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We investigate the dynamical stability conjectures of Palis and Smale, and Pugh and Shub from
the stand point of numerical observation and put forth a stability conjecture of our own. We find that
as the dimension of a dissipative dynamical system is increased, the number of positive Lyapunov
exponents increases monotonically, the number of observable periodic windows decreases at least
below numerical precision, and we observe a subset of parameter space such that topological change
is very common with small parameter perturbation. However, this seemingly inevitable topological
variation is never catastrophic (the dynamic type is preserved) if the dimension of the system is
high enough.
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Since the days of Poincare, mathematicians and physi-
cists have worried about the stability of solutions of dif-
ferential equations and dynamical systems in the space
of functions used to approximate physical phenomena.
If mathematical models are to represent the real world,
and the real world is dynamically stable [20] (e.g. tur-
bulence as a dynamical phenomena is quite resistant to
perturbations and errors in measurement), our models
must also have persistent dynamical behavior. We will
discuss two of the leading stability conjectures of math-
ematicians (the Smale-Palis conjecture has been proven;
the Pugh-Shub conjecture remains an open question in
its full generality), as well as posing one of our own. Our
conjecture will be rooted in numerical results of a statis-
tical study of a very general set of dynamical systems, the
set of feed-forward neural networks. Whereas the stabil-
ity conjectures of Smale and Palis, and Pugh and Shub
are often difficult to observe or relate to physical phenom-
ena, ours, being based in computation, will yield insight
into what a numerical or experimental scientist is likely
to observe. The key notions of all stability conjectures
are of dynamics and of equivalence between dynamics.
Our notions of dynamics and equivalence are defined in
a more practical way for numerical scientists than those
of Smale and Palis, and Pugh and Shub. We claim that
despite a possible lack of strict dynamical stability as it
can be defined in a rigorous mathematical framework,
dynamic instability in large dynamical systems is likely
benign.

In the now famous volume 14 [1], Smale and Palis
put forth a stability conjecture for C1 diffeomorphisms
of compact manifolds to themselves. The proof of one
direction of the conjecture was provided by Robbin [2]
and Robinson [3], while the other direction was shown

∗Electronic address: albers@santafe.edu
†Electronic address: csprott@wisc.edu

by Mane [4] much later. The notion Palis and Smale
used to distinguish dynamic stability between dynamical
systems is that of topological conjugacy. Two dynamical
systems, f and g, are said to be C0 conjugate, or topo-
logically conjugate, if there exists a homeomorphism h
such that f = h−1g ◦ h. The diffeomorphism f is called
structurally stable if and only if there exists a C0 neigh-
borhood V of f , such that for all g ∈ V , g is topologically
conjugate to f . Let us now state the stability theorems:

Theorem 1 (Mane [4] theorem A) Every C1 struc-
turally stable diffeomorphism of a closed manifold sat-
isfies Axiom A.

Theorem 2 (Robbin [2]) A C2 diffeomorphism (on a
compact, boundaryless manifold) which satisfies axiom
A and the strong transversality conditions is structurally
stable.

Recall that axiom A says the diffeomorphism is hyper-
bolic with dense periodic points on its non-wandering set
Ω (p ∈ Ω is non-wandering if for any neighborhood U of
x, there is an n > 0 such that fn(U) ∩ U 6= 0). f satis-
fies the strong transversality condition if and only if, for
every x ∈ M , Mx = Es

x + Eu
x where Es

x and Eu
x are the

stable and unstable manifolds for f at x.
The requirement for structural stability was quite

strict; famous examples such as the Lorenz equations
[5] [6] are not strictly structurally stable. Nevertheless,
variation of parameters of the Lorenz equations during
numerical simulation yields a sizable set of parameters
for which chaos is seemingly robust. We will address a
possible mechanism (not the mechanism existent in the
Lorenz equations) for the failure of numerically (or exper-
imentally) observable structural stability along a param-
eterized curve in high-dimensional dynamical systems.

To circumvent some of the problems with the Smale
and Palis conjecture, as well as to provide a much more
general stability conjecture, Pugh and Shub put forth a
different stability conjecture. Instead of using the no-
tion of topological equivalence to distinguish dynamical
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equivalence, Pugh and Shub chose a more inclusive no-
tion of dynamics, ergodicity. Let us begin by stating the
most recent version of their stability theorem:

Theorem 3 (Pugh-Shub theorem (theorem A [7]))
If f ∈ Diff2

µ(M) is a center bunched, partially hyperbolic,
dynamically coherent diffeomorphism with the essential
accessibility property, then f is ergodic.

A measure-preserving diffeomorphism f : M → M (M
is compact, Diff2

µ is the space of C2 diffeomorphisms of
M that are measure preserving) is partially hyperbolic if
the tangent space of M splits into the Tf invariant sum
Eu⊕Ec⊕Es [8] [21]. Ergodic behavior implies that, upon
breaking the attractor into measurable sets, Vi, for f ap-
plied to each measurable set for enough time, fn(Vi) will
intersect every other measurable set, Vj . This implies
a weak sense of recurrence; for instance, quasi-periodic
orbits, chaotic orbits, and some random processes, are
at least colloquially ergodic. More formally, a dynam-
ical system is ergodic if and only if almost every point
of each set visits each set with positive measure. Ergod-
icity is a precise mathematical notion meant to capture
Boltzmann’s ergodic hypothesis. The accessibility prop-
erty simply formalizes a notion of one point being able
to reach another point. Given a partially hyperbolic dy-
namical system, f : X → X such that there is a split-
ting on the tangent bundle TM = EU ⊕ EC ⊕ ES , and
x, y ∈ X , y is accessible from x if there is a C1 path
from x to y whose tangent vector lies in EU ∩ ES and
vanishes finitely many times. The diffeomorphism f is
center bunched if the spectra of Tf corresponding to the
stable (T sf), unstable (T uf), and (T cf) central direc-
tions lie in thin, well separated annuli (see [9], page 131
for more detail, the radii of the annuli is technical and
is determined by the Holder continuity of the diffeomor-
phism.) Lastly, let us note that a dynamical system is
called stably ergodic if, given f ∈ Diff2

µ(M) (again M

compact), there is a neighborhood, f ∈ U ⊂ Diff2
µ(M),

such that every g ∈ U is ergodic with respect to µ. We
will refrain from divulging an explanation of dynamical
coherency; it is a very crucial characteristic for the proof
of theorem 3, but we have little to say in its regard.

For our stability conjecture, we will be considering Cr

(r > 1) discrete-time dynamical systems with a single pa-
rameter (in R1) of compact subsets of Rd to themselves.
Let us begin with a definition:

Definition 1 (Robust chaos of degree k) Given a
Cr (r > 0) discrete-time map from a compact set to
itself, the map is robustly chaotic of degree k if there
exists an open set in parameter space U ∈ R, such that
for all s ∈ U , and for all initial conditions of the map F
at s, F retains at least k positive Lyapunov exponents.

Robust chaos of degree k is our notion of dynamical
equivalence on an open set of parameter space. We would
like to note a difference between this notion and the no-
tion of a robust chaotic attractor put forth in [10] [11].
In definition 1, we do not require that the attractor be

unique on the subset U . This is an important distinction;
the uniqueness of an attractor is significantly more diffi-
cult to demonstrate, and there is little evidence demon-
strating that such uniqueness is present in many compli-
cated physical systems [12] [13].

We claim that in very high dimensions (high for our dy-
namical systems will be d ≥ 30), there will exist a sizable
subset of parameter space such that very small variations
in parameter space will cause subtle topological change,
i.e., a change in the number of positive Lyapunov expo-
nents. Nevertheless, this inevitable topological change
will usually not be catastrophic, as only a small propor-
tion of Lyapunov exponents will undergo a sign change.
Thus, there will exist sizeable subsets of parameter space
such that there will exist robust chaos of degree k > 1.
For many scientists working on dynamically complicated
physical experiments (such as fluid dynamics or plasma
physics), dynamic stability is not a novel concept, for
often these scientists spend much effort attempting to
eliminate this chaotic dynamic stability. However, we
are proposing the mechanism under which dynamic sta-
bility of high-dimensional systems remains under param-
eter perturbation.

Lyapunov exponents will be our chief tool of analysis.
There are many reasons why we have chosen Lyapunov
exponents, but the foremost reason is that Ruelle [14] has
shown that there is an equivalence between the number of
negative and positive Lyapunov exponents and the num-
ber of global stable and unstable manifolds, respectively.
We will refrain from further justification, and simply cite
our work in preparation [15]. Note that when we refer
to topological variation in the context of our dynamical
systems, we mean a change in the number of positive
Lyapunov exponents.

A computationally motivated formula for the Lya-
punov exponents is given by:

χj = lim
N→∞

1

N
ΣN

k=1 ln(〈(Dfk · δxj)
T , (Dfk · δxj)〉) (1)

where 〈, 〉 is the standard inner product, δxj is the jth

component of the x variation[22], and Dfk is the “or-
thogonalized” Jacobian of f at the kth iterate of f(x). It
should also be noted that Lyapunov exponents have been
shown to be independent of coordinate systems; thus the
specifics of our above definition do not affect the outcome
of the exponents.

Single-layer feed-forward neural networks we will con-
sider are of the form

xt+1 = β0 +

n
∑

i=1

βi tanh



sωi0 + s

d
∑

j=1

ωijxt−j+1



 (2)

which is a map from Rd to R. In eq.(2), n represents
the number of hidden units or neurons, d is the input
or embedding dimension of the system which functions
simply as the number of time lags, and s is a scaling
factor on the weights.
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The parameters are chosen in the following way:

βi, wij , xj , s ∈ R (3)

where the βi’s and wij ’s are elements of weight matrices
(which we hold fixed for each case), (x0, x1, . . . , xd) repre-
sent initial conditions, and (xt, xt+1, . . . , xt+d) represent
the current state of the system at time t.

We assume that the β’s are iid uniform over [0, 1] and
then re-scaled to satisfy the following condition:

n
∑

i=1

β2
i = n (4)

The wij ’s are iid normal with zero mean and unit vari-
ance. The s parameter is a real number, and it can be
interpreted as the standard deviation of the w matrix of
weights. The initial xj ’s are chosen iid uniform on the
interval [−1, 1]. All the weights and initial conditions are
selected randomly using a pseudo-random-number gen-
erator.

We would like to make a few notes with respect to our
squashing function, tanh(). First, tanh(x), for |x| � 1
will tend to behave much like a binary function. Thus,
the states of the neural network will tend toward the fi-
nite set {±β1,±β2, . . . ,±βn}, or each xt can have 2n dif-
ferent states. In the limit where the arguments of tanh()
become infinite, the neural network will have periodic
dynamics. The other extreme of our squashing function
also yields a very specific behavior. For x very near 0, the
tanh(x) function is nearly linear. Thus choosing s to be
small will force the dynamics to be mostly linear, again
yielding fixed point and periodic behavior (no chaos).
Thus the scaling parameter s will provide a unique bifur-
cation parameter that will sweep from linear ranges to
highly non-linear ranges, to binary ranges - fixed points
to chaos and back to periodic phenomena.

Scalar neural networks are “universal approximators,”
meaning they can approximate many very general spaces
of mappings (e.g. any C1 mapping and it’s derivatives
to arbitrary accuracy given enough neurons; mappings
from Sobolev space). That scalar neural networks are
able to approximate the mappings we are interested in is
a topic addressed in [16]. Combining the approximation
theorems of [16] and the time series embedding results
of Takens [17] shows the equivalence between the neural
networks of this section and the dynamical systems per
our conjecture (for specific arguments along these lines,
see [15]).

In this report we will present two relevant examples,
noting that both examples are typical. A much more
detailed and exhaustive report is in preparation [15]. The
figures present the major difference between our low and
high-dimensional dynamical systems.

Figure 1 is typical of the low-dimensional dynamical
systems along a parameterized curve (s variation). There
are many periodic windows, the Lyapunov exponents
vary in a discontinuous manner with parameter varia-
tion, and roughly a quarter to a half of the exponents
are positive (in the networks that are chaotic).
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FIG. 1: LE spectrum: 32 neurons, 4 dimensions.
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FIG. 2: LE spectrum: 32 neurons, 64 dimensions.

Figure 2 contrasts highly with Fig. 1. The most
striking characteristic is the total lack of periodic win-
dows. The Lyapunov exponents look quite continuous
with parameter variation and contain a single maximum.
The maximum number of positive Lyapunov exponents
is roughly one quarter the number of dimensions; the
Kaplan-Yorke dimension was roughly one half of d. Fur-
ther, most of the exponent sign changes occur over an
increasingly short subsets (e.g. the Ui sets in Fig. 3) of
the parameter space as d is increased. All of the high di-
mensional neural networks we observed were very similar
to that of figure 2.

Based on observing 100 four-dimensional dynamical
systems and 30 64-dimensional dynamical systems (as
well as many dynamical systems of intermediate dimen-
sions), we wish to put forward the following argument.
By the nature of our networks, all the exponents that are
positive become negative for very small and very large
values of s. As the dimension is increased, the Lyapunov
exponents become more continuous with respect to pa-
rameter variation; the positive Lyapunov exponents also
have a single maximum, and are monotonically increas-
ing on one side of the maximum, and monotonically de-
creasing on the other side of the maximum. Also, as
the dimension is increased the number of positive expo-
nents increases monotonically. Lastly, the distance be-
tween exponent zero crossings after the exponent reaches
a maximum will decrease with dimension (see Fig. 3).
Thus, in the limit of very high dimension, there will ex-
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FIG. 3: Drawn close-up of s versus Lyapunov spectrum. The
Ui’s are the open sets upon which structural stability is be-
lieved to persist. |Ui| shrinks as the dimension is increased.

ist as many positive exponents as desired; the Lyapunov
exponents behave relatively continuously with parame-
ter change; and thus parameter change required to alter
the number of positive exponents will decrease, but the
perturbation required for all the positive exponents to
vanish will be considerable. For instance, if one consid-
ers the set U = [0.2 : 5], the variation in the number of
positive exponents runs from 16 to 3. Nevertheless, the
chaotic dynamics is persistent over a considerably larger
portion of parameter space. This 64 dimensional dynam-
ical system exhibits robust chaos of degree 3 over the
subset [0.1, C] where C > 10.

For a graphical understanding of what we claim, see
Fig. 3, a plot of the s axis transversally intersected by
various Lyapunov exponents. We claim that the sequen-
tial subsets Ui of hyperbolic behavior fall below any nu-
merical resolution with a sufficiently high number of di-
mensions. What will be observed in such a situation will
be continuous topological change (bifurcations) with pa-
rameter variation. This topological change however will
never be catastrophic when the dimension is sufficiently
high.

Our results seem to disagree somewhat with the win-

dows conjecture of Barreto et. al. [18] since we never see
periodic windows (for other possible counter-examples
see [11]). However, much work remains to fully under-
stand the relationship our conjecture and results and that
of Barreto. How our results comply with the wild hyper-
bolic sets and the existence of infinitely many periodic
attractors of Newhouse [19] is yet unclear.

Pugh and Shub have been attempting to remove the
dynamical coherency and center bunching conditions
from their stability conjecture. Our results show a large
set of dynamical systems that are seemingly stably er-
godic without center bunching, supporting the claims of
Pugh and Shub.

We do not claim counter-examples to either the Smale-
Palis stability results nor the Pugh-Shub conjecture.
Rather we claim the effects of the Smale-Palis results
may not be observable in high dimensional dynamical
systems. Our results yield support of and agreement with
the Pugh-Shub conjecture.

A full discussion of the arguments we present here will
appear in future reports [15].
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