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A class of minimal models is constructed that can exhibit several salient phenomena as
sociated with T-cell inoculations that prevent and cure auto-immune disease. The models
consist of differential equations for the magnitude of two populations, the effectors E
(which .cause the disease), and an interacting regulator population R. In these models,
normality, vaccination, and disease are identified with stable steady states of the differ
ential equations. Thereby accommodated by the models are a variety of findings such as
the induction of vaccination or disease, depending on the size of the effector inoculant.
Features such as spontaneous acquisition of disease and spontaneous cure require that the
models be expanded to permit slow variation of their coefficients and hence slow shifts
in the number of steady states. Other extensions of the basic models permit them to
be relevant to vaccination by killed cells or by antigen, or to the interaction of a larger
number of cell types. The discussion includes an indication of how the highly simplified
approach taken here can serve as a first step in a modelling program that takes increasing
cognizance of relevant aspects of known immunological physiology. Even at its present
stage, the theory leads to several suggestions for experiments.

1. Introduction. Reverse engineering, a legal activity, is "the copying of all or part

of a chip for the purpose of analyzing its layout" (Fauch, 1993). The attitude that

we take here is somewhat similar. We describe some of the major phenomenology

associated with T-cell vaccination. We then attempt to construct a minimal model,

in the form of differential equations, that will reproduce this phenomenology. Insofar

as possible, we remain neutral as to the form that this simple model of nature's

"product" will take, letting the phenomenology be our guide. A variety of models

can, of course, describe a given set of facts. We find, however, that requirements of

internal mathematical consistency considerably constrain the nature of the models.
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Because of this, our resulting models are more than merely descriptive and have a

life of their own.

\Ve construct a class of mathematical models, containing just two cell popu

lations, that can describe several salient observed features of T-cell vaccination in

suitable strains of mice and rats: notably, whereas sufficiently high dose injections of

virulent autoimmune T-cells induce disease, relatively low doses generate resistance

to a subsequent high dose. In some instances, cure can be obtained. In the course

of our investigation, new possibilities are revealed, such as "over cure" (suitable

doses can return a diseased organism to the normal state, not the vaccinated>state).

Modification of our basic models allows consideration of more cell populations as

well as of perturbations via antigens or killed cells. Other modifications yield the

observed phenomena of spontaneous disease and spontaneous cure. In concluding,

we discuss several possible experiments that are suggested by the theory.

2. The Phenomenology of T-cell Vaccination. We now provide a general

description of major phenomena connected with T-cell vaccination. For definiteness,

we concentrate, although not exclusively, on the case of experimental autoimmune

encephalomyelitis (EAE), an animal model of multiple sclerosis.

In the course of experiments concerning T-cell vaccination, different states of

an animal are recognized. An animal is termed normal when it is healthy but has

had no experience with the disease and therefore is susceptible to it. A vaccinated

animal is healthy and furthermore is resistant to manipulations that bring about the

onset of disease in a normal animal. Finally there is the diseaud state. Since we are

dealing with autoimmune diseases, it is reasonable to suppose that the effector cell

population, whose presence by definition causes autoimmune disease, is respectively

low and high in the normal and diseased states.

During investigations of T-cell vaccination in EAE, it has been found that dis

ease can be induced in a normal animal by injecting it with a large quantity of

live effector cells that have been suitably activated, for example by incubation with

antigen-presenting cells and a suitable antigen (Naparstek et al., 1983). Injection

of a considerably smaller quantity of such cells induces vaccination (Cohen, 1986;

Beraud et al., 1989). T-cell vaccination is carried out not only with low doses of

virulent cells but also with larger doses of such cells that have been killed and
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treated in various ways, such as by irradiation and chemical cross-linkers (Ben Nun,

Wakerle, and Cohen, 1981; Lider et aI., 1986; Alboran et aI., 1992).

When we describe cell populations as small, medium, and large, we mean these

terms in a very rough comparative sense. Furthermore in our simple models, the

magnitude of a variable that represents a population includes in it both the actual

numbers of the cells in question and their degree of "activity". For example, in

the crude type of modelling that we are doing here, we cannot distinguish between

a relatively small population of fully activated cells and a larger population of

relatively ineffectivecells...

A major property of T-cell vaccination with killed cells is that not only is it

capable of inducing protection against a disease but it may also bring about a cure

of disease. When cure occurs, if a diseased animal is subjected to a suitable dose of

effector cells, then the symptoms of disease disappear and the animal usually enters

a vaccinated state. Mice and rats induced to exhibit EAE spontaneously return to

health after a few days (sometimes with relapses). Strictly speaking, therefore, one

cannot speak of a treatment that induces cure - although inoculations of selected

T cell receptors have greatly speeded up spontaneous recovery (Offner, Hashim and

Vandenbark, 1991). On the other hand, for persistent diseases such as adjuvant

arthritis (Lider et aI., 1986) and spontaneous autoimmune diabetes (Elias et aI.,

1991), inoculation of killed T cells can bring about cure.

The various phenomena associated with T-cell vaccination are summarized in

Table 1. The table contains a column giving a mnemonic for the various manipu

lations. For example, in the third line the letters NlD mean that a Normal state,

by virtue of a large perturbation of effectors, is transformed into a Diseased state.

These various triplets of letters will be useful in labelling phenomena on diagrams

that follow. Note that the properties NsN and DsD are listed for completeness.

In spite of the fact that no specific evidence is known, it seems almost inevitable,

for example, that although a suitable inoculant of cells can induce vaccination, too

small an inoculant will have no effect. Note also that, although the second line of

Table 1 indicates that a medium amount of either live or killed cells can induce

vaccination, in fact, a relatively large number of killed cells is required. Since a

killed cell is presumably less efficacious than a live cell, the differing number of

cells covered by the word "medium" is consistent with the remark made above that
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both number and activity are included in our model characterizations of population

magnitudes.

The phenomena in Table 1 are what we wish our model to reproduce. At first

we shall assume that all the phenomena have been generated by suitable doses of

live cells. In fact (as indicated in the table), it remains an open question as to

whether live cells can effect a cure. In any case, later we modify the model so that

it is appropriate for injections of killed cells.

3. One Variable: The Simplest Possible Model. The simplest possib~e model

would involve just a single cell population, the effector3 E. The qualitative behavior

of such a model is summarized in the "phase line" diagram given in Fig. 1. There we

see three steady states, N, V, and D, corresponding to the normal, vaccinated, and

diseased states of the experimental animal. Embodied here is the major a33Umption

that the normal, vaccinated and di3eaud 3tate3 of the organi3m corre3pond to 3teady

3tate3 in the dynamical system that constitutes our mathematical model.

The objection can be raised that in a real animal it may not be true that a

steady state is an appropriate representation for disease. The varying environmental

influences to which an animal is subject, or the aging of the animal, can continually

modify its state of health or disease. Disease can be transient, either because

the immune system eventually cures it, or because exacerbating disease inexorably

leads to the death of an animal. These are valid objections, which will be dealt with

further later. For the present, we remark that if the diseased state persists for a

significant period of time without major alterations, then as a first approximation

and for a limited period it is reasonable to regard disease (as well as normalcy

and vaccination) as steady states of our basic model. With respect to disease, this

assumption gains further credence if it is kept in mind that the effector population

may remain relatively constant over a fairly long time, but the clinical state may

continually worsen owing to accumulated damage.

Returning to Fig. 1, we note points 8 1 and 8 2 that respectively divide regions

of normality from those leading to vaccination, and regions of vaccination from

those leading to disease. In particular, if one begins with an effector population

that is smaller than 8 1 , as time develops (as shown by the arrows) the effector cell

population decreases to the steady state N. (Note that, although it is not essential,

we have chosen the normal state to be one that is devoid of effector cells.) By
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(3.1).>
dEat = E(E - Sl)(V - E)(S2 - E)(D - E) .

contrast, a population of effector cells that is slightly above the value Sl will grow

toward the vaccinated steady state V. (Thus the interval between Sl and S2 is called

the domain of attraction of V.) A population of effector cells that is precisely at

the value Sl in principle hovers precisely at this value, unable to "decide" whether

to approach N or V. Thus the value E = Sl is a steady state, but an unstable one:

the slightest perturbation induces E either to decrease to N or to increase to V.

A differential equation for E(t) whose qualitative behavior is correctly described

in Fig. 1, is

In this equation, the constants Sl, V, S2, and D correspond to the different levels

of effector cell that were singled out in Fig. 1.

The simple model whose behavior is diagrammed in Fig. 1 is capable of repro

ducing four of the six behaviors listed in Table 1. For example we note in Fig. 1

that small, medium, and large perturbations of the normal state lead respectively

to normality, vaccination, and disease. However, the two most important properties

of T-cell vaccination are not reproduced by this simple model. Contrary to observa

tion, a perturbation that is of sufficient magnitude to induce disease when applied

to a normal organism also induces disease when applied to a vaccinated organism.

According to the model of Fig. 1, only smaller perturbations to the vaccinated state

will leave this state intact. Moreover, the model of Fig. 1 offers no possibility of

cure. Any addition of effector cells to the diseased state will bring about reversion

to disease, not vaccination.

Strictly speaking, it is possible to modify (3.1) by adding another linear factor

in order to obtain a model that exhibits all six transitions of Table 1. This revised

model is quite unnatural, however, in that as the effector population increases above

the diseased state, one must postulate the existence of a second vaccinated state.

There seems no biological justification for such a hypothesis. Moreover, biological

credibility requires some type of separate representation of the factors regulating the

effector population E, and being regulated by it. We thus supplement the equation

for E with a second equation for an interacting regulatory population R.

4. Two Variables: The Simplest Successful Model. Fig. 2 is an analog of

Fig. 1 showing that a two-variable model is in principle capable of reproducing all of
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the qualitative behavior described in Table 1. Fig. 2 contains a schematic diagram

that exhibits the behavior of two populations, the original effector cells E, and a

second, regulating, population that we term R cells. At present we do not wish to

commit ourselves as to the expected behavior of the R cell population, for we wish

this to evolve naturally from the requirements that we put on the model. All we

assume a priori is that the proliferation rate of the R population is affected by a

population of effector cells E that in turn is driven by the self-antigen.

In Fig. 2, the three major steady states are once again represented - normal,

vaccinated, and diseased - with respectively larger populations of effector clJ1ls E.
Anticipating future findings, we positioned the vaccinated state so that it is associ

ated with a relatively high value of R although at the moment this is not a matter

of importance. What is crucial is the postulated existence of 3eparatrix lines that

separate the domains of attraction of the three steady states. For example, in Fig.

2 initial conditions to the left of separatrix A result in solutions that tend to the

normal state Nj initial conditions to the right of A (but not too far to the right)

result in the development of R and E populations in such a way that the vaccinated

state V is ultimately at tained.

One sees from examination of Fig. 2 that indeed all the various transformations

of Table 1 can be accommodated. In particular, the transformation VIV appears,

corresponding to the situation in which a large number of effectors are added to

the vaccinated state but yet the system returns to the vaccinated state. This is

in contrast to the situation in which a large number of effector cells are added to

the normal state and disease develops (NlD). We also note on the diagram that a

sufficiently large addition of effector cells to the diseased state results in a return

to vaccination (DlV), and hence cure.

4.1. The Mathematical Framework. The general form of a two-variable model

IS
dE
dt = !(E,R),

dRdt = g(E,R) . (4.1a,b)

We must choose the functions ! and g so that the qualitative behavior depicted

in Fig. 2 will be attained. In making these choices, we cannot let imagination run

unchecked. There are a number of constraints (well known to mathematicians)

that flow from the very existence of equations of the general form of (4.1a,b). For

example, at all points E and R where the function g vanishes, we note that dR/dt =
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o. This means that trajectories in the (E, R) pha$e plane must be horizontal at

the points in question. Similarly, at all points where f vanishes, trajectories must

be vertical. These requirements on horizontally and verticality are responsible for

the standard terms horizontal and vertical nullcline$· for curves where 9 and f
respectively vanish.

It follows from (4.1) that at any point (E, R) that is such that both f = 0 and

9 - 0, a steady state must exist. That is, steady states exist at points.where vertical

and horizontal nullclines intersect, and only at such points. These well known facts

concerning differential equations are illustrated in Fig. 3. Another constr~nt on

the models is that all cell population variables must remain positive, as a negative

value of a cell population makes no sense.

Recall from Fig. 1 that the separating points that divide the domains of attrac

tion of the three steady states N, V, D were in fact unstable steady state points of

the equation. The two-dimensional version of this phenomenon, illustrated in Fig.

4A, is that each separatrix contains an unsteady state point S of the saddle point

type (see inset to Fig. 4A). (Unstable limit cycles can also form separatrices, but

we shall not pursue this option.)

We now specialize equations (4.1) so that they take the form

dE dR
dt = EPE(E,R) , dt = RPR(E,R) . (4.2a, b)

Here the functions PE and PR are effective proliferation rates. If for example PE

is a positive constant, then the effector cell population grows exponentially. As it

is, both PE and PR can in principle be either positive or negative, depending upon

the values of E and R. Note that PE and PR are generally a combination of several

not-clearly-identified processes, hence their designation as "effective proliferation

rates".

In writing equations in the form of (4.2) we have assumed that there are no

source terms for the cells E and R that are independent of the E and R population

levels. In particular, this means that for the moment we are regarding as negligible

the steady flux of T-cells from the thymus. Note, as illustrated in Fig. 4B, that

the assumption (4.2).means that the vertical and horizontal axes are respectively

vertical and horizontal nullclines. As it is the intersection of vertical and horizontal

nullclines, the origin is a steady state, but it will be unstable in our model.
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Fig. 4B schematically sums up further requirements. Each of the five steady

states N, V, D, 51 and 52 is indicated to be at the intersection of a vertical and

a horizontal nullcline. 51 and 52 are saddle points with the separatrices (ingoing

arrows) indicated. Given that N has a low effector population, it is reasonable to

locate it on the R axis (E = 0). Note that the separatrix that rises above the point

S2 must fall back below it, in order to produce the mound-like domain of attraction

of the disease state that is shown in Fig. 2 to be essential for the mv trajectory.

This separatrix, as shown, possesses a maximum, which must lie on a horizontal

nullcline.

4.2. Some Specific Examples. One is now faced with the task of constructing a

pair of differential equations of the form (4.2) that possess all the desired properties.

An example of such a system is

dEdi = E(R+E - 2)(-R-E + 10) ,

dR
- = R(-R+E+ l)(-R+ E -4)(-R+ E -6)
dt

(4.3a,b)

The corresponding phase plane is diagrammed in Fig. 5. In particular, Fig. 5 shows

the vertical and horizontal nullclines (light lines), with the directions of trajectories

also indicated. In Fig. 5 shading shows the domain of attraction of the stable

steady state N (normal) while stippling indicates the domain of attraction of the

disease state D. The domain of attraction of the vaccinated state V is thus the

unshaded and unstippled area. [The separatrices are computed by the well known

expedient of starting at the unstable steady states and "running time backward" ,

which amounts to preceding the righthand sides of (4.3) by negative signs.] It can

be verified that the various qualitative trajectories of Fig. 4B are present in Fig. 5,

so that the system (4.3) indeed fulfills the requirements that we have put forward

for our model.

A further constraint on all our models is illustrated in Fig. 5. For example, on

the vertical nullcline labeled with an asterisk we note that the vertical arrows switch

from downward to upward, to downward and again upward, as the three different

slanting horizontal nullclines are crossed. This is once again a well known property

that is normally exhibited in a phase plane diagram.
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The model given by (4.3) is especially simple in that all of the nullclines are

straight lines. The equations of (4.3) certainly are not a unique solution to our prob

lem of constructing a mathematical model with appropriate phase plane behavior.

There is considerable latitude in the coefficients of the model, but not by any means

complete latitude. For example, by rotating and translating the vertical nullcline

that is labelled with an asterisk once can remove some or all of the intersections V,

52, D, and 53.
Another possible model is given by

dEat = E(R + E - 2)(-R - 0.2E + 32) ,

dRat = R(-R + E + OA)(0.5R + 0.5E2
- 6E + 16)

(4Aa,b)

(4.5a, b)

The phase plane diagram for this model is given in Fig. 6. The rightmost pair

of straight slanting horizontal nullclines in Fig. 5 is now transformed into the sin

gle parabolic horizontal nullcline of Fig. 6. Nonetheless the required qualitative

properties of Fig. 4B are preserved.

Further evidence of the extent of flexibility in constructing a mathematical

model is demonstrated in Fig. 7 and the accompanying equations of a third alter

native model
dE .at = E(R+ E - 2)(-R - 0.2E + 2.5) ,

dR 1
-d = R(-R + 0.02E3

- _E2 + 1.3E + 1)
t 3·

We note that in Fig. 7 that the three slanting horizontal nullclines of Fig. 5 have

been replaced by a single N shaped horizontal nullcline. There is a corresponding

replacement of the three linear factors in (4.3b) by a single cubic factor in (4.5b).

In a final example, the pair of slanting lines that have served as vertical nullclines

is replaced by a single, humped curve:

dE ( 100E
2

)at = 0.01 + E 3.5 - 0.5R + 25 + E4 '

~~ = 0.01 +R(-O.lR + 0.02E3
- 0.33E2 + 1.3E + 1)

(4.6a, b)

In addition, the form (4.2) has been generalized to permit the inclusion of constant

source terms. The corresponding phase plane is provided in Fig. 8. Note that,
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in contrast to the earlier examples (4.3)-(4.5), the coordinate axes are no longer
nullclines of (4.6). Concomitantly, three unnecessary (but not "harmful") unstable
steady states have disappeared, namely 0, U, and Sa. It can be seen once again
that the new phase plane diagram of Fig. 8 is completely consistent with the various
quali tative trajectories indicated in Fig. 4B.

The systems (4.3)-(4.6) all provide examples of specific models that satisfy the
qualitative requirements illustrated in Fig. 4B. The choice of specific models is
broad, but nonetheless one has a feeling that "all these models must be essentially
the same". This matter is explored in Appendix A. One point is worth noting here.
It is unbiological that the proliferation rate in (4.6b) increases without bound as E
increases. This need not be worrisome as only a finite range of E will be of interest
to us. But the problem can also be solved once and for all by dividing the right side
of (4.6b) by a suitable function, for example, 0.01(1 +E a). The relevant qualitative
behavior of the model is unaffected (not shown), and now the proliferation rate
approaches a constant as E -> 00.

We now present graphs of the development of the effector (E) and regulatory
(R) cell populations as a function of the time t. Such graphs would normally
be plotted in recording results of experiment. They reveal qualitative features of
response kinetics.

4.3. Further Examination of Model Properties. Fig. 9 shows the develop
ment with time of various different phenomena characteristic of T-cell vaccination
(compare Table 1). Thesystem (4.5) has been used for these numerical calculations.
We observe from this point of view the fact that small, medium, and large addi
tions of effector cells to the normal state result respectively in return to normalcy,
vaccination, or disease. Note from Fig. 9C that the approach to the diseased state
is oscillatory.

Fig. lOA depicts the result of adding the same number of effector cells as was
added to the normal state in Fig. 9C. As shown, when this number of cells is added to
the vaccinated state, there is no disease but rather vaccination. Fig. lOB shows that
addition of a small number of effectors to the diseased state results in an oscillatory
return to disease. Fig. lOC, by contrast, shows that a larger perturbation of the
diseased state leads to cure, via a transition to the vaccinated state. Note that the
large number of effectors is rapidly suppressed by an increase in the regulating R
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cell population. As we will see shortly, the R population does not always act to

suppress the effector population, but in the population ranges that are relevant in

Fig. lOC, suppression occurs.

We have demonstrated that suitable assumptions concerning the dependence of

proliferation rates PE and PR on E and R will result in appropriate behavior of

our two-variable model. What, in fact, is the assumed type of dependence of the

proliferation rates? This can be seen in Figs. H and 12. Fig. H deals with the

effector proliferation rate PE' We note from Fig. HA that PE varies smoothly,

with some positive values (growth) and some negative values (decay). For;::larity,

Fig. HB depicts just .the positive part of PE while Fig. HC shows the portion of

the E, R plane wherein PE is positive. Corresponding diagrams for the regulator

cell's proliferation rate PR are given in Fig. 12. The behavior here is somewhat

more exotic but does not seem unreasonable.

In general, what is decisive about the proliferation rates is their sign, not their

magnitude. As can be checked by comparing Figs. HC and 12C with Fig. 6, the

proliferation rates change sign when the nullclines are traversed. As we have seen,

the intersections of the nullclines set the number and location of the steady state

points and, therefore, playa dominant role in determining the qualitative behavior

of the solutions.

The intersections of the nullclines are important, not the individual nullcline

positions in isolation. In biological terms, it is the network that matters, not the in

dividual population behaviors. Consider, for example, some changes that shrink the

parabolic region in Fig. 12C where the regulator's proliferation rate PR is positive.

Up to a point, changes of this nature just slightly alter the reproductive behavior of

the regulators. But suppose that the parabolic region were to shrink so much that it

entirely overlapped with the shaded region in Fig. HC, where PE is positive. Then

the intersections S2 and D in Fig. 6 would disappear. The regulator-effector inter

action is now of such a natUre that no disease state exists. A profound alteration of

network behavior suddenly flows from an insignificant-seeming modification in the

proliferative behavior of a single> cell population.

Under most circumstances, it makes little difference how positive or negative

proliferation rates are. Such quantitative changes merely alter the speed at which

things happen, not what happens. In the phase plane, these changes modify the
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location of separatrices, without in general leading to qualitative behavioral conse

quences. But there are important exceptions, exemplified by the required mound

like nature of the separatrix associated with the possibility of cure. [See the the

discussion in the paragraph preceding (4.3b).] According to our models, the mag

nitudes of the proliferation rates, not just their signs, can make all the difference

between whether or not vaccination can induce cure. An analogous statement holds

for the phenomenon of "over cure" , to be discussed below.

5. Expanding the Model. The two-variable model can serve as the b¥is for

making our model more comprehensive by including further cell populations that

have been deemed active in T-cell vaccination. As a first illustration of the type of

model expansion that can be made, let us consider two additional populations, a

class of helper cells (H) and of suppressor cells (S). These additional populations

will always be assumed to increase and decrease the proliferation rates of E and R,

respectively. Our expanded model begins to be reminiscent of the five population

automaton model of Cohen and Atlan (1989). Detailed comparison with assump

tions of Cohen and Atlan, or others, is inappropriate since the discussion of this

section is meant to illustrate in general terms how our two-variable model can serve

as the core of more complex and realistic models. We wish to counter the natu

ral feeling that the complexity of immune interactions cannot possibly be usefully

represented in just two differential equations.

. In our new model the proliferation rates PR, PE of (4.2) will depend not only

on R and E but also on Hand S. Moreover, two new equations are required.

dH dS
dt = PH(R,E,H,S) , dt = Ps(R,E,H,S) . (5.1)

In order to link our new model with the original model (4.2), we will temporarily

make the assumption that, in comparison to R and E, the helper and suppressor

populations H and S respond rapidly to environmental changes. (By "environmen

tal changes" we mean changes in cytokine concentrations, or perhaps changes in

concentrations of cells that are in contact with H and S cells, as reflected in the

levels of R, E, H, and S.) The relatively rapid change of H and S means that

we can make the quasi-steady state assumption (QSSA) that is common in enzyme

kinetics (see Segel and Slemrod, 1989). By this assumption

PH(R,E,H,S) = 0 , Ps(R,E,H,S) = 0 (5.2a, b)
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According to (5.2) the cell populations H and S are at equilibrium with the present

values of population levels R and E. Eqs. (5.2a) and (5.2b) can in general be solved

for H and S as functions of R and E:

H = H(R,E) , S= S(R, E) . (5.2c,d)

These solutions in turn provide the quasi-steady state values of helper and sup

pressor population levels that are appropriate to the present values of the E and R

population variables. However, E and R slowly change with time, with consequent

slow changes in H and S. J-

Knowing H and S in terms of R and E, we can regard the proliferation rates

PE and PR not as functions of the four variables R, E, H, and S but rather,

employing Eq. (5.2c,d), as functions of R and E only. The quasi-steady state

approximation thereby returns our four-equation model to the form of our two

equation model. Moreover, we expect that even if. such an approximation is not

strictly permissible, so that the full four equation model of (4.2) and (5.1) must

be solved to obtain accurate results, nonetheless qualitative behavior may well be

similar to the situation where the approximation has in fact been made. Thus if we

explicitly solve the four equation model, in cases where H and S change moderately

rapidly, then it should often be the case that behavior similar to that obtained in

our two-equation model will be evidenced.

Let us look at an example of the above considerations:

dEdt = E(3.2 - O.2E - R)(H - S) ,

dRdt = R(OA - R + E)(7H - 13.5S +O.5E2 + 82) ,

dHdt = '>'H(6 -H +2R+3E) ,

dSdt = '>'8(8 - S + R + 2E) .

(5.3a, b, c, d)

In system (5.3) we exhibit four differential equations corresponding to four interact

ing cell populations, in particular including helper and suppressor cells. Note indeed

that in Eqs. (5.3a) and (5.3b) an increase in the helper population H increases the

proliferation rate of the cell populations E and R while an increase in the suppres

sor population S tends to decrease the proliferation rate, perhaps even shifting it
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to negative values. Fig. 13 shows the network connections that are assumed by

the model of system (5.3). Suppressive connections are shown as dashed arrows.

10 particular, each population has a self-limiting character of a logistic type. The

effector population E is assumed to increase the population of the other three cell

types. By contrast, the regulating population R suppresses E but enhances H and

5.

If the parameter>. in (5.3c) and (5.3d) is sufficiently large, a good approxima

tion should be obtained by making the quasi-steady state assumption dH/dt = 0,

d5/dt = 0. Upon solving the resulting algebraic equations, we obtain (in ad'dition

to H = 0, 5 = 0)

H=6+2R+3E, 5=8+R+2E . (5.4a, b)

Note that H > 0, 5> 0- as is necessary for biological realism. If the expressions of

(5.4) are substituted into (5.3a,b), then, by design, model (4.4) is obtained. Given

this, our previous discussion leads us to expect that solving the system (5.3) would

lead to qualitative behavior that is similar to that shown in Figs. 9 and 10. Fig.

14, graphs of solutions to (5.3) with>. = 100, gives a partial demonstration that

this in fact is correct. For example, Fig. 14A shows that adding a suitable number

of effector cells in the diseased state can bring about a cure - in that the system

returns to the vaccinated state. While carrying out these simulations, we were

surprised to note the appearance of an alternative outcome that we have termed

"over cure". As shown in Fig. 14B, if a number of effector cells greater than that

of Fig. 14A is added to the diseased state, then the result is not a vaccinated state

but rather a return to the normal state. This means that the organism would once

again be susceptible to the disease. Of course this computer simulation does not

take into account the possibility that effector cell levels could be so high on the way

to "normalcy" that the animal would die well before normalcy was attained.

The reason for the unusual disease/normalcy transition can be traced to our

original two variable model. This can be Seen by referring to Fig. 5, the phase

plane for the underlying model (4.4). It turns out that the separatrix emanating

upward from 51 bends around to the right in such a way that part of the domain of

attraction of the normal state lies beyond the diseased state. The same phenomenon

is seen in Fig. 6, which was developed after "over cure" was discovered.
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5.1. Antigen Innoculation. Our minimal model can be expanded in another

direction, to represent the induction of autoimmune disease by the injection of an

appropriate antigen, for example, the induction of EAE by the injection of myelin

basic protein (MBP). We do this by adding to the equation for the effector cells

E a source term that is an increasing function of the antigen concentration A.

This is certainly reasonable, for the effectors have been hypothesized to be driven

by precisely this antigen. A third equation incorporates the assumption that the

inoculated antigen disappears rapidly. Dispersion of the antigen and its removal

by the immune system bring about this disappearance; since the details a;-e not

essential for our present purposes, we assume a simple exponential decay. The

point is that the presence of the antigen will drive the effectors to a certain level Eo

at the time that the antigen has effectively disappeared. From then on the equations

will be virtually identical to those of the minimal model, so the results should be

essentially the same as those obtained by imposing an initial perturbation Eo of E

as an initial condition.

To check that our expectations are correct, we considered model (4.6), with the

addition of antigen terms of the type discussed:

dE lOAat = 0.01 + E(-0.05R - 0.05E2 + 0.5125E + 0.125) + om + A

dR ( 45E
2

)at = om + R 0.35 - 0.05R + 256 + E4

dA = -20A .
dt

Initial conditions were

E(O) = EN , R(O) = RN , A(O) = Ao ,

(5.5a, b, c)

(5.6a, b, c)

where EN and RN are "normal", effector and regulator steady states of (5.5a,b)

with A =O.
Fig. 15A indeed shows that, according to model (5.5), a suitable dose of antigen

to a normal animal can induce disease. We see in Fig. 15B that a smaller dose of

antigen leads to vaccination. Note from (5.5c) that the time scale for antigen decay

is T = 0.05. The first two arrows on the heavy trajectory in Fig. 15A are placed

at intervals of t = 0.1. By t = 0.2, the antigen has decayed to a fraction of its
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initial value Ao. Nonetheless, Ao is so large that before it reaches negligible values,

which takes many multiples of T, the antigen drives the system past S2 into the

domain of attraction of the diseased state D. By contrast, in Fig. 15B, with the

initial condition Ao = 1, the antigen has virtually disappeared by t = 0.2; but by

this time the state of the system has moved the short distance into the domain of

attraction of the vaccinated state V. Apparently this route to vaccination has not

been observed. The experiment would seem worth trying.

5.2. Inoculating Killed Cells. As another step toward expanding our min

imal model in the direction of greater realism, let us consider the fact that T-cell

vaccination is often carried out with killed and treated cells. In order to model

this situation we assume that killed effectors can supplement the actions of live

effectors, up to a point (i.e., in a saturating manner). To be precise, we replace

E by E+QD/(K+D) in (4.5a,b). Here D denotes the dead (killed) effectors.

In' addition, we assume that the dead cells are cleared from the system in a time

of order a-l(dD/dt = aD). As expected, such equations can give rise to all the

transitions listed in Table 1 (not shown).

6. Spontaneous Acquisition and Cure of Disease. Our analysis has been

based on the identification of the normal, vaccinated, and diseased states of an

animal with steady states of a suitable mathematical model. We discussed some

of the limitations of this 3teady 3tate characterization (not to be confused with the

quasi-steady state assumption that was employed in Section 5). If the steady-state

characterization is relaxed to some extent, our models can be extended to cover a

larger group of phenomena, notably the spontaneous acquisition of disease in some

animals and spontaneous cure in others. Examples of these phenomena are (i) the

spontaneous acquisition of diabetes in about 90% of female NOD mice and 50% of

the males (Elias et al., 1991), and (ii) the spontaneous return to health after some

days in mice or rats in which EAE has been induced (Raine, 1984).

Let us now imagine that some or all of the constants in the basic model are in

fact slowly varying functions of time. [This is a well known strategy in theoretical

biology; for example in modeling the bursting oscillations of neurons (a classical and

a recent reference are Hinzel, 1987, and Av-ron, Parnas, and Segel, 1993).] The slow

variation of the "constants", reflecting slow changes in certain underlying biological

processes, will lead to a slow distortion of the nullclines in the phase plane.
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Suppose for definiteness that the main effect of this distortion is to elevate the

right portion of the horizontal nullcline in Fig. 7, the diagram corresponding to

model (4.5). This can be done, for example, by replacing (4.5b) by

:~ = R(~R+O.02E3 - ~E2 + CE+ 1) , (6.1)

where C is a slowly varying parameter. Suppose that C slowly increases from its

value C = 1.3 of (4.5b). If the organism is in the diseased state D, then this state

slowly moves leftwards and upwards (R increases and E decreases) until D and

52 coincide and annihilate each other (see Fig. 16). The system now fintIs itself

in the domain of attraction of V, so the vaccinated state will soon be attained.

Spontaneou3 cure has taken place. The cure is predicted to occur in two stages:

an initial slow increase in R and a concomitant decrease in E (Fig. 16A) followed

by a period wherein much more rapid but similar changes in R and E lead to

the vaccinated state (Fig. 16B). We note that assumption oHaster and faster "slow

distortions" brings about a transition from the present type of model, where disease

is characterized by a "temporary steady state", to a model where the disease state

is characterized by a transient high level of effectors.

Suppose that the underlying biological changes have the effect of depressing the

left portion of the horizontal nullcline in Fig. 7 and that the organism is in the vac

cinated state V. Then V slowly moves downwards and rightwards (R decreases and

E increases) until V and 8 2 coincide and annihilate each other, leaving the system

iuD's domain of attraction (see Fig. 17). The vaccinated animal will spontaneously

pass from the vaccinated to the diseased state. Once again this is predicted to occur

(if at all) in a two stage process - the first slow and the second fast.

Can slow distortions of nullclines bring about a "spontaneous" transition from

normal to diseased? It seems not if, for example, model (4.5) of Fig. 7 is employed.

The normal state N can be made to disappear by a descent of the left-most portion

of the horizontal nullcline until N merges with the unstable steady state at the

origin O. But then 0 becomes stable and takes over as the normal state. The

origin persists as a steady state, regardless of the motion of the other nullclines, for

all models of the form (4.2).

By contrast, the spontaneous appearance of disease in a normal animal is easily

demonstrated by model (4.6) of Fig. 8. Sufficient elevation of the left portion of the

vertical nullcline (relative to the horizontal nullcline) will result in the coalescence
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and disappearance of states N and 8 1 while elevation of the right portion of the

vertical nul1cline results in coalescence and disappearance of V and 82 (Fig. 18A).

This leaves the diseased state D as the only steady state. Depending on which

coalescence occurs first,' V - 82 (as in Fig. 18 A and B) or N - 8 1 (not shown), the

normal-to-disease transition will occur directly or via the vaccinated state. See the

Appendix for further discussion of the special features of model (4.6).

7. Summary and Discussion. As we have repeatedly stressed, the back

bone of our modeling here has been the assumption that to first approximati9n the

dynamical interactions between various classes of cells that are relevant to T-cell

vaccination possess three stable steady states, corresponding respectively to a nor

mal, vaccinated, and diseased organism. "We have provided several specific examples

[Eqs. (4.3)-(4.6)] from a class of minimal models all of which exhibit six transitions

(Table 1) that are known to be characteristic of T-cell vaccination. A new transition

has been discovered, "over cure", where treatment leaves the organism cured but

susceptible.

We have demonstrated that a T-cell vaccination model that is comprised only

of effector cells E does not work. There is a requirement for network effects, at

least to the extent of adding a single "regulator"cell population R that responds to

changes in the effector population level and that also influences the effectors. The

cell population R might be anti-idiotypic cells bearing receptors that bind epitopes

on the variable portion of the E receptors. Another possibility is that R represents

anti-ergotypic cells (Lohse et al., 1993) stimulated by markers that indicate that

the E cells are activated. Alternatively, the R cells can be influcenced by cytokines

that are secreted by the E population or by a cell population that is influenced by

the E's.

-Section 5 shows that the two variable E - R models can provide an approximate

representation of the dynamics even if several other cell populations are involved.

This can occur if the other populations respond relatively rapidly to their environ

ment. Be that as it may, it is likely that an accurate model for a given auto-immune

disease will eventually be found to contain numerous equations for various cell types

and cytokines. Nonetheless, the idea of identifying the normal, vaccinated, and dis

eased phenomenologies with steady states of a dynamical system may remain valid

and useful.
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In all our models, the vaccinated state contains a level of effector cells that is
elevated, but not so high as in disease. These cells are held in check by expanded
populations of regulator cells. This is consistent with evidence that resistant or
ganisms carry significant levels of effectors as well as other cells that specifically
suppress them (Cohen, 1986).

vVe made some steps toward expanding the minimal model by considering the
effects of additional helper and suppressor cell populations, of killed treated cells,
and of antigen. Adoption of a quasi-steady state assumption for the dynamics of the
additional helper and suppressor populations permitted us to design augmented sys
tems whose qualitative behavior was essentially identical to the minimal system. In
this context, the quasi-steady state assumption can be regarded as a scaffolding that
allows us to determine major features of complex models that exhibit appropriate
qualitative behavior. If time scales are changed in the model so that a quasi-steady
state assumption becomes less and less appropriate, there is good ground to hope
(its some examples have demonstrated - see Fig. 14) that appropriate qualitative
behavior remains, perhaps after suitable parameter alteration.

In modeling the effects of inoculations of killed treated cells or of antigen, we
introduced new equations to represent, respectively, these inoculants. Nonetheless,
the basic interactions of effectors E and regulators R remained at the heart of the
modeled behavior: by assumption, the inoculants mainly forced E- and R to certain
values before they disappeared. Extending this viewpoint, we see how the simple
E, R model might capture much of the essence of certain autoimmune interactions
even thmlgh other populations are certainly involved. For example inoculation of
clone A2c can cure adjuvant arthritis; this clone does not directly suppress the
effector clone but rather acts via an intermediate population (Cohen, 1986).

Relaxing the approximation that normality, vaccination, and disease are steady
states permitted us to broaden the behavioral repertoire associated with our model.
This "relaxation" amounts to assuming that constant coefficients in our minimal
model are, in fact, slowly varying functions of time. In biological terms, the more
comprehensive model takes into account relatively slow processes. "Slow processes"
change on a time scale that is long compared, for example, to the time it takes in
a normal animal for a sizable inoculant of effector cells to induce a level of effector
cells that is maracteristic of autoimmune disease. We have shown that if these slow
processes are sum that suitable manges in the nullclines are induced, then there
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can arise a whole new set of "spontaneous" transitions among the three basic states

of the model. These transitions are listed in Table 2.

We cited evidence that examples of these transitions occur, such as spontaneous

cure in EAE and spontaneous acquisition of diabetes. The prediction that a spon

taneously cured animal might not revert to the vaccinated state, but rather to the·

normal state, might help explain the frequent relapses that occur in EAE. (Another

possibility is that such a prediction would emerge from a more comprehensive model

with a more accurate representation of immune memory.) We do not know whether

there is any evidence that a vaccinated animal might nevertheless spontapeously

become diseased after sufficient time elapses.

We stress that spontaneous transitions may occur after seemingly inconsequen

tial alterations in the proliferation rates. For example, comparison of Fig. 12 and

Fig. 19 illustrates the quite small differences in the regulator proliferation rate PR

before and after spontaneous cure was induced in the model of (4.5a) and (6.1).

Such matters are discussed more fully at the end of Section 4.3.

The severity of induced autoimmune disease is strongly affected by the num

ber of cells in the inducing inoculant. This fact is not easily accommodated by

our minimal models, with their fixed steady state representing disease, although

the varying nature of transients preceding the steady state can give some freedom

to model varying degrees of disease severity. The introduction of secondary slow

variation, however, at least in principle allows the models to account for changes in

the severity of disease. Secondary slow variations must also be involved to explain

the observation (see Cohen, 1988, pp. 121-3) that with pressure treatment, but

not without it, activated T cell vaccination was effective against normally disease

producing inoculations of anti-MBP T lymphocytes. (In both instances, vaccination

protected against inoculants of MBP in complete Freund's adjuvant - inoculants

that therefore presumably are less effective than anti-MBP T cells in driving the'

effector population.) In terms of our model, the pressure-treated cells must generate

a relatively large domain of attraction to the vaccinated state. Modification of the

domain of attraction can only occur via parameter variation - i.e., by interactions

not directly considered here. Dose and pressure effects are thus two of numerous

topics that must be dealt with in the next stage of our investigation.

T-cell vaccination only works for certain strains of mice and rats. In present

terms, the reason why this might be the case can be exemplified by imagining that
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at birth the nature of effector-regulator interaction in some strain corresponds to the
situation depicted in Fig. 18A. Here there is no vaccinated steady state and, hence,
no cellular inoculations can move the system into the (non-existent) domain of
attraction of vaccination. The only hope would be somehow to precede inoculation
by the induction of changes that would subtly shift the situation in Fig. 18A to
one, such as that depicted in Fig. 7, that does possess a vaccinated state. That
is, our modeling suggests that there may in principle exist suitable pre-treatments
that would render a previously recalcitrant strain susceptible to T-cell vaccination.
Moreover, the models may indicate the type of pre-treatment required. In thl? case
of Fig. 18A, for example, in mathematical terms a vaccinated state will result if the
central portion of the horizontal nullcline is elevated sufficiently so that it intersects
the vertical nullcline twice more. Biologically, this would require that means be
found suitably to expand to higher R the band of positive proliferation rates PR ,
at intermediate values of the effector population E.

This paper is based on a relatively unusual "reverse engineering" approach to
modeling wherein equations are generated with scant regard to what may be the
underlying mechanism, solely to reproduce certain phenomenology with minimal
complication. We have earlier sketched some of the central ideas of this approach
and their implications (Segel, Jager, and Cohen, 1993). A previous biological theory
that implicitly adopts such an approach is the phenomenological model of Odell et
al. (1981) for a cell element with two rest lengths.

Partially similar in spirit are studies that construct neural networks that have
desirable biological properties. An example is the paper of Doya and Yoshizawa
(1989) that extends back-propagation algorithms to yield a network that can ap
proximate a desired dynamical output, such as a given superposition of several
sinusoidal' oscillations. The idea here is to take a step toward understanding the
neural control of motor behavior.

Taken in its broadest sense, selecting a model to reproduce observations is a
central preoccupation of theoretical science. When the observations are time series,
Weigend and Gershenfeld (1993) provide an up-to-date account of recent progress.
What is novel here and in the cited paper by Odell et al. (1981) is the emphasis
on reproducing particular qualitative features of the systems under investigation,
namely the existence of several steady states with certain constraints on their nature
(e.g., the level of E should be relatively high in disease) and on the transitions
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between them. In principle, if they were mandated by the biology, other types
of qualitative behavior could be incorporated, such as excitability or limit cycle
oscillations, which correspond to known features of the phase plane. To yield these
features, suitable modifications of the model differential equations must be provided.

More traditional approaches to reproducing observations typically reduce to pa
rameter estimation - whether by contemporary applications of neural network tech
niques, as in Doya and Yoshizawa (1989), or by more conventional error-decreasing
algorithms. By contrast, here it is the model structure and not parameter selection
that is of primary interest. We make no attempt at quantitative accuracy.>Given
our fragmentary knowledge of the systems in question and the schematic nature of
our model, it would be ill-advised to seek detailed agreement with experiment.

It is natural to inquire as to the extent to which our models are unique. This has
been partially discussed in the Appendix, where we showed that our various specific
models can be obtained from one another by certain distortions of nullclines and
separatrices. The form of the equations could be constrained further by specifying
that the right-hand sides be polynomials or rational functions of minimal degree,
or by requiring the minimal number of steady states that will suffice to obtain the
desired behavior. [Model (4.6) fulfills this last criterion.] Given that our goal is to
increase biological understanding, little return seems likely to repay the investment
of further work in this direction.

We have sought a formally structured approach to estimating the behaviors
that might be inherent in certain immunological systems. At this stage in the
evolution of the thinking of experimental and theoretical biologists concerning these
systems, rather than the quantitative aspects of mathematics, what seems more
helpful are its conceptual and qualitative facets. We have tried to strike a balance
between a considerable degree of simplicity in modeling, to limit the proliferation of
possible behaviors, and a degree of underdetermination, to allow for surprise (such
as "overcure.")

It is not essential to the reverse engineering approach to make the assumption
that all identified states of the organism (such as "normal", "vaccinated", and "dis
eased") correspond to steady states of the model dynamical system. For example,
in addition to the approach described here, we have modelled EAE by a pair of
equations with two stable steady states ("normal" and "vaccinated") wherein a su
perthreshold perturbation of the normal state results in a sizable pulse of effectors
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(disease), after which the system approaches the "vaccinated" steady state (not
shown).

A serious disadvantage of the reverse engineering approach is obvious. It is
dangerous to ignore modelling constraints that flow from even partial knowledge
of mechanism, and indeed the ultimate goal of a modeling effort is to incorporate
the most important of the relevant biological mechanisms. There are partially
compensatory advantages. By freeing a theoretical explanation from particular
phenomenology, one decreases reliance on what is often imperfectly understood
biology. At the same time, one increases awareness that only certain types of
global interactions are truly responsible for the observed behavior, not a particular
instantiation of these interactions. A simple reverse engineering model may provide
a valuable phenomenological module in a larger scale modeling effort - for example,
an i=unological module in a study of host-pathogen coevolution. Moreover, the
reverse engineering results may well provide valuable guidance in the next stage of
the research, wherein one strives to incorporate in the modeling salient information
concerning the particular elements involved (cell populations, cytokines) and their
interactions. Typically, the precise nature of the interactions is unknown. The
results of the reverse engineering analysis can help one select from among a range
of biologically reasonable assumptions those that have added plausibility owing to
the fact that they lead to a variety of observed phenomenology.

We have begun the next step in the theoretical development, trying to see
whether what could be in principle could also be in practice. That is, when one
attempts to incorporate the essence of the biology "without looking at the answer",
does there emerge the observed behavioral repertoire that characterizes T-cell vacci
nation? More precisely, the question is this: Can one obtain the observed transitions
of Tables 1 and 2, and other qualitative and semi-quantitative features ofT-cell vac
cination, by adopting the salient and agreed features of the relevant biology such
as the EAE regulatory circuitry of Kumar and Sercarz (1992)? Assumptions can
and should be skewed with the aid of reverse engineering only to the extent that
one does not stray beyond the inevitable imprecision in establishing what is "salient
and agreed".

How can models of the type that we have put forward be challenged? Kinetic
measurements would be invaluable, for they could be compared with model findings
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such as those in Figs. 9 and 10. If it were possible, study of in vitro interactions
between identified cell types would provide important model constraints.

Another type of suggested experiment involves subjecting an organism to various
magnitudes of perturbation. Consider, for instance, the findings that certain doses
of live effector cells that bring about disease in a normal animal do not cause
disease in a vaccinated animal. Contemplation of the different domains of attraction
naturally leads to the question, suppose that larger doses of live effector cells were
given. Would the vaccinated state give way to a diseased state as is predicted by
some versions of our models (see Fig. 15, for example)? Is it possible th'at, as
would occur for example in the models of Fig. 8, addition of substantial amounts of
effector cells can induce a transition from disease to normalcy ("over cure")? The
model depicted in Fig. 15 suggests that attempts be made to induce vaccination by
injecting suitable "lowish" doses of antigen.

Experimental results such as those by Howellet al. (1989) (that are concerned
with vaccination by peptides from T-cell receptors) broadly justify the effector
regulator roles that we have assumed here. Moreover, as this work was in its final
stages, we learned of a first precise demonstration that regulatory CD4+ T-cells
result from MBP immunization during recovery from EAE. These cells are specific
to a dominant peptide in the T cell receptor of the effectors, and they specifically
down-regulate proliferation responses to the dominant peptide in MBP (Kumar and
Sercarz, 1993). This verification of some of the principal features of our model is
gratifying. But a sterner experimental challenge stems from the requirement of our
theory that for certain concentration ranges the regulatory cells should enhance
the proliferation of the effectors (perhaps via other cell populations). Similarly, we
require that at certain effector and regulator concentrations the effectors should
3uppre33 the proliferation of the regulatory cells. (This concentration-dependent
enhancement and suppression might come from the interaction of helper and sup
pressor cells and/or from bell-shaped interaction functions of the type that are fre
quently employed in contemporary network models, for example by de Boer, Segel,
and Perelson (1992).] It would be interesting to try to test these less evident proper
ties of the network interactions that seem required to generate the phenomenology
of T-cell vaccination.
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APPENDIX: "UNIQUENESS"

It is worth spending a little effort investigating to what extent our models are

"unique". Let us take Eqs. (4.3) of Fig. 6 as a prototype. To insure a degree of

brevity, we limit consideration to the interior of the positive quadrant in the (E, R)

plane. Here the intersections of the five straight-line nullclines yield the five essential

steady-state points N, V, D, 5 b and 52'

The coefficients in the differential equations must satisfy certain inequalities to

ensure that N, V, and D are stable nodes and that 51 and 52 are saddle points.

Certain other requirements were mentioned in Section 4. An additional restriction

on qualitative behavior is imposed by fixing zones I-IV where trajectories head

respectively up and to the right, up and to the left, down and to the right, down

and to the left:

I: PE > 0, PR > 0

III: PE < 0, PR > 0

II: PE > 0, PR < 0 j

IV: PE < 0, PR < 0 .
(A.l)

The location of zones I-IV for model (4.3) is depicted in Fig. 19. For model (4.3),

and for all our models, the signs of FE and PR change when, respectively, vertical

or horizontal nullclines are crossed. Thus the whole roman numeral pattern in Fig.

19 is determined when one imposes the requirements that solutions head inward for

points sufficiently far from the origin on both vertical and horizontal axes.

Although there are a number of restrictions on the class of models that we

are considering, a great deal of freedom remains. This is evident in the variety of

specific models (4.3)-(4.6) that fulfill our various requirements. Nonetheless, as we

shall now show, consideration of nullcline deformation shows that this set of models,

particularly the first three, in a sense are all special cases of a single overall model.
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Continuous deformation of the nullclines, the boundaries between the various
zones, is usually expected to bring about only nonessential alterations in qualitative
behavior. For this to be the case, it is of course necessary that the coefficient changes
that drive the nullcline deformations are such that the existence and stability of the
various steady states remain unaltered. As one example of nullcline deformation,
suppose that points a and b in Fig. 19 are moved together until they coincide, after
which the common point is raised above the E-axis to point c. Effectively, the two
horizontal nullclines ea and fb have been replaced by a single curve whose lower
portion is the dashed line near c. Similarly, one can effectively shrink the region III
that previously extended to infinity by means of the dashed curve de. The three
horizontal nul1clines md, ea, and bf have thereby been replaced by a single N -shaped
curve. This leads to the situation of Fig. 7, with the representative particular pair
of differential equations (4.5).

As another example of nullcline deformation, let us begin again with Fig. 19
but this time shrink region IV back from infinity by means of a line gf. It is readily
seen that we now have a situation essentially equivalent to that of Fig. 6 with
representative Eqs. (4.4). Thus, Eqs. (4.3), (4.4), and (4.5) are three representatives
of a single class of models that can be regarded as topologically equivalent.

We emphasize that topologically equivalent models are not necessarily equiva
lent in the biological behavior that .they predict. An example is furnished by the
remark in the paragraph preceding (4.3) that the transition DlV occurs if and only
if certain geometric requirements on one of the separatrices is fulfilled.

The transition from the "straight line" model (4.3) to (4.6) is more extensive
than the transitions to models (4.4) and (4.5). The effect of the transition can
readily be seen if we begin with the transformed version of Fig. 19 that in essence
yielded Fig. 7. Let us slide together points h and k on the R axis. If the common
point is then moved rightwards, we obtain a diagram of the type shown in Fig. 20A.
The next step is obtained by moving point S3 rightwards, off to infinity, and point
U leftwards and upwards to a position on the R axis (Fig. 20B). Note that the
points U and S3 cease to be steady states after the transformations just specified.

The final stage in obtaining (4.6) is the introduction of small constant terms.
Such a term in the dE/ dt equation (4.6a) eliminates the vertical nullcline that
formed the lower portions of the vertical axis (thereby removing the steady point at



· .
Segel, September l~t 1998 page 27

the origin) and effectively merges the upper portion of this nullcline with the bell

shaped vertical nullcline of Fig. 20B. By contrast, the addition of a small constant

term in the dR/dt equation has almost no effect. A small distortion of the cubic

shaped horizontal nullcline is induced. In addition, the E ceases to be a horizontal

nullcline, but no qualitative effect results since this particular nullcline is no longer

intersected by any vertical nullclines.

.'
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Table 1. Properties of T Cell Vaccination

pAge 30

Original state Inoculant size Type(l) Resulting State Mnemonic

Normal small L,K Normal NsN ;;
Normal medium L Vaccinated NmV
Normal large L Diseased NlD

Vaccinated large L,K Vaccinated VIV
Diseased small L,K Diseased DsD
Diseased large K Vaccinated DlV

(1) L=live; K=killed and treated

-
Table 2. Spontaneous Transitions in Autoimmune Disease

Original State

Diseased

Normal

Vaccinated

Normal

Final State

Vaccinated
Diseased

Diseased
Vaccination

Transition

Spontaneous cure
Spontaneous disease .
Spontaneous disease

Spontaneous vaccination
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FIGURE CAPTIONS

page 31

Figure 1. "Phase line" for a one-variable model of T-cell vaccination show

ing the normal (N), vaccinated (V), and diseased (D) stable steady states of the

effector population E, separated by unstable steady states Sl and S2' (Here and

below, stable and unstable steady states are denoted by filled and unfilled circles,

respectively.) The mnemonics of Table 1 are employed to indicate the various pre

dicted transitions. For example, NmV indicates that a medium perturbation to the

Normal state of the effector population (starting from the intersection of the dashed

line labelled "NmV" with OE) is such that as time goes on the effector population

moves in the direction of the arrows and thus tends to the Vaccinated state.

Figure 2. Schematic version of phase plane requirements for a two-variable

model (with a cell population R regulating the effectors E) of the general form

(4.1).

Figure 3. Schematic diagram of horizontal and vertical nullclines, the loci of

points where trajectories are respectively vertical and horizontal. As shown, steady

state points occur at the intersections of such nullclines.

Figure 4. A: Typical separatrix, with saddlepoint S (see inset for more detail).

The separatrix divides the two classes of trajectories NsN and NmV. B: Represen

tation of the salient requirements on the phase plane representation of the assumed

form of model (4.2).

Figure 5. Phase plane corresponding to model (4.3). Here and in Figs. 6-8

the domains of attraction of the steady state points N, V, and D are respectively

hatched, unmarked, and stippled. Note that the essential requirements of Fig.

4B indeed appear in Fig. 5 (although the orientations of the nullc1ines are quite

different) - as is the case in Figs 6-8.

Figure 6. Phase plane diagram corresponding to model (4.4).

Figure 7. Phase plane diagram corresponding to model (4.5).

Figure 8. Phase plane diagram corresponding to model (4.6). As with previous

models, a sufficiently large perturbation of the diseased state (starting at A) will

yield an approach to the vaccinated state and, hence, cure. But here an even larger
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perturbation, starting at B, results in a return to the normal state, leaving the
possibility of renewed disease ("over cure").

Figure 9. Standard plots of the development with time of various initial per
turbations, illustrating the cases of Table 1. Model (4.1) has been used for the
computer calculations, but similar results are found for models (4.3), (4.5), and
(4;6). On the right side of the graphs are indicated the E and R values for relevant
N, V, and D steady states. A: NsN. B: NmV. C:NlD.

Figure 10. Similar to Fig. 9. A: VIV. B: DsD. C:D1V. Note that th<j: same
initial effector population results in disease in Fig. 9C, but vaccination in Fig. IDA.

Figure 11. Dependence of the effector proliferation rate PE on the effector (E)
and regulatory cell (R) population levels for system (4.5). A: Three-dimensional
plot of PE. B: Three-dimensional plot of PE when PE > o. C: Region of (E, R)
plane where PE is positive (hatched) and negative (clear).

Figure 12. Counterpart of Fig. 11 for PR, the proliferation rate of the regula
tory cells.

Figure 13. The network of four cell populations, including helpers H and
suppressors S, that is assumed in model (5.3).

Figure 14. Graphs for solutions to the four variable model (5.3) with A = 100.
The asymptotic values of the four populations, the steady state levels in vaccination
and disease, are indicated on the right vertical line. A: Cure (DIV). B: "Over cure"
- An even larger addition of effector cells brings about a return to the normal state.

Figure 15. Effect of antigen inoculation in a normal animal according to model
(5.5) with initial conditions (5.6). The initial antigen level was Ao = 5000 in A and
Ao = 1 in B, resulting respectively in disease and vaccination for large and small
inoculations. Heavy lines delineate the resultant trajectories in the phase plane
appropriate for (5.5a,b) with A == O.

Figure 16. Illustration of spontaneous cure by slow variation of coefficient C
in (4.5a) and (6.1) and concomitant slow distortion of nullclines. A: Slow elevation
of the right portion of the horizontal nullcline has changed Fig. 7 (C = 1.3) to the
depicted configuration (C = 1.38). During this distortion, the state of the system .6
remains at the diseased point D, which moves slowly upward and leftward. B: The
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phase plane just after further slow nullcline elevation (C = 1.4) has led to themerger of the steady states D and S2 and, hence, their mutual annihilation. Thedomain of attraction of D (stippled) has been swallowed by that of V (unmarked).The state of the system is now represented by an "ordinary initial condition" .6.within the domain of attraction of V. Thus the system will rapidly tend to thevaccinated state along some trajectory indicated schematically by a heavy line.
Figure 17. Schematic illustration of spontaneous acquisition of disease fromthe vaccinated state. A: Effect of slow descent of the left portion of the horizontal

Jnullcline in Fig. 7. The state of the system, .6., is assumed to be at the vaccinatedpoint V. B: Further changes lead to the disappearance of the vaccinated state V, bymerger with S2, and rapid progression of the system state to disease (heavy line),since .6. is in D's domain of attraction.

Figure 18. Schematic illustration of spontaneous acquisition of disease fromthe normal state. A: A version of Fig. 8 in which elevation of the left-central portionof the vertical nullcline has resulted in the coalescence and disappearance of V andS2. The system is in the normal state.6.. B: Elevation of the left portion of verticalnullcline leads to the coalescence and disappearance of N and S1. Rapid progressionto disease ensues (schematically indicated by the heavy line trajectory).
Figure 19. The nullclines for system (4.3) and the corresponding zones wheretrajectories head up and to the right (I), up and to the left (II), down and to theright (III), down and to the left. (IV). Other material relates to the distortions ofthe nullclines to yield other models; see text.

Figure 20. Schematic illustration of two intermediate stages in the transformation of Fig. 7 [the phase plane for system (4.3)] to Fig. 8 [the phase plane forsystem (4.6)J. See text.
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