight diagonal
line (e.g. plots 4 and 5); phase plots of the same quiescent clones in Fig. 5 end with a
nearly horizontal trajectory that hits the y-axis (where the B cells die out). In these large
networks, the large majority of the quiescent clones disappear following their quiescent
period. During the quiescent period the B cells of these clones fail to proliferate. Thus,
due to t-he abse-nee ofa supply from the bone marrow, m = 0, they die out rapidly. The final
removal of the idiotypic antibody is usually rapid because once the idiotype concentration
falls low enough to become stimulatory again, complementary B cells start to produce anti
idiotypic antibodies that hasten the removal of idiotypic antibody by complex formation.

Fig. 6 shows the variation in time of some global characteristics of this example network for
several values of the clonal production rate (i.e. M = 10, 20, 40, lines increase in thickness
with M). The size of the network measured in tenus of the number of clones (Fig. 6a), has a
large peak during the first month, whose height increases with M. This early peak sharply
declines by the third month and the network attains an equilibrium size around which it
fluctuates. The total amount of antibody produced by the network is shown in Fig. 6b.
Starting with a slow decline of the matern£l,l antibodies, the total antibody concentration
increases until a steady state level of about 3 X 106 units is attained.' The daily average
number of connections per clone, i.e., the connectivity of the network is shown in Fig. 6c.
As in Fig. 6a, Fig. 6c shows an early peak and attains an equilibrium around day 100.
This equilibrium is about 6-9 connections per clone.

The fact that equilibrium levels are attained in Fig. 6 shows that the idiotypic network
has certain self-structuring properties: the network selects a certain size, connectivity and
antibody level. Coutinho has claimed that the immune system can "count". OUf model
is in some sense a verification of this principle, since once the network fills with clones it

15



(6)

ceases to grow. The stable properties are surprising since each individual member of the
network oscillates, and because the individual members are continuously being rellevved.
These self-structuring properties are further investigated below by analyzing a series of
networks in which P(match) is varied.

Covering the shape space. Bit-strings of length ~:~;,~ 32 are points in a binary "shape space"
of 32 dimensions, i.e. the 32-D hypercube. B'ecause we only require a complementary
match over part of each bit-string (i.e. T < L) each individual bit-string can match a set
of complementary strings and hence will cover a:relatively large part of the shape space. In
fact, the proportion of the shape space coveredJ;:>y each individual random string is equal
to P(match). Therefore, the proportion S of shape space that is covered by a random
collection of n strings is

S = 1 - (1 - P(rnatch))n .

Thus, the number of strings that is required for covering the proportion S of the shape
space IS

ns = 10g(1 - P~:match» ·

We will generally use a 99% coverage of the shape space (i.e. S = 0.99) as an initial
prediction of how large the network would grow.if it were filling the shape space. vVe will
call this estimate based upon Eq. 6, n99. Although this estimate - which is based upon
random strings - will prove to be useful, we will also show that the shape space is not filled
randomly at all. Shape space coverage is an int~resting approach because it corresponds
to the immunological concept of "repertoire completeness". A complete repertoire means
full coverage of shape space.

Expanding Eq. 6 in a Taylor series

-109(1- S) . 10g(1 - S) 10g(1 - S)P(match) .
ns = P(match) + 2 + . 12 + ... ·

For small values of P(match),n ~. -log(l- S)/P(match). For S = O.99,n ~

4.6/P(match) - 2.3 + .... In our simulations P(match) :5 0.21. Consequently, there
is at most 10% error if we assume n = 4.6/P(mgtch). Thus, to a good approximation we
find that to cover the shape space with random antibodies requires a number of antibodies
that varies inversely with P(match), i.e. n I"V l/P(match).

Antibody matching probability. The three self~structuringproperties of the network are
plotted, in Fig. 7, as a function of P(match) for three different values of the bone marro\v
supply rate M. The heavy line in Fig. 7a depicts n99, the number of clones required for
filling 99% of the shape space. The observed Values are generally larger than ngg. The
match probabilities range from 0.005 to 0.205; tlle actual matching parameters were varied
from T = 11 to T = 6 (for L = 32). The equilibrium size of the network strongly depends
on P(match) (Fig. 7a). Networks comprised of sticky receptors (e.g. P(match) > 0.1)
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remain very small, i.e. < 200 clones. Conversely, whenever receptors are specific (e.g.
P(match) < 0.01), the networks become very large. The shape of the observed curves is
similar to that of the n99 curve. The number of clones is thus inversely related to P(match),
and we conclude that our model networks can only be large if idiotypic interactions are
highly specific. Systems with highly specific receptors will generate very large networks.

Networks comprised of clones with highly specific receptors not only consist of more clones,
than do networks of less specific clones, they also contain more antibody (Fig. 7b). This
panel looks very much the same as Fig. 7a, i.e. cells with sticky receptors form small net
works, whereas cells with specific receptors form large networks containing large amounts
of total antibody. The average size of the individual antibody populations Ai is largely
independent of P(match) (Fig. 7d). .

For sufficiently large values of P(match) the connectivity, i.e. the average number of
connections per clone, becomes independent of P(match) (the thin lines in Fig. 7c). For
low values of P(match) the connectivity increases with P(match) until it saturates at about
10 connections per clone. Figure 7c illustrates that one cannot deduce receptor stickiness
from the connectivity of the network. If one calculates the "expected connectivity" of a
network, i.e. the P(match) multiplied by the average number of clones in the network (as
provided in Fig. 7a), one obtains the heavy lines in Fig. 7c. This shows that, although sticl\:y
networks are comprised of few clones, one would expect more connections per clone on the
basis of the binding properties of the receptors. Even for the highly specific networks, the
expected connectivity is higher than the actual connectivity. Thus, whatever P(match),
these networks are selecting for clones with a low connectivity.

The early peak in the size of the network, seen in Fig. 6a, depends on P(match). If receptors
are highly specific few newly generated clones match to the network; as a consequence the
number of clones increases slowly and the peak remains absent (not shown).

A verage field. Individual B cell populations proliferate best when their field, Ai, is between
(}1 and 82 • We therefore estimated the average field by calculating lin L:~=1 Ai. These
average field values are slightly larger than ()2 and are largely independent of P( match).
There is a simple reason why the observed average field has to be close to ()2. If the fields
were to be equally divided over the two equilibrium values 81 and 82 , the average field

81 +82 • . .. .
would be 2 ' whIch roughly equals ()2/2 because ()2 ~ ()I' The fact that the average

field is slightly larger than f)2 implies that the majority of the clones in the network are
suppressed (i.e. 82 > V8l(2). In the present networks typically 60% of the clones are
suppressed (i.e. have a field larger than VB 1 ( 2 ), and 30% of all antibody populations are
of a suppressive size (i.e. are larger than V8l (}2). Both percentages are largely independent
of P(match) (not shown).

Most clones are suppressed. In his original formulation of the network hypothesis Jerne
(1974) suggested that the dominant interactions in networks are suppressive, so that in the

17



absence of antigen, clones normally are suppressed. This view is supported by our model
even though we have no explicit suppressive interactions between clones. If receptors are
highly specific, as w~ expect to be the case in real immune systems, each clone will be
connected to relatively few others. In this sit1..1ation, our simulations show that many
clones can be incorporated into the network before the connectivity increases to the point
that the average field becomes suppressive. In;~principle, networks could also attain an
equilibrium size with the average field at B2 by eJ¥olving into a system with few but highly
connected clones. Interestingly, this ~oes not o'~cur. Rather our networks' select for low
connectivity. This can be explained by th~ ·..~'dominance" of specificity. When specific
clones compete with multireactive clones for:' pI;~.~ence.> in· the network, the specific clones
tend to win because multireactive clones are more"p:rop.e to be suppressed (i.e. their larger
field more easily exceeds VB! (}2). Thus our simulations:"~h'owthat network interactions can
influence the ~xpressed repertoire in an animal and over time select for clones with few
connections. Thus, even though neonatal immune systems are dominated by clones vvhich
secrete highly multireactive antibodies, in this ·¢odel they are slowly replaced by clones
expressing more specific receptors that react with fewer other members in the network.
This is in conformity with what it seen during the development of the immune system
(Holmberg et al., 1986a).

Antibody removal by complex formation. A very important parameter in our model is
dc, the rate of removal of antibody due to complex formation. Little is kll0wn abOtlt
the in vivo formation of complexes between idiotypic and anti-idiotypic antibodies. Here
we have only considered complexes made out of two antibodies. This is certainly too
simple because IO-valent IgM antibodies can form a spectrum of complexes differing in
size and differing in the ratio of idiotypic andanti-idiotypic antibodies (cf. Stockmeyer,
1943; Goldberg, 1952). Moreover, the rate of removal of the complexes may depend on
their size, further complicating the development of realistic models of antibody removal.
Rather than deal with these issue directly, we can get some idea of the sensitivity of our
results to our simplifying assumptions by varying the parameter de. This parameter is a
crucial bifurcation parameter in the 2-clonemodels (Fig. 3 and De Boer et al.., 1990) and
thus we anticipate that· the results presented above with de = 10-3 may depend on this
particular choice.

In Fig. 8 we plot .the 'variation of Ai with time for all of the clones in a network in
which de is increased 10-fold. As expected, this increase influences the network behavior.
Comparing with Fig. 4 we see that the networks consist of more clones (1135 in Fig. 9 vs.
933 in Fig. 4), oscillations are more rapid, and clones persist during prolonged oscillations.
Quiescent behavior occurs only seldomly. Quiescent behavior is also uncommon for larger
and smaller values of P(match) (not shown). Again, scanning from the top to the bottom,
the most interesting behavior is seen in the top half of the figure. The highly connected
clones depicted at the bottom of the figure are &gain unsuccessful, and only occur early in
the simulation when the network is small.
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In Fig. 9 we compare, for M = 10, the equilibrium properties obtained in three series of
simulations with de = 10-3, our standard value (D), de = 10-2, a IO-fold increase (0)
or de = 10-4, a 10-fold decrease (6.). We see that increasing de increases the size of
the network (Fig. 9a), hardly affects total antibody (Fig. 9b), and increases the network
connectivity (Fig. 9c). With de increased 10-fold, the networks with their different values
of P(match) on average consists of 25% more clones, 5% less antibody, and 52% more
connections. Because antibody is removed more rapidly antibody populations remain
smaller. Fig. 9d shows that the average antibody population decreases if de increases.
Therefore, a higher average connectance is required to produce the same'field: The modei
network thus incorporates more clones. The average field value is largely independent' of
P(match) and de (not shown).

The onset of suppression 82 • Another parameter that is expected to affect competition
among clones is 82 , the parameter determining when field values start to become sup
pressive (i.e. larger than JO! ( 2 ). In Fig. 10 we compare, for M = 10, the equilibrium
properties of networks for three values of 82 : 103 (0),104 (0), and 105 (6). The dynamic
behavior of networks ,in which ()2 = 105 (not shown) is comparable to that displayed in
Fig. 4 for ()2 = 104 in the sense that quies'cent behavior is common, and the rate of oscil
lations seems similar. The networks with ()2 = 103 behave differently. Clones tend to be
long-lived, the amplitude of the oscillations is smaller, and the antibody and B cell pop
ulation tend to vary proportionally. Figs. lOb and 10d shows that antibody populations
tend to vary in proportion to 82 • In general, both the number of clones (Fig. lOa) and the
connectivity (Fig. IOc) increase somewhat if 82 is varied 10-fold in either direction from
the standard value ()2 = 104 • Total antibody levels (Fig. lOb), and the average antibody
population (Fig. IOd), change about 10-fold upon a lO-fold change of 82 - The average field
is largely independent of P(m,atch), but also changes lO-fold upon a 10-fold change of f)2

(not shown).

The Size of Idiotypic Networks

Bone marrow supply rate. Figures 7, 9, and 10 show the size and,· connectivity of the
network for three values of the rate at which novel clones are suppli.ed from the bone
marrow: }vI = 10,20,40. Biological networks however, have a far larger rate of supply
of clones from the bone marrow. The bone marrow of an adult mouse produces about
5 X 107 pre-B cells per day (Opstelten & Osmond, 1983). Since these pre-B cells divide
the production should definitely be less than 5 x 107 different specificities. We here take
M = 105

- 106 as a reasonable range. Here we study the effect of increasing }vI in our
network with the mostmultireactive antibodies (i.e. P(match) = 0.205). (Note that a
connectivity of about 20% has been reported in newborn mice (Holmberg et al., 1984;
Kearney et al., 1987); but as we have argued above, due to selection such connectivity
estimates need not correspond to the actual P(match).) In Fig. 11, we analyze the average
size, the total antibody concentrations, and the connectivity of these networks as a function

,ofM.
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The time to attain an equilibrium size depends on M. Therefore the dynamic simulations,
whose results are summarized in Fig. 11, were carried out for 600 instead of 300 days.
Simulations of networks with large M values take over a day to simul~te on a SUN Sparc
station 1. Because much of the simulation time is spend on calculating the early peak,.
which involves thousands of clones if M is large, we attempted to start our sim.ulations
near equilibrium. At day zero we filled the networks with clones until the average field of
each clone was larger than the preserved average field value of f)2. The respective clones
sizes were distributed around (}1 or f)2. From our earlier simulations· we know that ap
proximately 30% of the clones are larger than VOl(}2. Thus the size of 30% of the clones
was set to a random value around f)2 and 70% of the sizes to a value around 81 (using
10% standard deviation). Following this filling procedure, networks were simulated for 600
days. We performed both a linear and a logarithmic fitting procedure to the data. In each
pap.el of Fig. 11 we present the fit that yielded the highest correlation coefficient.

Figure lla shows that the size of the network tends to increase linearly with !VI. It is
clearly of biological interest to be able to predict the size of networks in animals. To do
so we need to extrapolate to values of M two orders of magnitude larger than \ve are
now able to attain in simulation. The linear :fit~ in Fig. lla would however suggest that
biological networks, with M ~ 106 , consist of order 106 clones. Note that, if this is indeed
the case, repertoire selection is strong because 106 clones would need to be neglected on a
daily basis. We have tested the robustness of these results by a reconsideration of what we
mean by the size of the network. In our model the network is not static, new clones join .
the network and unsuccessful clones are eliminated from the net,vork. Only some clones
are able to maintain themselves in the network. These clones might constitute a "core"
of the network. Thus, we recalculated the data on the size of t~e network, considering
only clones that were present for more than one week. This drd.not change our estimate
of the network size qualitatively, which suggests that our simplier measure of network size
suffices.

The connectivity of the networks, the observable which turned out to be fairly independent
of P(match), also seems to be fairly independent of M. Fig. llc suggests a characteris
tic immune network connectivity of about 10-15 connections per~l~ne, and shows a slqw
linear increase with M. Note however that the average connectivity has large standard
deviations, making it difficult to estimate the average connectivity's dependence on M.
Additional work needs to be carried out in order to establish whether the same charac
teristic connectivity applies for networks with different P(match). The total amount of
antibody in the network also increases with !VI (see Fig. lIb). An extrapolation of the log
arithmic fit suggests however that the increase in total amount of antibody would become
negligible if M were to increase to the biological estimate of M ~ 106 • The slow increase
in total antibody is in agreement with the decrease in the average size of the antibody
populations when M increases (Fig. lId). The average field experienced by each clone
also decreases slightly if M increases (not shown). The range of variation in the average
field is small however. Additionally, the average field always remains suppressive for the
range of M values that we are presently able to investigate.
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Hamming Distances in the Shape Space. The similarity in shape between the observed
curves and the n99 curve shown in Figs. 7, 9, and 10 suggests that the observed equilibrium
size of a network is related to the number of clones needed to cover the shape space. If this
is true, it then becomes puzzling why increasing M increases the equilibrium size (Figs. 7
and 11). Once the shape space has filled up, introducing novel clones should not give rise
to a larger network. We analyze this problem in two ways. First, we will study Han1ming
distances in shape space. Second, we will present a phenomenological equation describing
the number of clones in the network.

For a representative subset of the 20 networks in Fig. 11, we have scored the Hamming
distances between all possible pairs of bit-strings. The Hamming distances were sampled at
30 day intervals bet,veen day 300 and day 600. The frequency distributions of the respective
Hamming distances in the total of 11 samples of each network is plotted in Fig. 12. The
expected distribution for a randomly filled shape space is a binomial distribution with its
maximum at L/2 = 16 different bits. The binomial distribution is depicted by the heavy
line in the figure. The observed distributions all lie to the left of the expected distribution.
Thus, the bit-strings found in the network are more similar than expected. Furthermore,
increasing M increases the deviation from the expected distribution. The same result is
summarized in the inset of Fig. 12 which depicts the proportion of the observed distribution
that lies left of the expected maximum L/2 = 16. We conclude that clones tend to become
more similar if M increases. Because similar bit-strings will overlap in the region of the
shape space that they cover, more clones can be packed into the same space.

Because connections axe based upon complementary matches, the tendency of clones to
be similar reduces the probability that clones match, i.e. reduces the connectivity of the
network. The observation that the connectiv.ity always remains lower than expected, \vhich
is the basis for our conclusion that the networks select for clones with few connections, can
be explained by these results. Clones that are similar to an established (i.e. successful)
clone have a t~ofold selective advantage. First, they will share the successful field value,
and second they will not be removed by complex formation by the successful antibody.

A Phenomenological Model

The equilibrium size that each network attains is not only determi~~d by the filling of
shape space but is also influenced by the dynamical parameters.F1gures 9 and 10, for
instance, show that size of the network also depends on de and (}2. Here we will propose
a phenomenological equation for the number of clones, n, in the network. The number of
clones being determined by the influx from the bone marrow (i.e. M), and their removal
from the network. An early attempt to formulate. a similar phenomenological model for the
number of clones in the immune repertoire was performed by Adam (1978). His approach
differs from ours because he assumes (1) that idiotypes emerge by somatic mutation from
established cells, and (2) that idiotypic interactions are suppressive.
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The influx from the bone marrow is not really a constant because we have applied, t"vo
constraints for incorporating clones into the network. Once the networks have attained
equilibrium however, both constraints play hardly any role in the network dynamics. The
first constraint that clones connect to the network is likely to be fulfilled because we have
seen that the network covers nearly (i.e., >99%) the entire shape space. The second
constraint was only a short-cut that should not affect the dynamics at all. Thus, we will
treat the influx as constant.

Clones are removed from the network if their degree of network stimulation, Ai, is either
too small or too large. Since clones sizes are roughly equal for all networks (Figs. 7d, 9d,
and lOd), Ai will mainly depend on a clone's connectivity. For simplicity, we will assume
here that the degree of clonal stimulation depends on the connectivity only. An estimate
for the connectivity is the expected connectivity C = nP(mat~h). Note however, that this
estimate is actually a rather poor one (Figs. 7c an'd llc). Due to the bell-shaped nature of
the activation function (Eq. 1) clones will tend to be removed whenever the connectivity
is too low or too high. A natural way of modeling this is to use the bell-shaped function

C 11 ()11
j(C) - :. 2

- fJi + Cl1 8~ + C11 '
(7)

where C = nP(match) and B2 > Bl • The window set by 81 and 82 is the connectivity range
within which the degree of stimulation tends to prevent clonal removal from the network.

Thus, we propose as a phenomenological equation for the equilibrium number of clones in
the network

dn
dt =M-d(l-f(C))n, (8)

where M is the rate of supply of novel clones, and,d is a parameter specifying the rate at
which unsuccessful clones are removed, and 1- f(C} is the fraction of clones not stimulated
to proliferate. We will derive below.that d ~ 1. The values of ()1 and B2 can be estimated
from our observation that the connectivity of the network generally varies bet"veen 5-15
connections per clone. We thus set 81 = 5 and ()2 = 15. Having the thresholds so close,
one needs to adjust the steepness of the function in order to obtain significant suppression
in the region C > (}2. In Fig. 13a we plot Eq. (7) for TJ = 1 and 1] - 5. A sigmoid function
(i.e. 1] > 1) seems most reasonable. For algebraic constraints, however, we set 1] = 1 in the
following analytic derivation.

Our biological estimates for the bone marrow production vary arollnd M = 105 - 106

clones per day. In our simulations however, we were unable to go beyond M = 500 (see
Fig. lla). In a large network with a high connectivity, i.e. C ~ B2 , we can approximate

Eq. (7) by its descending part f( C) ~ f)2~ C. Here we will derive an approximation for
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the size of the network n as a function of large values of M. Solving Eq. (8) for n, tIle
equilibrium value of n,. then gives only one positive root

n = M(l +
2d

where P = P(match). For M ~ 00 this solution can be approximated by the first order. .
senes expanSIon

(9)

If we compare this with the observed values for 100 < !vI ~ 500 in Fig. 11a, we can estimate
the order of magnitude of the respective terms in Eq. (9). Since the turnover of clones d is
of the order of one to several days, 100 ~ M < 500 , ()2 = 15, and P = 0.205, the first term
iS,large (i.e. of order M), the second smaller (i.e. of order fJ2 ), and the third term is the
smallest. Thus we can approximate Eq. (9) by n = Mid. The observation that for large
M the number of clones scales linearly with M (Fig. 11a) is thus in confirmity with our
phenomenological model.. Because the observed relationship in Fig. 1Ia is roughly n = /VI,
we set d = 1.

In Fig. 13h we numerically check this analytic prediction by plotting n employing tIle full
Eq. (7). The heavy line corresponds to 'fJ = 5; for comparison we show the light line
corresponding to 7J = 1. For M > 100 these curves approach the linear function n = NI,
confirming our analytic approximation. For low values of M, the equilibrium size varies
as either an S-shaped (for TJ = 5), or curved (for 7J = 1) function of lvI. Close inspection of
the simulation results in Fig. l1a also reveals a deviation from the linear relation ii = lYl.
Due to the noise in these small networks however, the data are insufficient to distinguish
between the S-shaped and the curved relationship.

Both the space space analysis (i.e., n99) and the simulation results show an inverse rela
tionship between n and P(match). Here we numerically study the same relationship in
the phenomenological model using the full form of fCC), Eq. 7, for '1J = 5. In Fig. 13c the
light lines depict n, found by solving dnldt = 0, as a function of P(match) for !vI = 10,20
and 40 respectively. The heavy black line represents the connectivity C = VBl e2 = 8.66,
above it the connectivity is higher, below it is lower. The two heavy gray lines represent
C = fJ1 and C = fJ2 respectively. To the right of the line C = VOl B2 , the n curves seem
very similar to the observed curves in Figs. 7a, 9a, and lOa: n is roughly proportional to
1/P(match). This result of the phenomenological model is in agreement with tIle outcome
of the simulations and the filling of the shape space. Additionally, our phenomenologi
cal model suggests for C > VBl ()2, that suppression should dominate in the network (see
Fig. 13a); this is exactly what we observed in our simulations. Conversely, to the left of
the line C = ylfJ1()2, n increases if P(match) increases. Additionally, the n curves are
S-shaped (for 1] = 5). For low values of P(match) we thus find three equilibriulll values.
Two of them, i.e. the lower and the upper one, are stable. Thus, over the entire range
of P(match) Eq. (7) predicts the existence of two equilibrium regimes that we call the
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"suppressive" and, the "stimulatory" regime, respectively. For large values of P(match)
suppression dominates, and 11, decreases with P(match). For low values of P(match) stim
ulation dominates, and n increases with P(match). For low values of P(match) both types
of equilibria might coexist.

As argued '~bove, the equilibria in the suppressive regime correspond to the equilibria of
the simulation model shown in Figs. 7a, 9a, and lOa. Here we discuss the other equilibria
found in the phenomenological model. First, if the network conIlectivity C· is too lovV' or
too high fCC) ~ 0, and fi ~ M / d. Immunologically speaking, this means that there is
no network and that the number of clones is determined by the balance of source from
bone marrow oM and turnover d. In Fig. 13c this is shown as the horizontal parts of the
curves n. Whenever n > M / d clones are maintai:o.ed in the immune system due to network
stimulation. In the stimulatory regime the phenomenological model has a low stable state
and an intermediate unstable state. The low stable state corresponds to n = NIl d for most
values of P(match). However, close to the limit point where the stable and unstable state
merge, the graph of 'Pi versus P(match) is curved and some clones are maintained in the
network, i.e., n > M/d.

In order to check the predictions of the phenomenological model for low values of P(match),
we performed additional simulations for lower values of P(match). We studied our
standard M = lO,dc = 10-3 ,92 = 104 network for T = 11,P(match) = 0.005, and
T = 12, P(match) = 0.003 for different initial conditions. Starting with few clones, these
networks all attained an equilibrium with few clones (< 40) and a low connectivity (about
1). This is in agreement with the stimulatory equilibria close to the lower limit point of
the phenomenological model. Approximately 30% of the clones are suppressed. in these
equilibria. Starting. with many clones, the networks attained the typical suppressive equi
libria displayed in Figs. 7a, 9a, and lOa. Starting at intermediate numbers of clones, tIle
dynamics were slow, suggesting the presence of the unstable equilibrium from which the
system is escaping. After long transients the networks settled in either the lower or the
upper stable equilibrium. A closer inspection of the connectivity curves in Fig. 7 also sug
gest that the connectivity starts to decrease at low values of P(match). We now conclude
that these are on the verge of switching to the lower equilibrium.

In an attempt to extrapolate to'highly specific interactions (e.g. P(match) = 10-5 ) and
a high bone marrow influx (e.g. M = 105 ) we plot the n curve on logarithmic scales in
Fig. 13d. The various light lines correspond to M = 10, 100, ... , 105 . The heavy lines
again correspond to C = 01, JOl f)2, and 82 • This shows that for any value of bone marrow
production, there will be a region of specificities in which both the stimulatory and the
suppressive equilibria exist.

In our simulations we observed that the connectivity was lower than expected, and \vas
relatively independent of P(match). In the phenomenological model the connectivity was
made equal to the expected connectivity. However, in Figs. 13c,d one can see that within
the interesting range of specificities, where the network maintai~sclones in the system (i.e.,
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where n > M / d), t.he n' = 0 solutions lie in the region 81 ~ C ~ f)2. Thus the connectivity
is relatively independent of P(match). This property of the phenomenological model is
simply due to our assumption that a clone's connectivity has to be in the right range for
it to be maintained in the network.

We have tested the robustness of these results by changing th~ bell-shaped function Eq. (7)
into the piecewise linear function

fCC) = {!o;c if C < 8 ;
if () < C < 28
if C ~ 28 .

that is displayed in Fig. 14a. Similar functions have been proposed before (Weisbuch et
al., 1990). At the connectivity C = f) clones have an infinite lifetime. For consistency with
the parameter choices made with the bell-shaped model, we have set f} = 10. Solving for fi

as a function of P(match) we obtained very similar results to those displayed in Figs. I3c
and 13d. Thus, the existence of multiple equilibria in the phenomenological model does
not depend on the sigmoid shape of the bell-shaped function (i.e., Eq. (7)). 'We found a
difference however in the relation between the suppressive equilibrium values of n and !vI
(i.e. the relation depicted in Fig. 13b). Instead of being linear, n grows proportionally to
~ in the piecewise linear model. Solving for the suppressive equibrium of the Eq. (8)
boils down to substituting fCC) = 28;C into Eq. (8) and solving a quadratic equation. For

M ~ 00 the corresponding solution is proportional to ~. In Fig. I4b we plot the same
simulation data as were shown in Fig. 11a, fitted-· using a least squares algorithm - to the
two different relationships predicted by the phenomenological model. The light lille is the
best linear fit predicted by bell-shaped function: n = 88.2 + 1.14M, r 2 = 0.78. The heavy
line is the best fit predicted by the piece-wise linear function: fi = -45.7 + 29.2~, r 2 =
0.78. Since both fits are very similar within the range of M values that we are able to
study with the simulation model, we think this difference not very conclusive. It is clear,
however, that the relation between nand M depends on the particular choice of f( Ct).

In conclusion, several properties of our phenomenological model, Eqs. (7 & 8), have corre
sponding features in the simulation model: (1) the existence of multiple and qualitatively
different equilibria, (2) the inverse relation bet\veen nand P(match), (3) the linear relation
between fi and M (or ~), and (4) the constant connectivity. Thus, our interpretation
of the behavior of the networks goes beyond the simple filling of shape space. Rather, it
involves the rate of turnover of clones as a function of their connectivity in the system.
This explains why the connectivity and the average field are such constant properties of
the networks.
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Immunological Interpretations

Throughout this paper we have refrained from discussing immune responses to antigens.
Instead, we focussed on the development of the immune network in isolation from self and
non-self antigens. As explained in our introduction, Coutinho (1989) and Holmberg et al.
(1989) suggested that 10-20% of clones form a network and are not involved in immune
responses to antigen; the other 80~90% of the clones remain disconnected (functionally
at least) from the network and form the clonal. part of the system. These disconnected
clones remain in the resting state until they are:·"activated by antigen, and then respond
to generate the typical immune response measured by immunologists. Here we will touch
upon some of the immunological implications of our results. These issues will be addressed
more rigorously in a future publication.

Completeness. The fact that the observed equilibrium sizes of the networks are generally
larger than the ngg values (see Figs. 7a, 9a, and<10a) suggest that the coverage of shape
space is nearly complete. This means that, irrespective of the specificity of receptors (Le.
of P(match)), any random bit pattern is expect~g.to be seen by the network. We call t11is
property the "self-regulatory completeness" of the repertoire: the higher the specificity
of the receptors the larger the number of clon~s in the immune network automatically
becomes so that the repertoire remains complete.

Clonal Organization. Recall that in our simulations we ignored those clones· that failed
to expand following introduction into the system. Since the basic mode of the network is
suppression - typically 60% of the clones have suppressive fields - most of the ignored
clones are expected to have a suppressive field. Checking the fields of the ignored clones
we confirmed this expectation (not shown): most· 'of these clones are ignored because they

. are' ·suppressed. Immunologically, the suppressed clones are not of interest because they
would be unresponsiv~; to further stiinulation by antigen. . For .low values of .P(rrtatch)
and low values of M however, e.g. T = 10, 11,P(match) = 0.005,0.012,M = 10,20,40 a
significant proportion of the ignored clones failed to expand due to a lack of stimulation.
This proportion varies around 25% of all ignored clones (not shown). These clones are
functionally disconnected from the network: due to the completeness they are recognized
by other 'clones but the degree of stimulation is low. Since they are perfectly capable of
responding to further stimulation by antigens they form a "functionally disconnected" or
"clonal" component of the immune system.

Thus, Coutinho's hypothesis that the immune system combines a highly connected network
with a disc.onnected clonal system seems to be supported by these results. The results ob
tained with the phenomenological model, Eqs. (7& 8), explain why such clones only occur
when M and P(match) are small. Functionally disconnected clones should prevail in the
equilibria dominated by poor stimulation. In an admittedly very speculative way, vve may
attempt to scale these observations to biologically reasonable values of /vI and P(match)
by assuming that our phenomenological model remains valid in these regions. Figure 13d
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shows that for any value of M, a P(match) can be found in which the stimulatory regime
exists. Here a network can coexist with disconnected clones. In conclusion, Coutinho's
hypothesis would be feasible if immune networks were to reside in this stimulatory regime.

Suppression. When B cells from a normal mouse are grown in culture with the B cell
mitogen lipopolysaccharide (LPS), only 33% of the cells grow (Andersson et al., 1977).
One possible explanation for this as yet unexplained observation is that the majority of B
cells are ah;eady suppressed by network interactions. Within the context of our model LPS
would need to act in such a way as to increase the field of a cell. These is some evidence
that LPS clusters immunoglobulin receptors (J. Andersson, personal communication). If
this is in fact the case, then we would expect LPS to increase the field of a B cell and to have
little effect on cells already suppressed by anti-idiotype. In any event, our model supports
the suggestion of Jerne (1974) that most clones are suppressed by network interactions.

Self Tolerance. How the immune system discriminates between foreign antigens - to which
it responds - and self antigens - to which it should not respond - is one of the most
import.~nt unresolved problems in immunology. In fact, the whole idea of an autonomous
network involving a core of 10-20% ~of all lymphocytes is intimately related to the issue
of the self antigens (Pereira et al., 1986; Huetz et al., 1988; Coutinho, 1989; Holmberg et
al., 1989). Empirical data sho\v that the multireactive IgM antibodies, which comprise the
early core of these networks, are often reactive to self antigens. The autonomous activity
of these networks may therefore well be initiated by self antigens. Thus, it is argued that
self-reactivity is physiological (Cohen, 1986; Coutinho, 1989). If clones reacting with self
antigens always connect to the network, one can argue that the network contributes to self
non-self~'~discrimination because self reactive clones are deleted from the disconnected set
of immunocompetent clones (Coutinho, 1989)~..

We have tested this idea by incorporating self antigens in the model. Antigens were incor
porated as bit-patterns similar to the' idiotypes. This increases the field of,all self-reactive
clones. ·In our model, the presence of self antigens in sufficiently high concentrations will
suppress all clones that recognize- them. However, self antigens that are present in 'stimula
tory concentrations al\vays gave rise to unlimited self-aggression. The network is capable of
controlling some of the self-reactive clones by "over-stimulation"; see also De Boer (1989).
This is particularly true for clones with many idiotypic connections (not shown). Clones
with only few connections ho\vever, easily escape from net\vork mediated control of autore
activity. These clones expand because they are stimulated by the self antigen(s). When
the self-reactive clones finally attain a large population size, they suppress their idiotypic
partners in the network, thus free.ing themselves further from network control (cf. De Boer
and Hogeweg, 1989a).

Thus, although the network's tendency to select for specificity seems suggestive in terms
of self non-self discrimination, our B cell network fails to account for self non-self dis
crimination at all concentrations of self antigen. This need not be a shortcoming of our
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B cell network because self non-self discrimination probably takes place at the level of T
cells. In the absence of T cell help, self antigens fail to activate B cells C:tnd self non-self
discrimination will occur.

Memory. Because we study a developing B cell network during early ontogeny, and because
we have ignored T cells, memory need not be a<:property of our model. We nevertheless
tested our network for its memory properties by'-lemporarily introducing an antigen into
a network ·that had attained an equilibrium size. Antigen is provided in the form of a

. raildoin· bit-string providing a constant stimulatory field. We observed· two transient forms
of memory" which' will be described in detail else,~here. First, we found that clones that
would otherwise fail to be incorporated into the network due to a lack of stimulation, can
now be stimulate·(f by the antigen, and be maintaip,ed in the system because they are incor
porated into the network. This would account for a form of idiotypic memory (Coutinho,
1989). Second, we observed that following theiiltroduction and the removal of antigen,
the network increased the incorporation of clones recognizing the antigen. Apparently, the
antigen perturbed regions of the shape space causing those regions to provide. a stimula
tory signal to the clones recognizing the antigen.",.,;In other words, the network enlarged its
repertoire of antigen reactive clones. Such a fo~ of memory, in \vhich novel gene com
binations turn up in the repertoire following antigenic stimulation, has empirically been
described as a "repertoire shift" (Berek et al., 1985; Berek & Milstein, 1988).

Discussion

We have derived the following main conclusions,for our model network:

• The equilibrium size of the idiotypic network is a property that emerge~ from interactions
among the clones in a network. It is inversely related to the matching probability of
immunoglobulin receptors. Net\vorks comprised"of sticky, or multireactive, receptors are
small and typically contain hundreds of clones"whereas networks comprised of specific
receptors are much larger. 'This dependence. of size on specifity acco-unts for a form of
"self-regulatory completeness". Networks grow J~ge enough so that their repertoires are
complete.

• Once a network is established it selects an immune repertoire. The number of clones in tIle
network, and the number of disconnected immunocompetent clones, are much smaller tllan
the total number of clones supplied by the bone marrow. rhe clones that survive interact
with the network and thus the net\vork influences the immune repertoire. Additionally, the
network influences the repertoire of the clones remaining functionally disconnected from
the network. '.

• The connectivity of the network, defined as the average number of connections per clone,
is another emergent property and is relatively independent of the matching probability of
the receptors.

• The number of different clones in the network a~d their connectivity are very large during
the first month, and then decrease later in life. The initial peak in the number of clones

28



is due to the fact that each clone is small and thus the system has not yet filled with
antibody.

• Constant connectivity is achieved in the network by a selection process that determines
the number of clones to be incorporated into the network.

• Networks select for clones with few connections. Specific clones are bound to win the
competition for membership in the network, since multireactive clones tend to recognize
many clones in the network and tend to be s1;lppressed by the large number of interactions.
Additionally, as the network dev~lops,its connectivity is reduced because clones tend to
occupy similar regions in shape space. .

• In most of the equilibria we have observed for various par~ineter values that the majority
(i.e. 60%) of the clones are suppressed; in the few "stimulatory equilibria" 30% of the clones
are suppressed.

• The .population size of most clones in the network fluctuates in time. Nevertheless, the
network as a whole attains a number of constant equilibrium properties.

• The diversity of the network and the time scale of the fluctuations depend on the rate
of antibody complex formation.

• The size of the network increases linearly with the supply of novel clones from the bone
marrow. This is partly due to a denser packing of the shape space.

• We provide a phenomenological equation for the number of clones n in the netwo~k. This
equation suggests that there exist two qualitatively different equilibria in the network. It
also suggests a constant connectivity, and has the correct inverse relationship between
n and receptor specificity, and has a linear relationship between n and the rate of bone
marrow production M or VM.

We have:shown elsewhere that the gearing up function is not required for periodic and/or
chaotic behavior to develop, i.e. a simplified model in which the sBiGi(t) term in the
dAildt equation was replaced by sBif(Ai) displays very similar behavior (De Boer et
al., 1990). Even the period of the oscillations remains unaffected. Additionally, we l1ave
tested several of the emergent network properties in a simplified version of our model that
omits gearing up. We prefer the present form of the model however, because the gearing
up function makes the impac~. that the introduction of novel clones has on the netvvork
gradual and dependent on the ~eld of the novel clone. This makes the combination of
continuous dynamics and dIscrete introduction of (possibly) many novel clones at a time
a little more elegant since different clones reach maximal antibody secretion at different
times. The results obtained with various versions of the network, demonstrate that the
results presented here are robust to the extent that they do not depend on the exact form
of the equations.

One of the network variants that we investigated was one in which bit patterns could
match themselves. Such antibodies are called "autobodies" (Kang & Kohler, 1986). These
autobodies attained large equilibrium values and played a very dominant role in some of
our networks. But, because they accumulated slowly, our main results were very similar
to the ones described here. OUf most interesting observation was that the dominance
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of autobodies was rare in the networks with a 10-fold increase in the rate of complex
formation. This suggests that if the rate of complex formation, dc, is large autobodies
have a reduced role in determi~ngnetwork dynamics. However, it is also possible that the
dominance of autobodies is physiologi~al, and that large autobody populations correspond'
to the so-called dominant idiotypes. Interestingly, the .dominant idiotype T15 is produced
by CD5 bearing B cells (Mas~oudi et al., 1990},and the autobody described by I(ang &
Kohler (1986) expresses the T15 idiotype. .

The present work bears resemblence to the imIn:une network model.developed by Farmer
et al. (1986). The main difference is that the<present moclel is based upon different,
and we believe much more realistic dynamics.·lt also employs symmetric matches (i.e.
J ij = J ji). The model developed by Farmer et aJ~ (1986) served the purpose of comparing
learning in the immune system with learning in classifier syst~ms, and although the types
of simulations described here were suggested by'~Farmer et aJ~, they were never carried out
in detail. Outside the field of theoretical immun91ogy, related models have been developed
and applied to ecological food webs (Post & Pimm, 1983), and to autocatalytic reaction
networks (Farmer et al., 1987; Bagley et al., 1989). In these model systems one also supplies
novel species to create networks, and the dynamics are described by differential equations
whose terms depend on the current network configuration. Unlike our immune networks,
these networks always attain a steady state, and~ovelspecies are added to the equilibrium
state. Established species ·are generally maintained. Interestingly, it becomes exceedingly
more difficult to add novel species as time increases.. This is not the case in our immune
networks. The number of trials required for adding a random clone successfully does not
increase with the development of the network (not sh?wn). This difference is probably
related to the oscillations ~nd the high turnover of clones in our immune networks.

There are interesting relations between our work and research on Boolean networks and
complex systems. Kauffman (1969) has shown that Boolean networks may contain a
"frozen core" through which signals can not p~opagate. Thus a network can function as
a set of isolated components. Weisbuch {1989} relates this phenomena to the possible
creation of localized memory in immune networks. The immune network described here
forms one large connected s~.r:ucture. Our interpretation however, is that the entire network
is one large frozen comp'onent which enables so~e isolated clones to remain functionally
disconnected from the network. However, the frozen component is dynamic because it is
slowly moving around in the shape space.

Recent results have shown that the connectivity of randomly generated immllne net,vorks
exhibits a phase transition at one (symmetric) idiotypic connection per clone (De Boer &
Hogeweg, 1989b; Perelson, 19S9a,b). The present results, showing that an "intrinsic" con
nectivity of 10-15 connections per clone, suggest that the immune networks do not operate
around this particular phase transition. Operating around phase transitions has recently
been suggested to be a characteristic feature of complex systems in general (Packard, 1988;
Langton, 1990).
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We plan to extend this work by focusing further on the combination of a fully connected
network and functionally disconnected isolated clones. Without changing the model, it
is possible to further characterize the connections of the clones that fail to be s.tilTIulated
by the network. These clones may be connected to other functionally disconnected clones
and thus form small sub-networks. Further, we plan to extend the model. It is known
that in the early immune system multireactive antibodies are common (Holmb.erg et al.,
1986a). Also, there seems to be a programmed readout of immunoglobulin genes, vvith
specific antigen specificities arising at a fixed time in the development of the' imlTIUne
system (Bona, 1988). Thus we might hypothesize that during the development of tIle
immune system, the earliest B cells might express multireactive receptors while later ones
might use more specific receptors. Our phenomenological model suggests that if P(match)
were to decrease during ontogeny, the network will at some point in time switch from a
suppressive ~quilibrium to a stimulatory equilibrium. From then on the combination of
a network with functionally disconnected clones becomes feasible. In a previous study
we modeled the change in receptor specificity by altering the binding threshold T during
ontogeny (De Boer, 1989). Alternatives would be to change the requirements for activation
during ontogeny (i.e. to chang~ 81 or ( 2 ), and/or to incorporate T-B cell cooperation.
Empirical evidence suggests that T cells appear somewhat later in ontogeny, and that T
and B cell repertoires influence each other (Huetz et al., 1988, Martinez-A et al., 1988).
The model can be extended with T-B cell cooperation along the lines suggested by De Boer
& Hogeweg (1989c) and Farmer (1990).

Our present results are in agreement with the counterintuitive hypothesis (Coutinho, 1989)
that the immune system combines a highly connected network with a functionally. discon
nected clonal system. Such a combination would reconcile the longstan~ing controversy
between the two main views of the immune system, namely that of a clonal'and a network
organization.
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FIGURE CAPTIONS

Figure 1. A diagrammatic representation of some of the interactions incorporated in the
model. Each antibody is represented by a bit-pattern, here shown as black anel white
squares. The rule that 0 is complementary to 1 is illustrated by black being complementary
to white.

Figure 2. Possible dynamic behavior of a network of two clones following an immttne
resp~nse to a stimulatory dose of A2 • Parameters: de = 10-3 and m = 1. (a) A plot
of Ai versus t for the chaotic attractor of Fig.3f displaying periods of "quiescence" . (b)
The "gearing up" function: the relation betweep.AI ,A2 , f(A I ) = !(A2 ), and GI during
an immune response to a stimulatory dose of A2 •

Figure 3. Possible behaviors of a network of t,wo clones examined by varying the rate
of complex formation, de. In each panel we plot Al vs. A2 on a logarithmic scale.
Parameters: m = 1, J 12 = J 21 = 1, and J 11 •... J 22 = 0, (}l = 102 and 82 = 104

. The
straight lines are at Ai ~ 81 ,B2 ,i = 1,2. (a) SYmmetric periodic behavior for de == 10-4

.

(b) Asymmetric periodic behavior for de = 4 x 10-4 • (c, d) Period doubled aSYffilnetric
cycles for de = 4.7 x 10-4 and de = 5 x 10-4 • (e) Noisy periodicity for de = 5.2 x 10-4 .

(f) Symmetric chaotic attractor de = 10-3 • '

Figure 4. Dynamic behavior of the 933 clones that· were members of the network generated
with de = 10-3 , 82 = 104 , M = 10, T = 8, P(match) = 0.05. Clones are sorted by
connectivity (see the text). The time axes runs from zero to 300 days. We plot Ai as a
function of time. The vertical axis is logarithmic (base ten) and runs from one to 108 .

Clones may appear at any point in time, after which they can be seen to expand. Clones
disappear when the antibody population is 81 /10 = 10, which is just above the horizontal
aXIS.

Figure 5. The same dynamic behavior shown in Fig. 4 now plotted as Ai vs. B i . TIle
vertical antibody and the horizontal B cell axes are logarithmic (base ten) and run from
one to 108 . Clones are again sorted by connectivity. Since the number of columns differs
from that in Fig. 4, ro\vs start differently.

Figure 6. Time dependent characteristics of the de = 10-3 , 82 = 104 , T = 8, P(match) ==
0.05 network displayed in Fig. 4. We show three values of bone marrow production:
M = 10, M = 20, and M = 40. Lines increasein thickness with M. (a) The nllmber of
clones in the network, (b) the total antibody on'a logarithmic scale (base ten), and (c) the
average connectivity (the bars indicate one standard deviation).

Figure 7. Equilibrium characteristics of a series of networks varying P(match) for de =
10-3 and 82 = 104 • The equilibrium values were determined by averaging over the last 100
days of a dynamic simulation. We show three values of M: M = 10 : 0, M = 20 : 0, AI =
40 : 6. (a) The total number of clones (light lines), and the ngg (heavy line) .. (b) TIle
total antibody concentration. (c) The network connectivity (ligllt lines), and the expected
network connectivity (heavy lines). (d) The average antibody population.
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Figure 8. The behavior of a network with a IO-fold increase in the rate of complex forlnation
de = 0.01 and ()2 = 104 , T = 8, P(match) = 0.05. The network contained 1135 clones. We
plot log Ai versus time. Clones are sorted by their connectivity as in Fig. 4.

Figure 9. The dependence of the equilibrium characteristics of the networks on P(match),
for M = 10, f)2 = 104 and three values of dc. We use the following symbols: 6. : de =
10-4 , c : de = 10-3 , 0 : de = 10-2 • (a) The total number of clones (light lines), and the
n99 (heavy line). (b) The total antibody concentration. (c) The network connectivity. (d)

.The average antibody population.

Figure 10. The dependence of the equilibrium characteristics of the networks on P(match),
for M = 10, de = 10-3 and three values ofB2 • We use the following symbols: 0 : 82 =
103 ,0: f)2 = 104 ,6 : f)2 = 105 • (a) The total number of clones (light li~es), and the n99

(heavy line). (b) The total antibody concentration. (c) The network connectivity. (d) The
average antibody population.

Figure 11. The size of the network as a function of M for de = 10-3 , ()2 = 104 , T =
6, P(match) = 0.205. The averages "vere determined over the last 300 days of simulations
lasting 600 days. Depending on the respective correlation coefficients we either show a.

linear or a logarithmic fit. (a) The number of clones in the network as a function of lvI.
(b) Total antibody. (c) The average connectivity. (d) The average antibody poptllation.

Figure 12. Hamming distances in the shape space. For a subset of the 20 networks depicted
in Fig. 11, we computed the frequency distribution of Hamming distances between all pairs
of clones. Samples were taken at 30 day intervals between day 300 and 600, and the fre
quency distribution of the total of the samples is plotted. The frequency distributions are
indicated by the light lines in the figure. From right to left the distributions correspond to
M = 10, 50, 100, 200,300,400, 500. The heavy line depicts the expected binomial distribu
tion. The inset shows for the same subset of networks the proportion of the distribtltion
that lays left of the expected maximum of 16 bits.

Figure 13. The equilibrium value of n of our phenomenological model. (a) The bell-sllaped
Eq. (7) as a function of the connectivity C. The heavy line corresponds to 1] = 5, the light
line to TJ = 1. (b) The equilibrium value of n as a function of bone marrow production _~;J.

The heavy line corresponds to 1] = 5, the light line to 1] = 1. (c) The equilibriuln vaitle
of n as a function of P(match) for M = 10, 20, and 40. The heavy black line denotes a
connectivity of C = JB1()2 = 8.66. The heavy gray lines denote a connectivity of C = 81

and C = ()2 respectively. (d) The equilibrium value of n as a function of P(match) for
M = 10, 100, 103 , 104 , and 105 • The heavy lines are equal to those in (c).

Figure 14. The piece-\vise linear function f( C). (a) f( C) as a function of the connectivity
C. The maximum one is reached at C = () = 10. (b) The simulation data of Fig. lla (0)
fitted as a linear function of I'll (the light line) and as a function of~ (the heavy line).
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Appendix - Estimating the Parameter de-

To obtain a realistic range of de values, note that the parameter de appears only in
the term -de EJijAiAj. Assuming that free antibodies and complexes rapidly come to
equilibrium, the equili.brium concentration of complexes is proportional to E J·ijAiAj, and
hence de is proportional to the rate of complex removal. We shall assume that the time
for complex removal by macrophages and other scavenger cells is of order 0.1 d. To obtain
a precise value for dc ·we need to analyze the full term -dc E J ijAiA j in more detail. In
this paper we have scale? affinities so that Jij = 1. If realistic affinity values were llsed, of
order of magnitude K, then the field h would be multiplied by K. Dividing the thresholds
f)1 and 82 by K would leave the activation function f(A i ) invariant. Thus this choice of
J ij = 1 does not affect f(A i ) as long as (}1 and f)2 are chosen appropriately. Similarly,
multiplying J ij by K would affect the concentration of complexes. Thus we shall choose
de to reflect the incorporation of typical affinity values.

In early immune networks the antibodies found in the serum that have high connectivity
and that are thought to play' an important role are the natural IgM antibodies. The
equilibrium concentration of complexes composed of IgM antibodies is of order lOO!{AiAj,
where the factor of 100 is a statistical factor indicating that any of the 10 binding sites on
one IgM can interact with any of the 10 binding sites on the other IgM, and 1< is the tlSllal

single-site binding affinity. Realistic values of affinity are !{ = 104 -107 M-1 . In this paper
we have chosen to express antibody concentrations in "units" per animal rather than moles
per liter. Here a unit is the amount of antibody secreted by a maximally stimulated B
cell in one day. Using a maximal secretion rate of 104 molecules s-l, one unit corresponds
to approximately 10-15 moles. Our simulation results are compared with data obtained
in mice, and thus we shall assume that the appropriate. volume is the circulatory system
volume of a mouse, approximately 1 cm3 • Hence 1 unit = 10-12 M. Finally, de is 10 d- 1

(t11e rate of complex 'removal), multiplied by lOOK, and hence dc = 103 !{ ~ 107 -1010

d-1 M-1 = 10-5-10-2 d-1 units-I. Be,cause our model only follows the creation of 1:1
idiotype anti-idiotype complexes and neglects the formation of larger complexes, which
can also occur and lead to antibody depletion, we compensate for this neglect by choosing
values of dc· at the high end of the range. We shall thus use de = 10-3 as a typical value,
and explore the effects of choosing dc = 10-2 •
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