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Abstract

A universal, deterministic Turing machine can be implemented as a
closed, locally interacting quantum lattice system. As a consequence,
many questions about the long-term dynamics of a quantum system
with only local interactions are undecidable.

Furthermore, it follows that every Turing computable function is
arbitrarily parallelizible if the computation is performed on the quan­
tum machines described in this article.

1 Introduction

In [1, 2, 3, 4], the concept of a "quantum Turing machine" developed. A
description of a quantum computer which is universal in the sense of com­
plexity theory is given in [5]: It can simulate any other quantum Turing
machine with only polynomial overhead.

These quantum computers exhibit global interactions. However, the clas­
sical Turing machines perform only local operations. Thus, one might have
the suspicion that there are universal quantum computers with local Hamil­
tonians.

For the following reasons it appears important to investigate the power
of quantum computers with only local interactions and time independent
Hamiltonians as done in [6, 7, 8, 9, 10, 11]. Since there is no dissipation
in quantum computation with time independent Hamiltonians, theoretical
speed limits are just given by the lengths of the communication pathways
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and the speed of light. Nonlocal interactions introduce longer communica­
tion pathways. Furthermore, quantum computers with nonlocal interactions
are probably more difficult to realize. Finally, programming globally con­
nected quantum machines generally is exponentially more difficult than for
machines with only local interactions as argued in [11]. This work proves
the existence of locally connected and closed computing quantum systems
which are equivalent to universal, deterministic Turing machines.

2 Quantum mechanical, locally connected com­
puting systems

If we want to describe a system which performs computation, we essentially
want the system to start in an initial state I?/Jo}, which describes the input
to our problem in one or the other way. Then we ideally want the system
to go through a dynamical evolution so that the final state is I?/JT}, which
describes the solution to our problem in one or the other way. For an ideally
closed quantum system, the Hamiltonian is time independent. Then, the
evolution follows the solution of the Schrodinger equation

I?/J(t)) = exp (-iHt) I?/Jo} . (1)

The system exhibits only local interactions if its Hamiltonian H can be
written as the sum of locally acting Hamiltonians.

The system is capable of simulating the computation of a given deter­
ministic machine if a measurement at an arbitrary time only yields a result
which belongs to a state of the deterministic machine. Such states are
called "computational states". Clearly, the deterministic machine must be
reversible, since the Schrodinger equation describes a reversible evolution.
However, it has been shown that reversibility is no essential restriction for
the power of computing systems [12, 13].

In [6], Feynman showed that a closed, locally interacting quantum sys­
tem is capable of performing certain deterministic computations. His system
consists of a one-dimensional chain of logical quantum gates. The input to
this computer is presented to the first gate, the gate processes the infor­
mation in a reversible way and yields the input for the second gate and so
on. Finally, the last gate produces the output of the quantum computer.
Not every computation can be performed in this way [15J. The Feynman
computer is not universal.
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In [7] and [10], Feynman's ideas are used to describe a quantum cellu­
lar automaton. The classical version of the automaton described in [10] is
not universal, while the one described in [7] is. In the cases of the cellular
automata, it is most probable to measure a state where part of the automa­
ton has done more computational steps than another. It is not possible
to obtain global synchrony as in the classical case since there is no global
synchronous updating which can be performed by local means [14]. Also, it
must be emphasized, that even the commonly adopted definition of univer­
sality for classical cellular automata differs substantially from the definition
that is usually meant in complexity theory. For example, for an infinite size
cellular automaton as described in [7], the initial conditions also have to be
coded on an infinite number of sites. Clearly, that is not necessary for a
Turing machine with an infinite size tape. Finite size machines on the other
hand cannot be universal.

Another problem is that in all these cases, for the Feynman computer
as for the cellular automata, the final result of a computation can only be
obtained with a certain probability, which is smaller than one and typi­
cally varies with time. Other results of a measurement correspond to other
computational states.

This problem has been solved for the Feynman computer by Peres [8].
By generalizing Feynman's idea, he showed that it is possible construct a
quantum computer so that if a measurement is performed at a prescribed
time T, the final state of the corresponding classical machine is obtained
with certainty.

In the next section, ideas of Feynman and Peres will be generalized. This
is necessary for the description of the quantum Turing machine. In section
4, a classical, reversible Turing machine M is described. We will make use
of ideas given in [13]. In section 5, a local, unitary description is given for
M. In section 6, a local Hamiltonian for the corresponding quantum Turing
machine is derived.

3 Locally connected quantum systems without
control bits

One of the most severe problems with using control bits is that it is not
possible to make loops in a simple way. Especially, it is not possible to let
exception criteria depend on the state of the computer [15]. However, this
is essential for universal computing. Thus, it is necessary to let the path of
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the computation depend on the state of the computer rather than on the
state of the control bits. This is possible, control bits are not necessary to
perform local deterministic computation as will now be shown.

First, Feynman's and Peres's fundamental idea will be reviewed. We will
use the notation of Peres [8]. Say, the computer consists of k reversible gates.
Each gate is described by a unitary matrix Ui, i =0, ... , k - 1. The ideal
overall unitary evolution of the computer thus is Uideal = Uk-lUk-2··· Uo.
It is now not possible to simply write the corresponding Hamiltonian as
H = i InU(I) since if the Ui do not commute, H is not local [8, 11].

Feynman was able to obtain a local Hamiltonian from the unitary matri­
ces Ui. He introduced a control bit to each of the gates. At the beginning of
the computation, only the control bit associated with gate 0 is set to one. On
each step of computation, the "cursor", the control bit set to one, is shifted.
The cursor points to the gate, that has to perform the computation. In
this way, the position of the cursor indicates, how many computational time
steps have been performed. Peres's Hamiltonian then reads:

k-l
Hp = LWi (Ii)(i-1IUd [i-l)(iIUJ) .

i=O

(2)

In the Feynman case, Wi = 1. This clearly is an Hamiltonian since it is a
Hermitian matrix. Ii) is the cursor state after the execution of step i, Le.
after gate Ui has done its computation. The computational state l,pi-l)
has then been converted to the state l,pi). The computational state l,pi)
describes the state of the corresponding classical, reversible computer after
i time steps. Thus, Ii) (i - 11 U i shifts the cursor forward and the operation
Ui is performed. Likewise, Ii - 1) (i IU) shifts the cursor backward and the
inverse computation of gate i is performed.

Expanding the exponential exp (-iHpt), it is now not difficult to see
that only computational states can appear upon proper measurement: Con­
sidering only the subspace of the control bits, terms in the expansion like
li+ 1)(i I j)(j -11, or Ii+ 1)(i I j)(j+ 11 vanish unless i = j. That is,
the cursor is shifted properly by one position to the left or to the right,
indicating how for far the computation has gone. It does not jump by more
then one position. And no superposition of computational states arises from
a single computational state.

Now it will be shown how to construct a Peres Hamiltonian without
control bits. The trick is to somehow substitute the cursor states by more
complicated computational states which nevertheless follow unambiguously
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one after the other. Consider a computational state I... ,x, Y, z, .. .) where
x, Y, and z each stand for a certain number of quantum bits. The block of
the bits x is adjacent to the block of the bits Y, and the block ofthe bits Y is
adjacent to the block of the bits z. Say, the next computational state shall
depend on the state 1 y). Now, divide the possible states of I y) into three
sets So, SI, and S2.

A reversible and local update rule for the computer reads as follows. IT
Iy) E SI,

VII ... ,x,y,z, ...) = [ ... ,x,y~(y,z),z'(y,z),...) ,

else, nothing changes. Likewise, if Iy) E S2,

V 2 1 ... ,x,y,z, ...) = [ ... ,x'(x,y),y~(x,y),z,...)

For all states 1 y) E So, the identity matrix applies.
That is, if the computer is in a state with I y) from SI, the state 1y) and

the adjacent state 1 z) is aitered. If it is in a state with I y) from S2, 1 y) and
1 x) is altered. Else, nothing changes.

Note that for VI to be unitary, it is not necessary that the functions y~

and z' that map one bit string onto another are reversible. Only the overall
mapping from Iy,z) to Iy~,z') must be. Likewise for V 2 , y~ and x'. The
unitary matrices can be written as

VI = L:: L::lyi(YI,Z),Z'(YI,Z»(YI,zl ,
Iy)ES, z

where the sums extend over all possible states Iz) and all Iy) E SI and
likewise

V 2 = L:: L:: [x'(x,y),y~(x,y»(x,yl .
IY)ES2 x

We will construct a computer that is described by many of the update
rules Vi as described above. Following Feynman's ideas, the Hamiltonian
can now be written

H = L::Wi (Vi +Vn (3)

without mentioning any control bits explicitly. It is easily possible to extend
the ideas to more neighbors of the block y. The Hamiltonian (2) and those
for the cellular automata can then be found as special cases of (3).
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Expending (1) with the Hamiltonian from (3) we find terms like

(_ilk
... + --vTikTik_l .. ·Ti, +....

where Ti might be WiUi or WiU). Considering two subsequent matrices
TiTj we may find a case like UiU) = I or

if Iyl) -1-1 Y2)
else

and similar for other cases. If the Ui are chosen properly, only terms that
correspond to forward or backward computation appear.

For the Turing machine described below, the Ui are chosen in a way
so that only two adjacent blocks of bits are updated simultaneously. For
the rest of the computer, the identity matrix applies. This resembles the
Feynman computer, where the blocks to update are the old and the new
cursor at position i-I and i and the bits of the computational part associated
with gate i.

In such cases, if (1) is expanded, only computational states can be found
as the terms of the expansion.

In other cases, where different parts of the computer may be updated
simultaneously, the same problem as for the cellular automata occurs: Upon
measurement, parts of the computer may have evolved further than others.
This is not a problem for the machine that will now be described, since until
the final result is stored, only one local region is updated applying U.

4 A classical, reversible Turing machine

Following a blueprint of Bennett [13], we will now construct a reversible
Turing machine M which simulates a usual non-reversible Turing machine
M*.

Let M* work on an alphabet A = {aD, aI, ... , an}. aD is the symbol for
an empty field of the tape. The head of M* can be in m +1 different states
O,l, ... ,m.

The actions of M are illustrated in figure 1. The reversible machine
consists of three interacting, deterministic Tnring machines M D, M I , and
M 2 . The fields of the tapes are labeled by the tuples f = (p, q), where the
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Figure 1: A reversible Turing machine
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index q is an integer ... , -2, -1, 0, 1, ... and the index for t'he tape P may
take the values 0,1,2.

M} corresponds to the non-reversible Turing machine M*. The heads
of M} can be in m +1 different states 0,1, ... , m. M o and M 2 are needed
to render the computation reversible.

M o and M} work on the the same alphabet as M*. M 2 uses an enlarged
alphabet with (n +1)(m + 1) symbols, A 2 = A X {O, 1, ... , m}. All the
combinations of symbols and head states of M 1 can be found in A2 • A
symbol from A2 will be written (a, v), where a denotes the corresponding
symbol form A and v is a head state of M}.

In field f, we find the symbol s(f) = s(p, q).
Initially, all fields of the tape carry the symbol ao except a finite-size

portion oftape 1, which carries the program and the input. At the beginning,
the head positions are fo = (0,0), f} = (1,0), f 2 = (2,0). The initial state
of the middle head is O. To indicate that the computation has finished, this
head state will be set to m.

The evolution of M proceeds by four stages. In the first stage the op­
erations are similar to those of a usual, non-reversible Turing machine. De­
pending on the symbol under the middle head and on the state the head
is in, the machine now performs one of the following three actions on the
middle tape: It moves the head to the right, or it moves the head to the
left, or it writes a new symbol on the field fh = (ph, qh) under the head.
Then, the state of the head is altered. The new head state and which of
the three actions is taken is given by a finite size Turing table with at most
(n +1) X (m +1) rows and four columns. In the first two rows we find the
possible combinations of symbols under the head and head states. In the
third row, we find a symbol from A if this symbol will be written, or the
symbols I or r to indicate that the head shall move left or right. In the
fourth row, the new head state can be found. Thus, a row of a Turing table
reads ai, Vj, bk, VI, where ai E A, Vi,j E 0, ... , m and bk E Au {r, I}. It is
interpreted as: "If the symbol under the head is ai and the head state is Vj,

perform the action bk and set the head state to VI'"

Since the machine must work in a reversible way, it may not simply
overwrite the symbol s(1, %). Also, it is necessary to store the head states of
M} upon each step of computation [16]. Thus, on each step of computation,
in case a symbol a is written onto the middle tape and the head was in state
v, the symbols with q 2: qh in the upper tape are shifted to the right and
the old entry in s(fh) together with the old head state is inserted in a field
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of the upper tape. If no symbol is written, (aa, v) is inserted. Thus:

Snew(P, q) =

Sold(p, q - 1)
Sold(p, q)
Sold(l, qh)
(a,v) cf. (aa,v)
Sold(p, q)

if P = 2, q > qh
if P = 2, q < qh
ifp = 2,q = %
ifp= 1,q=qh
else

(4)

This scenario goes on until the machine has calculated its final result, which
can now be found on tape 1. It is not difficult to see that it is possible
to implement shift operations as described above on an ordinary Turing
machine.

In the second stage, all the symbols on tape 1 which are not equal to aa
are copied one by one onto tape O. Thus,

( ) _ {SOld(l,q) ifp = 0
Snew p, q - () I

Sold p, q e se

The third stage is the clean-up stage: The evolution of the first stage is
reversed. Additionally, at the end of the third stage, the state of the middle
head is set to m. The computation is finished.

As is illustrated in figure 1, the second and the third stage may take
place simultaneously.

We end up with the same tape contents as at the beginning, except that
in tape 0 we find the final result. We find the heads in there start positions
fa, fl , and f2.

A reversible machine is not allowed to stop computation. This is why a
fourth stage has to be introduced. In this stage some "useless" computations
have to be done. Since none of the machine's states may repeat (otherwise
reversibility is violated [18]), an infinite size portion of the tape has to be
available for this task. It can be accomplished in the following way. As soon
as the middle head is in state m, it continues writing a symbol a # aa onto
the tape at position fl' On each write-operation the symbols are shifted
according to (4).

5 Local, unitary description of M

In this section, we describe a local, unitary evolution of the quantum com­
puter and how it relates to M.
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Let the three tapes consist of a lattice of spin-!-variables, each represent­
ing a "bit" in our quantum computer. Each spin can be in the state "up" for
a logical 1 and "down" for a logical o. Thus, a a-bit will correspond to the
quantum state 10) and a I-bit to 11), where 10) and 11) are the eigenstates
of the Pauli matrix az [19].

To each field of the tapes,

spins are associated, where rk1stands for the smallest integer larger than or
equal to k. [lOg2(n +1)1 spins are needed to code one of the n +1 possible
symbols on the field. [log2(m +1)1 spins are needed to code the state of the
head. One additional "head spin" tells, whether the head points to the field
(11)) or not (10)). The head spins set to 11) will move around on the lattice
indicating the position of the heads. The second additional bit is a reverse
flag: It tells whether the machine performs forward computation (10)) or
reverse computation (11)) as necessary during the clean up stage. The whole
lattice consists of three adjacent rows of fields, each row corresponds to one
tape.

To code a symbol a and a head state v, we write Ia, v, h, r). hand r
stand for the head flag cf. for the reverse flag. a, v, h, and r are written as
binaries.

Now we ask for local unitary matrices that describe the behavior of M.

Forward computation

First, consider the stage offorward computation. In this case, the reverse
flag of each field is set to I0). Now, the task is to find a unitary matrix, which
describes the action of one step of computation according to the Turing table
if the middle head is in position f. Say, the head of M points to the symbol
ai, and the head state is Vj. Now we have to find the unitary transformation
which belongs to the row ai,vj,bk,V/.

Let us assume for the moment that the field (2, k) is empty, s(2, k) =
(ao, vo). Quantum mechanically, this can be expressed in the following
way: Field (l,k) is in state Is(l,k)) = lai,Vj,l,O) and field (2,k) is in
state Is(2,k)) = lao,vo,l,O). Is(l,k±l)) = la±,vo,O,O) and Is(O,k)) =
lao,vo,h,O),h E {a, I}.

The state of the fields under consideration is their tensor product. Sym-
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bolically:

tape 2: I.,.,.,.}
tape 1: 1 a-,vo,O,O}
tape 0: I.,.,.,.}

1ao, vo, 1, O}
la;,vj,l,O}
1 ., ., ., .}

I·, ., ., .}
Ia+ ,vo,O,O}
I·, ., ., .,}

In this case, on the subspace spanned by 18(1, k)}, 18(1, k ± I)}, and
18(2, k)}, the required unitary evolution according to the Turing table ex­
ists: The evolution is reversible and, since the states are orthogonal, the
corresponding matrix is a permutation matrix.

Now say, field (2, k) is not empty. In this case, all the symbols on tape
2 have to be shifted right and finally, 18(2, k)} has to be set to 1ao, vo, 1, O}.
During the shift operation, the actions on tape 1 have to be suspended, I.e.
the identity matrix applies.

The problem now is that the shift operation has to be performed by
local, unitary means. It can be performed in the following way.

From the position the head of tape 1 points to, a signal (spin wave)
has to be send to the far right end of tape 2, indicating that one empty
field has to be provided. As soon as the spin wave reaches the first empty
field, subsequent exchange operations of the form 1a, v, 1, O} ..., 1 ao, vo, 0, O}
"carry" an empty field to the head position of tape l.

This, again, can be done by locally acting, unitary transformations. Say
the head bit of tape 1 points to the files (2, k), while the head bit of tape 2
points to (2, k'). The rules read as follows:

a Bit shift: If there is no empty field at position (2, k' + 1), shift the
head bit 2 right. Symbolically:

tape 2: ... la,v,l,O} la',v',O,O} ...
!

tape 2: ... la,v,O,O} la',v',l,O} ...

b Exchange: If there is an empty field at (2, k' +1), exchange the empty
field and the field (2, k') and shift the head spin 2 appropriately and in a
reversible way:

tape 2: ... 1 a', v', 0, O} 1 a, v, 1, O} 1 ao, vo, 0, O} ...
!

tape 2: .. ·la',v',O,O} lao, vo, 1, O} la,v,O,O} ...
!

tape 2: .. ·la',v',l,O} 1ao, vo, 0, O} 1a, v, 0, O} ...
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This operation is repeated, until the empty field is at position (2, k), Le.
until head 1 and head 2 are aligned, a decision which can be done by local
means. The last line of the scenario described above is omitted in this case.
Instead, the operation according to the Turing table takes place.

After a computational step according to the Turing table, 1s(2, k)) =
1 ai, Vj, 1, 0), the old state of machine M 1 is saved. The head bit in row 1
has been shifted to the right, to the left, or it has not moved. In case it
has moved, say to field (1, k), it might be that field (2, k) is already empty
(beside head spin 2, which will be set). Then, the next Turing step (a step
according to the Turing table for the machine M*) may follow immediately.

On each Turing step, the head spin 2 is shifted in the same way as head
spin 1. Furthermore, if the head is shifted, the state bits of the previous
field is set to Va. Since this happens along with the copy process to tape 2
(Le. with the same unitary transformation), reversibility is not violated.

Copy to tape 0

If the head state is set to Vm , the computation of the corresponding
machine M* has finished. In this case, the operations on tape 1 and tape 2
are suspended, the identity matrix applies. At the same time, a copy process
is set to work that saves the result, which can be found on tape 1, onto tape
O. Tills, again, can be done in a local and unitary way. At the beginning,
all the head spins of tape 0 are set to 10). As soon as the head state at
position (l,k) is set to Vm , two spin waves starting at (O,k) are send along
the head spin sites of tape 0, one to the left and one to the right. Among
other tillngs, which will be discussed in a moment, a copy operation onto a
field of tape 0 is performed, if the head spin 0 passes by:

tape 1: • •• 1a- , Va, 0, 0) la,v,I,O) 1 a+, Va, 0, 0) ...
tape 0: · .. 1aa, Va, 0, 0) 1aa, va, 0, 0) 1 aa, Va, 0, 0) ...

1
tape 1: · .. 1a- , Va, 0, 0) la' ,vm,I,O) 1 a+ , Va, 0, 0) ...
tape 0: · .. 1aa, Va, 0, 0) 1 a', Vm, 1, 0) Iaa, Va, 0, 0) ...

1
tape 1: · .. 1 a-, Va, 0, 0) 1 a', Vm, 1, 1) Ia+, Va, 0, 0) ...
tape 0: ... 1 a-, Va, 1,0) Ia-, Vm, 1, 0) Ia+, Va, 1, 0) ...

Note that the head spins set to 11) are not reset. This is a simple way to
indicate that the copy process has taken part and should not be repeated.
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Of course, this makes the notion of a "head spin" not compatible to the
usual one, where only one head belongs to one tape.

The copy process may go on ad infinitum. From a certain point on,
only empty fields are copied to tape o. IT nothing would change locally at
this points, local unitarity would be violated. But the head spins are still
spreading on tape o. This is how reversibility is obtained.

Reverse computation

As soon as the head spins on tape 0 are set, a spin wave on the reverse
flags spreads out to indicate that the reverse computation starts. The reverse
flag is set subsequently to the step which produces the state Iai, vm , 1, 0) as
shown in the last line of the previous diagram. Consider the fields on which
one of the local, unitary operators works. If none of the reverse flags are set,
the forward operation as described above is performed. If all those reverse
flags are set, the reverse operation is performed. If part of them are set,
nothing happens.

"Useless" computation

For the machine M, an additional stage subsequent to the reverse com­
putation had to be introduced to obtain reversibility. This is not necessary
for the quantum machine described so far, since the spin wave associated
with the copying process spreads out infinitely. This is the substitute for
the useless computations of M.

6 Locally interacting Quantum Turing machine

Similar to the idea of Feynman, the Hamiltonian H for the Turing machine
is

(5)

Only superpositions of computational states arise if U from (1) is applied to
such a superposition. Upon proper measurement, a state of the reversible
Turing machine M after a certain number of computational steps will be
found. This is because the Ui and the computational states are chosen in
a way so that the computation may only follow the computational path
in a unambiguous manner. This is similar to the original Feynman case,
where the uniqueness of the computational path is simply maintained by
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the unambiguous succession of the cursor states to which the computation
is coupled.

The question now is, whether it is possible to choose the Wi in a way
that it is possible to get a result with certainty. Two problems occur.

First, in order to apply Peres's idea [8] to the Feynman computer, it
was necessary to know the time T at which the result has been computed
in advance exactly. Since this time cannot be predicted by a general algo­
rithm, no universal Turing machine can be constructed with the Peres idea.
However, for many calculations we might be able to give reasonable upper
time limits, after which we expect the computation to have finished. For the
machine described above, since the result is stored safely, we do not have to
know the exact T.

The second problem is that the Peres idea only works, if we know exactly
in what order the unitary matrices have to be applied, since the coefficient
Wi belongs to the unitary matrix at computational time i. This resembles
the old problem of the Benioff computer [1] where the whole computational
process had to be known in advance.

7 Parallelizability

In [11], it is shown how certain limitations of computational speed arise for
local quantum computation as described in [6, 7, 10]. This limitations apply
as well to the computer described in this article. Until the computation is
finished, i.e. until a head state of tape 1 is set to Vm , only one computational
operation is performed as Ul is applied. (Afterwards, more operations are
performed since the spreading of copy spins and reverse flags appears simul­
taneously and in both directions.) In this case, the limit for the quantum
mechanical average of computational speed is I(V)I :'0: 2€/1i, where the com­
putational velocity is measured as "operations per time interval". € is an
energy of the order of a typical spin-spin-coupling.

However, this limitation on quantum speed applies only to the quantum
mechanical ensemble average and does not apply for a single measurement.
This can easily be seen by expanding the exponential. Say we start the
computation in state l7f;o) and we get a state l7f;k) that contains a final
result after k computational steps of the machine M. That means, k local
unitary transformations Uo, U I, ..., Uk-I, applied to l7f;o) in correct order
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yield I'/Jk). Then, expanding the exponential, we find a term

( _i)k
...+~Uk-lUk-2 ... UO +...

Thus, upon measurement, since the computational states are orthogonal to
each other, we find I"¢T) with a probability 1;&1. Even after arbitrary short
times T, we will find the final result with a certain (small) probability.

This can be expressed in a different way. Say, you have n quantum com­
puters as described above. Let all of them start under the same conditions,
to evaluate a Turing computable (Le. recursive) function f( i). Then it is
possible to make simultaneous measurements at time T on all of the quan­
tum computers. Since all n computers evolve statistically independent, the
probability to find a final result can be made arbitrarily close to 1 by in­
creasing n. Thus, with local quantum computation, it is possible to achieve
arbitrary "parallelizability" for all Turing computable functions.

8 Undecidability

Using the ideas in this article, we find to every Turing machine a lattice
with local interactions. Thus, to every undecidable question we find that
the long term dynamics of the corresponding lattice system is undecidable
as well.

One of these undecidable questions is, whether or not the spin wave
associated to the copy process will ever occur. This is because the spin wave
spreads out as soon as the computation has finished. To answer the question
whether a computation finishes is Turing's famous Halting problem, which
is undecidable.

It was shown in [20] that by analyzing the Hamiltonian the existence of a
zero-energy ground state in a Potts spin lattice with local interactions may
be undecidable. Tllis is another kind of undecidability as the one under dis­
cussion. In general, it is only by infinitely slow processes (Le. only with an
infinitely large number of time steps) possible to decide by physical means,
whether spin lattice systems have a zero-energy ground state. This is even
true for systems with a relatively simple Hamiltonian, where the question
for such a ground state is certainly mathematically decidable, if only we
were allowed to analyze the given Hamiltonian mathematically. Thus, ques­
tions about the long term dynamics of physical systems as described in [20]
do not lead to undecidability in the sense of complexity theory. However,
underlying mathematical questions are indeed undecidable.
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9 Conclusion

I showed that it is possible to implement Turing computation on a two­
dimensional spin lattice system. The correspondence between reversible
Turing machines and the system described in this article is very close. This
makes it easy to apply complexity theoretical results about reversible ma­
chines to locally acting quantum computers.

Certain questions about the dynamics of classical chaotic systems are
undecidable, as shown in [21, 22]. Since it was shown that quantum compu­
tation can be universal, it follows that there are many undecidable questions
concerning the long term dynamics of quantum systems.

Speed limits for the quantum computations discussed in this article can
be found, which are due to the locality of the Hamiltonian. However, in
contrast to computation by classical means, there is no limit for the paral­
lelizability of quantum computation. If there is no restriction on the number
of quantum processors, every Turing computable function can be evaluated
in arbitrarily short time.
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