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A correlation analysis will be applied to subspaces of the �t�
ness landscape generated by the synchronization task for one�
dimensional cellular automata� This results in a stochastic model
that can be used to characterize the correlation structure of those
subspaces� The results show that both subspaces can be character�
ized by an AR��� model� both for point mutation and crossover�
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� Introduction

In ��� an extended correlation analysis for �tness landscapes is introduced� This
analysis is based on a time series analysis known as the Box�Jenkins approach�
which tries to identify and estimate a model that adequately represents a
given time series� In ��� the analysis is demonstrated using the NK�model
�	�
�� which generates a family of �tness landscapes of which the �ruggedness�
can be tuned�

However� �tness landscapes generated by the NK�model are rather �arti�cial�
and have �well�behaved� properties that are relatively easy to measure� To
show that the proposed correlation analysis still works well on more realistic�
less well�behaved landscapes� it is applied here to the �tness landscape that
results from the synchronization task for cellular automata �
�� To be able to
apply the correlation analysis on this landscape in a useful way� subspaces in
the landscape have to be characterized �rst� to which the correlation analysis is
restricted� as was already suggested in ���� The analysis results in a stochastic
model that characterizes the correlation structure of those subspaces�

The next section explains the synchronization task for cellular automata� Sec�
tion � gives a brief overview of the proposed correlation analysis for �tness
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landscapes� Section � then shows how subspaces in the �synchronizing�CA
landscape� are identi�ed� Section � then shows the results of applying the
correlation analysis to these subspaces in the landscape� Finally� section � will
summarize the main conclusions�

� The Synchronization task for Cellular Automata

In �
� a space of cellular automaton rules is searched� trying to �nd a rule that
is capable of performing some non�trivial computation� A �one�dimensional�
cellular automaton �CA� ����
���� is a lattice of cells� each of which can be in
one of a number k of states �say zero and one for a two�state CA�� At each
time step� all cells simultaneously update their state� looking at their current
state and those of their r direct neighbors to the left and to the right� and
consulting an update rule which is the same for each cell� Iterating this over
a number of time steps� and plotting the lattice over time �called a space�time

diagram�� can give rise to complicated patterns� and for some rules even to
some sort of computation�

A CA update rule can be represented as a so called lookup table� that has an
entry for each possible neighborhood con�guration a cell can be in �i�e�� each
possible con�guration of states a cell and its 
r neighbors can be in� so there
are k�r�� such con�gurations�� For each possible con�guration� a new state is
given� which will be the state of the cell at the next time step given that it
is in that particular neighborhood con�guration at the current time step� For
two�state CAs� a lookup table can thus be represented by a bit string of length

�r��� and there are 
�

�r��

di�erent lookup tables possible�

The computational task stated in �
� is global synchronization� the space�time
behavior of the CA has to settle down to a synchronized oscillating behavior
between all �s and all �s� Figure � shows a space�time diagram of a particular
rule that was found for this task� Global synchronization is a non�trivial task�
requiring global coordination between all the cells in the CA lattice� while each
cell is only capable of interacting locally �i�e�� only with neighboring cells��
This means that local information has to be transferred to other regions in
the lattice� to achieve global coordination�

It turns out that the CAs capable of performing the synchronization task make
use of �traveling� local structures in the space�time diagram� called �parti�
cles�� to accomplish this information transfer �see ����� for a formal de�nition
of particles�� In Figure �� the particles can be seen at the �boundaries� be�
tween the more or less stable regions where a synchronized oscillating pattern
or a zigzag pattern can be observed� The particles contain information about
the structure of a local region in the lattice� and transfer this information






to other regions by moving through the lattice� When two particles �collide�
they exchange their information� for example by creating other particles� or
annihilating each other� as can be observed in Figure �� These particles form
part of the �strategy� that the CA employs to perform the given task �see
�
��� for a more detailed description of computational strategies in CAs��
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Fig� 	� A space�time diagram of a particular CA that solves the synchronization
task� 
s are represented by white� 	s by black� After ����

In �
�� two�state CAs �k � 
� with r � � were used� so the length of the
lookup tables is 
� � �
	� and there are 
��� such lookup tables in the search
space� The �tness landscape resulting from this task� the �synchronizing�CA
landscape�� is made up of all possible 
��� CA rules� where the �tness of each
CA rule is its ability to perform the synchronization task� This is measured
by giving a CA rule a set of random initial con�gurations� and then simply
counting the fraction of initial con�gurations in this set on which the CA
synchronizes within some maximum number of iterations�

� The correlation analysis

In this section a brief overview of the correlation analysis� as introduced in
��� is given� The analysis starts by performing a random walk on the given
landscape� using some move operator of interest �for example mutation or
crossover�� At every step the �tness value of the current point is recorded�
thus generating a time series of �tness values� Then the Box�Jenkins approach
��� is applied to this time series of �tness values�

The Box�Jenkins approach is a time series analysis that tries to �nd an au�
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toregressive moving�average �ARMA� model of an appropriate order� that ad�
equately represents the data generating process from which the given time
series resulted� An ARMA�p�q� model is of the form�

yt � c�
pX

i��

�iyt�i �
qX

j��

�j�t�j � �� � �

i�e�� the value at the current time step depends on p previous values �i�e�� the
amount of memory in the process�� and on a weighted average of a white noise

series �a stochastic variable with zero mean and �xed �nite variance� and no
correlation between values at di�erent time steps��

The approach consists of three stages �see ����� for a more detailed description
of the stages��

�i� Identi�cation in which the order of the model is identi�ed �i�e�� appropri�
ate values for the parameters p and q are identi�ed��

�ii� Estimation in which the actual parameters of the model ��i and �j� are
estimated� given the identi�ed values of p and q�

�iii� Diagnostic checking in which the model is tested for adequateness�

In the process� the approach estimates the autocorrelations of the given time
series for di�erent time lags� From these estimates a correlation length for
the landscape can be derived� To decide whether an estimate is still �statis�
tically� signi�cant� an approximate two�standard�error bound of �
�

p
T is

used� where T is the length of the time series�

The stochastic model that results from applying the Box�Jenkins approach to
a time series of �tness values generated by a random walk on the landscape�
together with statistics about the explanatory and predictive value of the
model� can serve as a measure of the correlation structure of that �tness
landscape ���� This correlation analysis is more complete and informative than
standard correlation analyses ����������� which basically only calculate a value
for the average correlation between points in the landscape�

One requirement for the above analysis to work� is that the landscape is
isotropic� Informally� this means that the landscape is �statistically the same
everywhere�� Regardless of where the random walk is started� the resulting
statistics will always be the same �within some statistically acceptable range��
As is already suggested in ���� if this requirement is not ful�lled� then it
might be possible to characterize subspaces in the landscape that are �lo�
cally� isotropic� The correlation analysis can then be applied to each of these
subspaces� by restricting the random walk to one particular subspace�
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� Characterizing subspaces in the synchronizing�CA landscape

It turns out that the synchronizing�CA landscape is highly non�isotropic� Per�
forming a random walk on the entire landscape and applying the Box�Jenkins
approach results in meaningless statistics� that are di�erent every time the
process is repeated� Therefore� two subspaces in the synchronizing�CA land�
scape are characterized� that somehow �contain� a particular strategy that a
CA employs to solve the synchronization task� This characterization of sub�
spaces is done by identifying bits in the lookup table that are necessary for
�supporting� a particular strategy� and keeping those bits �xed� The remain�
ing bits can then be used to perform a random walk on� and to apply the
correlation analysis�

As was mentioned in section 
� part of the strategy that a CA uses to perform
the synchronization task� is made up by so called particles that can be iden�
ti�ed in the space�time diagram� Figure 
 shows space�time diagrams of two
particular CA rules that occurred �early on� during a search through the CA
rule space� In �gure 
 �left�� three di�erent particles can be identi�ed �num�
bered ��
 and ��� and in �gure 
 �right� two di�erent ones �numbered � and ��
because particle number � here turns out to be the same as particle number �
in �gure 
 �left��� We will refer to the CA rule shown in �gure 
 �left� as rule
�A�� and to the CA rule of �gure 
 �right� as rule �B�� The lookup tables
for both rules are given below� where the �rst bit is for the all �s neighbor�
hood con�guration� and the last bit for the all �s neighborhood con�guration�
Note that both lookup tables di�er in only one bit position �marked by an
underline�� but give rise to di�erent sets of particles used in the respective
strategies�

Rule A�
����������������������������������������������������������������

����������������������������������������������������������������

Rule B�
����������������������������������������������������������������

����������������������������������������������������������������

To characterize a subspace in the �tness landscape that somehow represents�
or �contains�� a particular strategy employed by a CA� a �rst requirement is
that the particles that are used in that strategy are being �xed� To do this�
all the bits in the lookup table that are �used� by the particles have to be
identi�ed and remain �xed� Since particles are local� repeating structures� only
a fraction of all the bits in the lookup table is necessary to �support� one par�
ticular particle� The entries in the lookup table that represent neighborhood
con�gurations that do not occur within a particle� will obviously never be used
by that particle�
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Fig� �� Space�time diagram of CA rule A �left� and CA rule B �right�� showing the
two di
erent computational strategies used to solve the synchronization task� The
di
erent particles are labeled 	���

Identifying the bits in the lookup table that are used by the particles in a
certain strategy is a straightforward procedure� So the �rst approach to char�
acterize a subspace in the synchronizing�CA landscape� will be to �x all the
bits in the lookup table that are used by at least one of the occurring particles
in a strategy� The result of this is shown below for both CA rules� where a dot
��� means that that bit is not used by any of the particles in the strategy� it
is a �free� bit that can be used to do the random walk on�

Rule A�
����������������������������������������������������������������

����������������������������������������������������������������

Rule B�
����������������������������������������������������������������

����������������������������������������������������������������

A second characteristic of a strategy is that it has a certain �tness associated
with it �how well it performs on the given task�� For example� rule A has a
�tness of ��
��
 �meaning� in this case� that the CA synchronizes within a
�xed maximum number of time steps on 
��
 out of ������ random initial
con�gurations�� However� the �tness of rule B is ����	� �it synchronized on
��	� out of ������ random initial con�gurations��

So a second requirement for the subspace is that the �tness values of the rules
within the subspace do not di�er too much from that of the rule �strategy� that
is used in the �rst place to characterize the subspace� As an approximation to
this requirement� �rst the �tnesses of all the one�mutant neighbors �i�e�� all CA
rules that di�er only in the value of one bit in the lookup table� of both rules
are calculated �in a similar way as for the original rules themselves�� Next�
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the �tnesses of the one�mutant neighbors that correspond to bits that are still
free �i�e�� those bits that were not already �xed because they are used by the
particles� are compared to the �tness of the original rule� If the �tness of a
one�mutant neighbor corresponding to a particular free bit di�ers too much
from that of the original rule� than that particular bit is �xed as well� If the
�tness does not di�er too much� then that bit remains free� As a bound on
how much the �tness of a one�mutant neighbor is allowed to di�er from that
of the original rule� an approximate two�standard�error bound is used �in this
case �
�p��� ��� � ���
� because the �tness is calculated over ������ initial
con�gurations��

So eventually� all the remaining free bits are those bits in the lookup table
that are not used in any of the particles that make up the strategy� and for
which the �tness does not change too much when their value is changed� The
resulting lookup tables for both rules are shown below� Again� dots ��� denote
the free bits� For rule A there is a total of �� free bits� for rule B there are ��
free bits� The random walks for the correlation analysis will be restricted to
these free bits only� while the rest of the bits remain �xed� thus restricting the
analysis to a particular subspace of the landscape that represents a particular
strategy�

Rule A�
����������������������������������������������������������������

����������������������������������������������������������������

Rule B�
����������������������������������������������������������������

����������������������������������������������������������������

The subspace derived from rule A will be denoted by subspace A� and the
subspace derived from rule B by subspace B� The correlation analysis can
now be applied to both these subspaces�

� Results

Random walks on the two subspaces characterized in the previous section are
performed with two di�erent move operators� point mutation and random�
mate�random�child crossover �rmrc crossover�� The point mutation operator
just randomly �ips one bit at each time step� The rmrc crossover operator
starts with a random bit string� picks a random string as mate� performs one�
point crossover� and chooses one of the children at random to proceed with�
picking a new random mate at the next step� etc� �see ����� Of course� in this
case� only the free bits are allowed to be �ipped in point mutation� or set at
random in rmrc crossover�
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Random walks of ����� steps are performed� where the �tness at each step is
calculated over a set of ������ random initial con�gurations �a di�erent set
at each step�� The approximate two�standard�error bound used in the Box�
Jenkins approach is �
�p�� ��� � ������
�

��� Point mutation

Identi�cation

Figure � �left� shows the estimated autocorrelations for subspace A �the re�
sult for subspace B looks similar�� Also� the approximate two�standard�error
bound of ������
 is plotted� From this plot� it can be derived that the corre�
lation length in both subspaces for point mutation is around �� steps �i�e�� the
�rst time lag at which the autocorrelation falls within the two�standard�error
bound��

Figure � �right� shows the estimated partial autocorrelations for subspace
A �again� the result for subspace B looks similar�� It shows that the �rst
two partial autocorrelations are outside the approximate two�standard�error
bound� while the rest are within this bound� This� together with the gradual
decline of the autocorrelations� suggests an AR�
� model to be estimated �see
��� for the motivation for this��
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Fig� �� The �rst �� autocorrelations �left� and partial autocorrelations �right� for
point mutation in subspace A�

Estimation

For both subspaces� an AR�
� model is estimated� Table � shows the results
of this estimation� As a measure of signi�cance of the estimated parameters�
their t�statistics are given in parentheses� Also� the variance of the stochastic
white�noise variable� and the adjusted R�squared �a measur of the goodness
of �t of the estimated model� are provided�

Diagnostic checking

To check the adequateness of the estimated model� �gure � shows the residual

	



Estimated model Var��t� R
�

subspace A 
�
��
���yt���
�	�yt�� � �t 
�

	� 
���

���	�
 ���	�
 ��	�


subspace B 
�	��
���yt���
�
�yt�� � �t 
�

�	 
���

���	�
 ���	�
 �
	�


Table 	
The results of estimating an AR��� model for point mutation�

autocorrelations for subspace A �results for subspace B look similar�� Besides
two minor exceptions� they are all well within the two standard�error�bound
�as they should be� because the residuals should be uncorrelated��
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Fig� �� The �rst �� residual autocorrelations for point mutation in subspace A�

As an extra check� for both subspaces an AR��� model was estimated� The
t�statistics of the extra parameter for respectively subspace A and B are ���
and ��
� Both are less than 
� so in both cases the extra parameter is not
signi�cant�

So it seems that the estimated AR�
� models for both subspaces for point
mutation are adequate enough�

��� Rmrc crossover

Identi�cation

Figure � �left� shows the estimated autocorrelations for subspace B �the result
for subspace A looks similar�� Also� the approximate two�standard�error bound
of ������
 is plotted� From this plot� it can be derived that the correlation
length in both subspaces for crossover is around � steps �i�e�� the �rst time lag
at which the autocorrelation falls within the two�standard�error bound��

Figure � �right� shows the estimated partial autocorrelations for subspace
B �again� the result for subspace A looks similar�� It shows that the �rst






two partial autocorrelations are outside the approximate two�standard�error
bound� while the rest are within this bound� This again suggests an AR�
�
model to be estimated here�
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Fig� �� The �rst �� autocorrelations �left� and partial autocorrelations �right� for
crossover in subspace B�

Estimation

Table 
 shows the results of the estimation� The t�statistics are given in paren�
theses� Also� the variance of the stochastic white�noise variable� and the ad�
justed R�squared �a measure of the goodness of �t of the estimated model�
are provided�

Estimated model Var��t� R
�

subspace A 
�	��
���yt���
�
�yt�� � �t 
�

�� 
�	�

���	�
 ���	�
 ��	



subspace B 
����
���yt���
�
�yt�� � �t 
�
	
� 
�	�

���	

 ���	�
 ��	�


Table �
The results of estimating an AR��� model for crossover�

Diagnostic checking

To check the adequateness of the estimated model� �gure � shows the resid�
ual autocorrelations for subspace B �results for subspace A look similar�� It
appears that they are all well within the two standard�error�bound�

As an extra check� for both subspaces an AR��� model was estimated� The
t�statistics of the extra parameter for respectively subspace A and B are ����
and ���� Both are less than 
 �in absolute value�� so in both cases the extra
parameter is not signi�cant�

So again it seems that the estimated AR�
� models for both subspaces for
rmrc crossover are adequate enough�
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Fig� �� The �rst �� residual autocorrelations for crossover in subspace B�

� Conclusions

Both subspaces that were identi�ed in the synchronizing�CA landscape can be
characterized by an AR�
� model� for both point mutation and rmrc crossover�
As can be seen from the similarity in the estimated models for both subspaces
for one particular move operator� both subspaces have very similar correlation
structures�

In an AR�
� model� a �memory� of two time steps is used� This means that
in predicting the �tness at the current time step� the �tness values of the two
previous time steps provide relevant and useful information� This brings up an
interesting question� Would it be possible to construct a more e�cient search
algorithm that makes use of the knowledge of the �tness at the two previous
time steps� instead of just one� as is done in general search algorithms like
hill climbing and genetic algorithms �which are based on mutation and�or
crossover�� If so� then identifying a landscape as AR�
� also gives information
about what kind of search algorithm should be used�

Weinberger ���� suggest that AR�
� landscapes are a �combination� of two
�independent� AR��� sub�landscapes� Performing a random walk on the AR�
�
landscape� with probability c a step is taken on the �rst sub�landscape� and
with probability � � c a step is taken on the second sub�landscape� If this is
true� then it would be interesting to try to �nd out what the two underlying
sub�landscapes are here� and what the value of the parameter c is�

One of the goals of this paper was to show that the in ��� proposed landscape
analysis will still work nicely on less well behaved� non�isotropic landscapes�
This turns out to be true� as long as subspaces in the landscape can be iden�
ti�ed that are locally isotropic enough to produce good results� Identifying
these subspaces will generally be the most di�cult part� but once they are
found� the landscape analysis can be applied in a straightforward way�
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