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Modularity and hierarchy are two essential traits of biological organization. They pervade the logic
of cellular computations, adaptive responses to changing environments and evolvability. However,
no general agreement exists on how to properly measure them. Here, we provide a well grounded
theoretical definition of dynamical hierarchy and modularity. This is possible through the identifi-
cation of the dynamical backbone (DB), the minimal subgraph that contains all the dynamically
essential components of any gene regulatory network. Our methodology is based on the most ele-
mentary trait behind any dynamic behavior: the principle of causality. In gene regulatory networks
this principle is captured by the regulatory control of transcription factors on their target genes.
As case studies, we analyzed the structure of the DB in both yeast and E. coli gene transcriptional
regulatory networks. Although these webs display similar global topological patterns, their DBs
exhibit dramatically different architectures. A marked top-down hierarchy is present in the E. coli
net, whereas the yeast network displays a bow-tie structure. Several modules are identified in both
systems, although their number and position within the DB is markedly different, suggesting two
different forms of logic organization. Our method allows to unambiguously define the core dynam-
ical modules and their hierarchical organization without the use of any tunable parameter and it
can be applied to any arbitrary directed graph of causal dependencies.
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I. INTRODUCTION

The pattern of regulatory interactions linking tran-
scription factors (TFs) to their target genes constitutes
the first level of a multilayered network of gene regula-
tion; the so called gene transcriptional regulatory net-
works (GRN) [1]. Some of these patterns have been re-
covered from genome-wide approaches, particularly well
established for the bacterium Escherichia coli [2–4] and
the yeast Saccharomyces cerevisiae [5, 6]. In such a pic-
ture, both hierarchical [7–9] and modular [6, 10, 11] com-
ponents have been repeatedly highlighted, although no
general agreement exists on what scale of analysis more
accurately captures global complexity [12]. Modularity
is a widespread, desirable feature of a complex system
and is considered a prerequisite for adaptation and evolv-
ability. However, modules are integrated within global
networks, often displaying some sort of hierarchical or-
ganization. How these two aspects of cellular maps are
related is an open problem.

The conceptualization of cellular interaction maps
within the framework of graph theory [1, 13, 14] pro-
vides powerful insights on their hierarchical [15–18] and
modular organization [19–22]. However, their quantifi-
cation, even their identification has led to a nonuniform
concept of module under functional, topological, evolu-
tionary and developmental criteria [23, 24]. Similarly, the
observed hierarchy seldom matches an ideal feed-forward
relation between components [25]. An alternative ap-
proach considers looking at GRNs in a more fundamen-
tal way, namely as logic sets of causal relations. Causal
links, namely who acts on whom, allows to actually de-
fine the skeleton underlying dynamics. In a dynamical
setting, the state σ(t) = (σ1(t), ..., σN (t)) of a system
σ formed by N elements would be updated under some

0

6

12

M
(t

),
(A

+
B

)(
t)

0

4

S
1+

S
2+

S
3

0 10 20 30 40
Time

0

4

S
3+

S
4

A

B

A+B

All

d

a

c

b

FIG. 1: Using a small threshold network (a) and start-
ing from an initial state where σ4(0) = σ5(0) = 1 and
σi(0) = 0; (i 6= 4, 5) for other units, a cyclic attractor (of
period 12) is obtained. Here only two elements have a non-
zero threshold, namely θ1 = θ4 = 1/2. Arrows and end circles
indicate ω = +1 and ω = −1 links, respectively. The global
state M(t) is given by M(t) =

PN

j=1 σj(t) (thick lines, b).
The observed pattern is generated by the activity of two ba-
sic feedback loops, indicated as A ad B in (a). These subsets
are responsible for the qualitative dynamics exhibited by the
net, as shown in (b) with filled circles. Moreover, this attrac-
tor results from the combination of the two different periodic
orbits displayed by the two basic modules, whose time series
are shown in (c-d).

class of dynamical process. An example of such dynamics
is a threshold-like equation, namely

σi(t + 1) = Θ




N∑

j=1

ωijσj(t) − θi



 (1)

where Θ(x) = 1 if x > 0 and zero otherwise. Here θi is
a threshold and the weights ωij ∈ {−1, 0, +1} define the
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type of interaction between genes. If the state of each
element is Boolean, i. e. σi ∈ {0, 1} the previous model
provides, for a given initial state, a closed description of
the system’s behavior. Here the matrix W = (ωij) cap-
tures the structure and nature of causal links. An exam-
ple of the resulting dynamics is shown in figure 1, where
an ideal GRN is shown (a) where a stable oscillatory cy-
cle is reached (b). We can see that the global pattern
for this N = 16 network is a periodic cycle, but this
pattern is solely due to the behavior of two subgraphs
(A and B in figure 1) exhibiting feedback loops. The
rest of the system simply reacts to the dynamical inputs
generated from these modules. This is true no matter
what kind of dynamical rules are used to causally relate
our elements. Some elements will play the leading role,
determining the qualitative type of dynamics, whereas
others will just amplify or reduce the core signals.

This is a computational perspective and not surpris-
ingly, GRNs have been compared to computers [26–28].
Cellular computations pervade both the diverse responses
to external stimuli [29, 30] as well as cell robustness and
plasticity [31–33]. A number of dynamical approxima-
tions suggest a link between network organization and
its dynamical behaviour. However, due to the large size
of these systems, only a few small systems [34, 35] have
been fully analyzed.

Ideally, it would be desirable to have a method to con-
struct a graph capturing all non-trivial causal relations
and thus all potentially important computational links.
In this context, neither current module detection algo-
rithms nor network dissection in motifs [4, 36] capture
such relevant components and all rely on some heuristic
approximation. Only in particular cases, such as cell cy-
cle [34], segment polarity in early insect development [37],
plant flowering [35] or mesoderm induction [38] where the
biological knowledge have permited to reasonably iden-
tify the key regulatory interactions a full computational
analysis has been performed.

In this paper we show that the limitations of uncov-
ering the dynamical organization of GRNs can be over-
come by applying the principle of causality as defined by
the directed nature of gene-gene relations. This provides
the basis for the relation between dynamics and topol-
ogy without falling into heuristic or statistical approxi-
mations. It permits to define a causal, irreducible core
displaying both hierarchical and modular organization of
logic units of computation organised in a feed-forward
relation order.

II. RESULTS

A. Causality, dynamics and topology

Causal relations in GRNs can be described in terms
of directed graphs [1, 13]. A graph G ≡ {VG , EG} is
constituted by a set of vertices or nodes -the genes-
VG ≡ {v1, ...vN} and the set of edges linking them - the

relations among genes- EG ≡ {e1, ..., eL}. The regulatory
effect of a TF gene vi on a specific target gene vj is cap-
tured by the ordered pair ek = 〈vi, vj〉, depicted by an
arrow in the picture of the graph vi → vj . A sequence of
vertices v1, ..., vn ∈ VG define a path in a directed graph
G if

(∃(e1, ..., en−1) ∈ EG) : (∀i < n)(ei = 〈vi, vi+1〉). (2)

If the vertices are genes, a path can be interpreted as a
chain of causal relations. We denote a path (if it exists)
between vi and vj as π(v1, vn). Interestingly, all TFs
exhibit outgoing links, whereas non-TF genes (the target
ones) only receive arrows from the TF set. The number of
outgoing links of a vertex is known as out-degree (denoted
by kout) whereas the number of incoming edges is the in-
degree (kin). Since a TF can be a regulatory target of
other TFs, they can exhibit both incoming and outgoing
links, allowing feed-backs to occur.

Generically, the pattern of activation of a given gene
has a time causal relation with the state of the set of
genes affecting it. Indeed, every vertex vi can acquire
a number of possible states Σ(vi) ≡ {σ1

i , ...σS
i }. If we

define

Γi ≡ {vk ∈ VG : 〈vk, vi〉 ∈ EG} (3)

(the set of vertices affecting vi) the state of vi at time (t+
1), σi(t+1), is influenced by the state of Γi at time t, i.e.,

S(Γi, t). Defining Ŝ(Γi) ⊃ S(Γi, t) as the set containing
the repertoire of all possible S(Γi, t) configurations, we
can define

Wi(Ŝ(Γi)) −→ Σ(vi) (4)

as the set of the correspondences between Ŝ(Γi) inputs
and Σ(vi) output states. In this way, every vertex dy-
namics is obtained from,

σi(t + 1) = Wi(S(Γi, t)) (5)

Here σi(t) describes the state of a given element at time
t. These equations can be formulated in different forms,
including Boolean dynamics [39], threshold nets [34] as
figure I illustrates or coupled differential equations [40].
These models are different but have a common principle
of causality: the state of a given vertex vi at time t+1 is
exclusively defined by Γi at time t. No matter our choice
of the dynamical equations, the patterning of links has a
great impact on system’s behavior.

The presence of cycles is a necessary (but not suffi-
cient) requisite for a periodic solution. However, the ini-
tial state of all components of the cycle influences for
its final state. In addition, a cyclic graph implies that
every vertex is indirectly affected by itself. As a conse-
quence, its dynamical behaviour cannot be trivially pre-
dicted. By contrast, in downstream paths the upstream
element fully determines the final network state [prop-
erties and formal definition of cycle and linear path are
detailed in SI].
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FIG. 2: Dynamical Backbone definition. (a) an example of
the iterative elimination of vertices without outdegree (kout =
0). Different layers include the remaining set (Bi = Θ(Bi−1))
of vertices and edges. In (b) we indicate the dynamical mod-
ules (H(G) i.e. maximal cycles and isolated root vertices, see
text) of the DB. Maximal cycles larger than one vertex are
labelled by capital letters. Figure (c) shows the hierarchical
organization of the collapsed dynamical modules. Notice that
DB exhibits isolated self-interacting vertices that by defini-
tion are dynamical modules but auto-loops are maintained in
order to provide a more informative picture.

A set able to properly capture the relevant components
affecting global behavior should remove linear paths from
the graph. Under this view, we can identify this set by
means of a straightforward iterative algorithm.

B. Dynamical backbone pruning

We compute the dynamical backbone (DB) of a given
directed graph by the iterative pruning of vertices with
kout = 0 from the initial graph. As we shall see, the DB
includes the set of genes determining the qualitative be-
haviour of the network dynamics. Consider the pruning
function Φ : G → B, where B ⊆ G. This function takes
a directed graph as input and its output is the graph
without all the vertices having kout = 0 (and the links
pointing to them). Accordingly,

Φ(G) = B1{VB1
, VE1

}, (6)

where
{

VB1
≡ {vk ∈ VG : kout(vk) > 0}

EB1
≡ {〈vk, vi〉 ∈ EG : vk, vi ∈ VB1

}.

Thus, the computation is a iterative operation:

Φ(G) = B1,

B2 = Φ(B1)

...

Bn = Φ(Bn−1)

The resulting graph at the i-th iteration is denoted by
Bi ≡ Bi(VBi

, EBi
) and the computation ends when no

further vertex elimination occurs, i.e. Bn = Bn−1. If, for
some i 6 n a vertex is eliminated and it has no connec-
tions with a node belonging to Bk>i we let this vertex
alive. At every iteration, this collection of single root ver-
tices define a set ri and, from these sets, we build the set
Ri of all the single root vertices found until the i-th step:

Ri =
⋃

k6i

rk (7)

We have now all the ingredients to provide a formal def-
inition of the dynamical backbone of a directed graph
G, DB(G). Let us assume that, when performing recur-
sively the operation Φ over a directed graph, we reached
the stable state, i.e., Bn = Bn−1. The Dynamical Back-
bone is a subgraph of G, DB ⊆ G defined as:

DB(G) ≡ DB(VBn
, EBn

) = DB(VBn
∪ Rn, EBn

) (8)

Figure (2 a) illustrates the mechanism of pruning. Notice
that DB also retains the single root vertices i.e. those
such that kin = 0 which can appear isolated. Root
vertices are special in that their state is only externally
changed and are not influenced by other genes. We ob-
serve that, generally, DB(G) can display more than a
single connected component.

Another interesting subgraph DB′(G), is composed by
the fraction of the net that exclusively displays feed-
forward structures [see S.I.]. To properly identify it, we
need to define the subgraph Ln as the set of connections
that linking DB(G) to DB(G)C and the vertices they
link. Note that this subgraph may display many compo-
nents. Its main feature is that the links end in vertices
outside the DB(G) but they come from vertices belong-
ing to DB(G). We obtain the feed-forward graph from

DB′(G) = DB(G)C ∪ Ln. (9)

The previous definition introduces a drastic reduction of
network complexity, as will be shown below in our two
case studies.

C. Dynamical Modules and Hierarchy

As we argued above, the qualitative features of the
dynamics of the whole net is defined by the DB. Fur-
thermore, the causal relations inside the DB can display



4

some kind of hierarchy if some subset(s) of nodes affect
other subset(s) but not the other way round. Such DB
subsets can be explicitly identified and, subsequently, an
order relation can be defined among them. This leads to
a rigorous definition of Dynamical Hierarchy.

Let us suppose that we are in the k-th connected com-
ponent of DB(G). The i-th Dynamical Module of the
k-th connected component of the DB(G), DMk

i , is a set
of vertices (and the directed edges among them) that
constitutes an irreducible unit of causal relations. As we
said above, the existence of cycles inside the DB is the
responsible of the possible non trivial behavior of the dy-
namics of the net. Thus, if the k-th component of the
DB is not a single root node, the concept of Dynamical
Module can be featured with a topological entity that
we call maximal cycle [See SI for the formal definition].
If ∆k(G) is the set of Dynamical Modules of the k-th
component of the DB, we can construct another graph,

Hk(G) ≡ Hk(VHk
, EHk

), (10)

where VHk
= ∆k(G) and EHk

is the set of links connect-
ing the different Dynamical Modules. In other words, we
collapse the elements of every Dynamical Module into
a single node and we let the links connecting different
modules of the component of the DB we are working in.
Notice that, as a consequence,

Hk(G) * G. (11)

Interestingly, when we consider these DMs as single ver-
tices of Hk(G), we obtain a feed-forward organized graph.
It is precisely the feed-forward organization than enables
us to define an order relation among the elements of DB.
Such an order relation is straightforwardly interpreted as
the dynamical hierarchy of the network’s dynamical core
and it is defined among the different modules of DBk.
Let Π(Hk(G)) = {πk

1 , .., πk
m} be the set of all existing

paths over all nodes of Hk [See SI]. Then, we define the
order relation ”>” as:

(DMk
i > DMk

j ) ↔ (∃π(DMk
i , DMk

j ) ∈ Π(Hk)) (12)

The above order relation provides our working definition
of dynamical hierarchy.

D. E. coli dynamical backbone

We generated the GRN for E. coli K-12 prokary-
ote from the available information in RegulonDB 6.0
database [41]. The resulting network, G(VG , EG), was
a directed graph with |VG | = 1607 (43 of them with
kin = 0) and |EG | = 4141 links with a giant compo-
nent of 1589 verticesand average degree 〈k〉 = 5.1 [See
SI network construction and standard topological anal-
ysis]. The network included a total of 156 vertices with
kout > 0 corresponding with transcription and σ trans-
acting factors and 1451 vertices with kout = 0, i.e, the
target genes.

From E. coli GRN we obtained the Dynamical Back-
bone subgraph, DB(VDB , EDB), involving VDB = 142
vertices distributed as follows: 33 single root vertices (be-
longing to the Rn set defined in equation 7) and a set of
subgraphs with 109 vertices (10 of them with kin = 0)
and |EDB| = 279 edges. This set is distributed in 9
graphs: a giant component of 100 vertices (〈k〉 = 3.7),
another component displaying two elements and 7 iso-
lated self-interacting vertices. As expected, the genes
belonging to DB are described as either transcription or
σ factors. Only two exceptions were found: the transcrip-
tion anti-terminator cspE and trmA, a tRNA metyltrans-
ferase (according to RegulonDB 6.0). It is noteworthy
that our topological definition recovers the network ob-
tained by a biological selection criteria considering only
trans-regulatory elements [see SI2 for a biological func-
tion of DB genes] .

Figure 3a shows the DB organization by collapsing
maximal cycles into individual vertices as described ear-
lier. The analysis of the collapsed DB revealed five dy-
namical modules larger than one vertex (figure 3b). We
found that the renormalized DB captures the hierarchi-
cal behaviour of the largest graph component evidenced
by a feed-forward order relation with six layers of down-
stream dependencies. By definition, the first layer con-
tains all the vertices with kin = 0 but we can see that
it also includes the largest dynamical module [figures S2
and S4 of the SI provide a more detailed picture of E.
coli DB].

The largest module (A in figure 3) contains four of the
seven σ factors of E. coli. These elements are responsible
for transcription initiation. Together with the primary
initiator factor rpoD (σ70), we find the alternative ones
operating under heat shock stress (rpoH and rpoE, cor-
responding with σ32 and σ24, respectively). In addition,
rpoN (σ54, initiator of nitrogen metabolism genes) is also
part of the module. The second largest hub in the DB
is the crp gene, also known as CAP (catabolite activator
protein). CAP is general regulator that exerts a positive
control of many of the catabolite sensitive operons as a
sensor of glucose starvation. Other relevant factors are
co-localized in this dynamical module as it is the case
TFs related with nutrient sensor and assimilation (phos-
phate sensor system, phoB, as well as nucleosid (cytR)
and arginine (argP) transport control. It is noteworthy
the initiator factor of DNA replication initiator (dnaA) is
associated with this group, even more when we also find
two specific TF expressed under stress conditions (lexA
and cpxR). Similarly, the other four modules include key
genes associated to adaptive responses to changing envi-
ronmental clues. These include homeostasis in acid en-
vironment (stress responses to high osmolarity, module
B), antibiotic resistance (lead by marA and marR, mod-
ule C), glucitol use (module D) or responses to oxygen
changes (module E).

In summary, the E. coli DB describes a hierarchical
feed-forward network. Within the DB, we identify the
dynamical modules responsible for the control of tran-
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FIG. 3: Dynamical hierarchy and modularity of E.coli GRN. Dynamical Backbone of E.coli after collapsing dynamical modules
revelaing a causal hierarchy (above). Different levels of downstream relations are indicated by means of different vertex labelling.
Dynamical modules larger than one vertex are represented by an individual node labelled by capital letters. Auto-links in single-
node module are preserved in the graph for a more informative picture. Below E. coli DB, the five (A to E) dynamical modules
larger than one node are shown.

scriptional replication under both normal and stress con-
ditions, control of metabolism, DNA replication as well
as assimilation of essential sources of nitrogen and phos-
phorous.

E. Yeast dynamical backbone

GRN of Saccaromyces cerevisiae eukaryote was ob-
tained from a compilation of different genome scale tran-
scriptional analysis of yeast [6] [see SI for network con-
struction]. The resulting network G(VG , EG) was a di-
rected graph consisting of a single connected component
with |VG | = 4441 vertices (29 of them with kin = 0)
and |EG | = 12900 links, leading to 〈k〉 = 5.8 [See SI
for standard topological analysis]. The network included
a total of 157 vertices with kout > 0 and 4284 vertices
with kout = 0, corresponding with the transcription fac-
tors and targets genes analyzed in the different datasets
compiled in [6], respectively.

The obtained DB(VDB , EDB) was composed by a set
of 109 vertices, being 17 of them isolated single root
vertices, and a single connected component displaying

|VDB| = 92 vertices and |EDB| = 318 edges, leading to
〈k〉 = 6.1. In spite of E.coli and yeast DB exhibited a
similar size, they differed in the DB organization. The
collapsing process of yeast DB revealed a single dynam-
ical module of 60 vertices (module A in figure 4a) with
a high average degree (〈k〉 = 6.6). The module actually
included more than a half of the DB, tied to a much less
hierarchical character (see figure 4b) than the observed
in the E. coli DB. However, the number of layers of
computation (seven) was very close in both organisms,
as figure 4c indicates.

We can see that the large dynamical module occupies a
central position in DB. Overall, the yeast DB resembles
the so-called bow-tie organization observed in the Inter-
net [42] where incoming fluxes are integrated in a large
component leading to a set of outgoing outputs. This
substantially differs from the hierarchical character of E.
coli DB.

All the 109 genes of the DB appears included in
the list obtained from [6] defining the TF genes of the
yeast GRN. In addition, we independently checked that,
all of DB elements, excluding five, were clearly identi-
fied as TFs in the current version Saccaromyces genome
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FIG. 4: Dynamical hierarchy and modularity of Saccaromyces
cerevisiae GRN. Dynamical Backbone of yeast after collapsing
dynamical modules (above). One single dynamical module is
represented by a vertex labelled by A letter. Below, the A
dynamical module. Box legend shows the levels of computa-
tion.

database [43]. However, remarkably they all were classi-
fied as regulators of gene expression [See SI2 for biological
details of DB genes].

Interestingly, module A contains relevant TFs for cell
cycle such as swi4, swi6 and swi5 (they control G1 re-
lated genes and they are also involved with DNA repair),
hcm1 (S phase related genes), yhp1 and yox1 (M/G1

phase) and fkh (G2 phase), among others. Moreover, the
swi TFs located in module A make part of the 5 TFs
contained in the minimal dynamical network suggested
for yeast cell cycle [34]. In spite of such a network com-
bines protein modification besides transcription, we ob-
serve the all TFs in Li’s network are in yeast DB. The
two remaining TFs in Li’s module that are not inside
module A (mcm1, mbp) are located upstream in the hi-
erarchy, indicating a master control over the swi factors
and (the remainder module A partners) at transcriptional
level [figures S3 and S5 of the SI provide a more detailed
picture of yeast DB] . It is also found a number of TF

controlling the assimilation of carbon sources, amino acid
assimilation (gal, adr1, aye7, myg1-2, put3, arg81, leu3,
gln3 and gcn4 ), nitrogen compound degradation (dal80-
81, gzf3, gat1 ) and stress response (msn4,sut1,yap1-6,
sko1, smp1 and msn2 ). A detailed description of biolog-
ical functions of module A and yeast DB is detailed in
SI2.

III. DISCUSSION

While looking at the presence of hierarchical modular-
ity in cellular networks, three basic approaches are fol-
lowed. The first deals with a statistical analysis of topo-
logical patterns at different scales. By looking for well-
defined regularities, some important information can be
gathered concerning constrains, fragility and efficiency.
The topological approach uncovers a first layer of cell
complexity and because of its simplicity it provides a
powerful, systematic tool of network exploration. The
lack of a direct mapping into functionality and the prob-
lems arising from the presence of non-adaptive traits
[23, 44–46] limits the scope of this view. A different
view is a naturalistic approach focusing on functionally
meaningful modules playing well-defined roles. Here a
detailed knowledge allows the identification of the rele-
vant players and their interactions. Once such modules
are characterized as almost-isolated entities, their robust-
ness and evolvability can be studied. Unfortunately, un-
less such a detailed knowledge is available, no systematic
identification of relevant modules is achieved. Finally, a
third avenue is given by computational systems biology,
using simplified models of regulatory maps. This alterna-
tive has been useful in suggesting potential advantages of
some given patterns of regulation at different scales, but
they require either a previous knowledge of the wiring or
some basic assumption of what to search for.

All the previous frameworks define complementary de-
scriptions of GRNs and the final goal is to reach a sys-
tematic picture of what is relevant and what is not. In
this paper we have followed a different path. By using the
causality principle, we can systematically reduce network
complexity from thousands of elements to a much smaller
subset including the computationally relevant parts of
the GRN. Using such causal/computational perspective
is consistent with the essentially computational nature
of regulatory maps. No matter how they behave exactly
(and thus how they would be modelled) the set of non-
reducible causal links should capture what is dynamically
relevant. Moreover, our approach does not make any
assumption and provides a unique backbone where the
presence of a modular hierarchy can be easily depicted.

Our analysis of two well-known GRNs shows that dy-
namical backbones are very small (compared with the
whole network) and thus that the basic logic of GRNs
can be strongly simplified. The hierarchical organization
of DB for E. coli compared with the bow-tie for yeast
constitute the most striking difference of these two sys-
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tems. The presence of a single, large module in yeast,
as oposed to several small ones in E. coli, suggests a
centrally organized machinery integrating and process-
ing information. In this context, the DB is simpler in
E.coli although has enriched its dynamical complexity at
other scales such as by a more extensive metabolic con-
trol by metabolite sensitive TFs or at the level of cell
signalling. The simpler pattern displayed by the bacte-
rial DB seems in agreement with its dominant hierar-
chical structure. The method is formally well grounded
and can be applied to other directed graphs involving
well-defined causal relations among components.

IV. METHODS

Dynamical backbone algorithm and dynamical mod-
ule detection were implemented in perl language.
Graph pictures were performed using Cytoscape software
(http://www.cytoscape.org/).

GRN for E.coli was obtained from RegulonDB 6.0 [41]
(see S.I for details). Yeast GRN was obtained from the
compilation of different sources performed by [47]. Self-
interactions initially were not included in that work and
they were directly provided by the authors. Data cor-
responds with highly confident experiments (P = 0.001,
see [47] for technical details).
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APPENDIX A: DYNAMICS INTO TOPOLOGY

1. GRTNs as directed graphs

GRTNs are formalised in the framework of graph the-
ory as directed graphs. A graph G ≡ {VG , EG} is con-
stituted by a set of vertices -the genes- VG ≡ {v1, ...vN}

and the set of edges linking them - the relations among
genes- EG ≡ {e1, ..., eL} [1, 13]. In a directed graph,
the edge is an ordered pair ek = 〈vi, vj〉 depicted by an
arrow in the picture of the graph vi → vj . The arrow
implies that vi affects to vj but not the opposite. In-
terestingly, since TF genes are regulated too, vertices of
this pool can present both incoming and outgoing edges.
The number of outgoing links of a vertex is known as
outdegree (denoted by kout) whereas the number of in-
coming edges corresponds with indegree (kin). Let’s de-
fine Γi ≡ {vk ∈ VG : 〈vk, vi〉 ∈ EG} as the set of vertices
affecting to vi.

a. Paths and Cycles

A sequence of vertices v1, ..., vn ∈ VG define a path in
a directed graph G if:

(∃(e1, ..., en−1) ∈ EG) : (∀i < n)(ei = 〈vi, vi+1〉). (A1)

We denote a path (if it exists) between vi and vj as
π(v1, vn). Note that π(vi, vj) (if it exists) in G is it-
self a subgraph of G, whose set nodes is Vπ(vi,vj) ≡
{vi, ..., vj} and whose set of edges is Eπ(vi,vj) ≡
{〈vi, vi+1〉, ..., 〈vj−1, vj〉}. We denote the k possible paths
(if any) between two nodes as π1(vi, vj), ..., πk(vi, vj).
(Note that the labeling is arbitrary and we can manipu-
late it to obtain an accurate description). The set of all
paths we can define over G is denoted as Π(G). Once we
defined a path as a subgraph of G it is straightforward
to define the length of such a path, l(πk(vi, vj)). Indeed,
given two nodes vi, vj ∈ VG ,

l(πk(vi, vj)) =

{
|Vπk(vi,vj)| ↔ πk(vi, vj) ∈ Π(G)

∞ ↔ πk(vi, vj) /∈ Π(G)
(A2)

(The value ∞ if the path do not exists is just a conven-
tion).

As we shall see, the concept of Dynamical Backbone is
crucially related with the concept of cycle in a directed
graph. We define a cycle as a closed loop taking into ac-
count the order relation imposed by the arrows. Specif-
ically, we say that a sequence of nodes v1, ..., vn ∈ VG

belongs to the set of cycles of order n, Kn, of the graph
G, if the following relation holds:

(v1, ..., vn ∈ Kn) ↔ [(∃(e1, ..., en) ∈ EG) : (∀i < n)(ei = 〈vi, vi+1〉) ∧ (en = 〈vn, v1〉)] (A3)

(As above, the labeling is arbitrary). Of course, we can
accept cases where n = 1, when a node is connected with
itself.

Notice that the above definition of cycle is compatible
with the fact that some fraction of the cycle is repeated
in the sequence of nodes, what it would implie that a
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cycle is embedded inside another cycle of higher order.
In general terms, we talk about Maximal Cycle when a
cycle is not contained in any other cycle of G. In figure
1 we develop an example that clarifies the concept of

maximal cycle.
The concept of path enables us to define an interesting

quantity, namely the set of previous neighbours of order
m of a given node vi, Γm

i :

Γm
i = {(vk ∈ VG) : (∃[π(vk, vi) ∈ Π(G)] ∧ [l(π(vi, vj)) = m]}

⋃
ρm

i (A4)

Where

ρm
i = {(vk ∈ VG) : (∃πs(vi, vk) ∈ Π(G)) ∧ (l(π(vi, vj)) < m) ∧ kin(vj) = 0}

The set ρm
i contains the roots of all finite paths of length

l < m that come through vi. As a convention, if a given
vertex vk belongs to Γm

i and it is also a member of a
cycle of order n, then we assume that it will belong to all

Γm+βn
i , being β ∈ N.
To end with, we say that, given two nodes vi, vj ,

π(vi, vj) ∈ Π(G) is a linear path if ∄vk(vk 6= vi) ∈ Vπ(vi,vj)

such that vk belongs to a cycle. Notice that we allow vi,
the head vertex of the path, either to belong to some
cycle or to be a single root vertex.

2. Gene dynamics and computational cost

Gene dynamics can be formalised by a number of ap-
proximations, mainly threshold and Boolean networks
[39], threshold nets [34] or coupled differential equa-
tions [40]. Commonly for all different variations, ev-
ery vertex vi can acquire a number of possible states
Σ(vi) ≡ {σ1

i , ...σS
i }. The state of vi at time (t + ∆t),

σi(t + ∆t) is influenced by the state at time t of Γi, i.e.,
S(Γi, t). ∆t indicates a given minimal timescale of ob-
servation and, hereafter ∆t = 1 for simplification nota-

tions. Let’s define Ŝ(Γi) ⊃ S(Γi) as the set containing
the repertoire of all possible S(Γi) configurations. This

allows to define Wi(Ŝ(Γi)) −→ Σ(vi, ) as the set of the

correspondences between Ŝ(Γi) inputs and Σ(vi, ) output
states [52]. In this way, every vertex dynamics is defined
as,

σi(t + 1) = Wi(S(Γi, t)) (A5)

Scaling up to network level, the state configuration at
time t for every vertex defines the state of the network
SG(t) ≡ {σk

1 , ...σl
N}. From a initial state configuration

SG(0), the iteration of the network rules gives a partic-
ular dynamical trajectory that after enough number of

iterations (let’s say τ) falls in a solution called attractor.
We use Ai ( A of attractor) to define the set of solutions
for one particular trajectory. Among other, more ex-
otic behaviors, the nature of attractors can be punctual
(one single solution, i.e. Ai ≡ SG(τ) along the time) or
conforming a limit cycle (a repeated sequence of SG , i.e.
A ≡ {SG(τ), ..., SG(τ +n)} with (n+1) length of period).
In this way, the possible attractors and their respective
basins of attraction can be recovered by the computation
of the trajectories for different initial states. Formally,
the landscape of solutions will be given by the explo-
ration of all possible states configurations. However, this
is inviable for large networks, since the number possi-

ble combinations formally scales as |ŜG | =
∏N

i | Σi |,
where N is the number of vertices of the graph. Indeed,
in the simplest case of genes only acquire on/off pos-
sible states, an unaffordable computation cost appears
since the number of solutions increases by the power of

N , namely, |ŜG | = 2N . Furthermore, as we will show,
the responsible of the whole dynamics of the net could
be a small fraction of nodes conforming subgraphs with
specific properties.

In order to overcome this limitation we must reduce
the number of elements involved in the dynamics but
without a loss of complexity understood as the quality
and diversity of attractors. Inspired on the target genes
of GRNs, we can eliminate those elements that do not
qualitatively contribute to dynamical behaviour of the
network.

APPENDIX B: DYNAMICAL BACKBONE

DEFINITION AND TOPOLOGICAL

CONSEQUENCES

In this section we define and develop the concept of Dy-
namical Backbone and how its topological features have
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FIG. 5: Representation of a) A path π(v3, v7),
whose set of links is the sequence Eπ(v3,v7) =
{〈v3, v1〉, 〈v1, v2〉, 〈v2, v6〉, 〈v6, v7〉}. Note that, in this case,
there exists only a single path from v3 to v7 b) A cycle (left
side of the graph) K = (〈v1, v4〉, 〈v4, v5〉, 〈v5, v3〉, 〈v3, v1〉) and
a linear path πq(v2, v7), such that Eπq = {〈v2, v6〉, 〈v6, v7〉}.
Notice that a second cycle (not remarked in the picture)
can be found: K′ = (〈v1, v2〉, 〈v2, v3〉, 〈v3, v1〉). c) illus-
trates a maximal cycle obtained by constructing a cyclic
sequence considering all the edges of both K and K′, namely
(〈v1, v2〉, 〈v2, v3〉, 〈v3, v1〉, 〈v1, v4〉, 〈v4, v5〉, 〈v5, v3〉, 〈v3, v1〉).

implications for the whole dynamics of a finite and di-
rected net. The mathematics are standard and we enun-
ciate a few, very simple lemmas that enable to grasp the
power of the approach.

1. Dynamical Backbone definition

We compute the Dynamical Backbone (DB) of a given
directed graph G, DB(G), by the iterative pruning[53] of
vertices with kout = 0.

Let’s define the pruning function
phi : G → B, where B ⊆ G. This function takes a di-
rected graph as input and its output is the graph with-
out all the nodes having kout = 0 (and the links point-
ing to them). Accordingly, Φ(G) = B1{VB1

, VE1
} where

VB1
≡ {vk ∈ VG : kout(vk) > 0} and EB1

≡ {〈vk, vi〉 ∈
EG : vk, vi ∈ VB1

}. Thus, the computation is a recursive
operation like:

Φ(G) = B1

B2 = Φ(B1)

...

Bn = Φ(Bn−1)

The resulting graph at the i-th iteration is denoted by
Bi ≡ Bi(VBi

, EBi
) and the computation ends at the n-th

iteration, being n the smallest positive integer such that
Bn = Bn−1. If at the step i 6 n a node is eliminated and
it has not any connection with a node belonging to Bk,
k > i we let this node alive, although it has no links. At
every iteration, this collection of single root nodes define
a set ri and, from these sets, we build the set Ri of all
the single root nodes found until the step i:

Ri =
⋃

k6i

rk (B1)

The reason to conserve such nodes is that, as we should
see, they determine the dynamics of some fraction of the
net and no other node or set of nodes determine its own
dynamics.

We have all the ingredients to define the Dynamical
Backbone, of a directed graph G, DB(G). Let us suppose
that, when performing recursively the operation Φ over
a directed graph, we reached the stable state, i.e., Bn =
Bn−1. DB(G) is a subgraph of G defined as:

DB(G) ≡ DB(VBn
, EBn

)) = DB(VBn
∪Rn, EBn

)) (B2)

Thus, at the end, even in the extreme case where VBn
=

∅, |VDB | = |R| ≥ 1 since we will have at least, a single
root node. Therefore, for any directed graph G

DB(G) 6= ∅. (B3)

Furthermore, DB(G) can display more than a connected
component. The complement set of Bi∪Ri, (Bi∪Ri)

C ≡
{G \ (Bi ∪ Ri)} consists of all the removed vertices and
edges resulting from the i iterations of Φ.

The set of connections that come from Bi∪Ri to (Bi∪
Ri)

C define the subgraph Li. Note that this subgraph
may display many components. Its main feature is that
the links end in vertices of (Bi ∪ Ri)

C but they come
from vertices belonging to Bi ∪ Ri. We formally define
this subgraph as:

Li(G) ≡ Li(VLi
, ELi

) (B4)

where



10

ELi
≡ {(〈vj , vk〉 ∈ EG) : (vj ∈ (Bi ∪ Ri) ∧ (vk ∈ (Bi ∪ Ri)

C))} (B5)

VLi
≡ {(vk ∈ VG) : [(∃vj ∈ VG) : (〈vj , vk〉 ∈ ELi

) ∨ (〈vk, vj〉 ∈ ELi
)]} (B6)

As we will see later, the resulting graph DB′
i(G)

DB′
i = (Bi ∪ Ri)

C ∪ Li (B7)

captures interesting information about the network dy-
namics. Accordingly, at the i-th stage of the computa-
tion, it is possible to reconstruct the initial graph as:

G ≡ Bi ∪ DB′
i ∪ Ri. (B8)

2. DB properties

We are ready to proof three lemmas that emphasize
the relation with the Dynamical Backbone and the pres-
ence of linear paths and cycles within a directed network.
Summarizing, we will see that 1)DB′ contains no cycles,
2) If the DB is not a collection of isolated vertices, then
it contains, at least, one cycle and 3) all paths start in
the DB.

Lemma 1: Let G = G(EG , VG) be a directed graph.
If we apply recursively Φ until the stable state, DB(G),
is reached (the Dynamical Backbone), then DB′(G) con-
tains no Cycles.

Proof: First, note that a vertex vk ∈ DB∩DB′ = Ln

does not participate in any cycle inside DB′ since we only
take into account the directed links that connect them
with the vertices belonging to (Bn∪Rn)C and, inside this
subgraph, their kin = 0. Furthermore, if vk ∈ Rn, then,
vk will not participate in any cycle since, by definition,
kin = 0. Now let us suppose that vk ∈ DB′(G) and
that there is a sequence v1, ..., vk, ..., vn ∈ DB′ defining a
cycle. Thus, there exist a finite i such that:

(vk ∈ VBi−1
) ∧ (vk /∈ VBi

)

which implies that, at the step i− 1 of the computation,
kout = 0. However, if vk belongs to a cycle and when
we apply the operation Φ, it will always display, at least
kout = 1. Thus it implies that the whole cycle would
belong to DB(G), which contradicts the assumptions of
the lemma.�

At the other hand, we can see that, except in the trivial
cases where VDB(G) = Rn, inside the Dynamical Back-
bone there must be, at least, a cycle:

Lemma 2: Let G = G(EG , VG) be a directed graph. If
we apply recursively Φ until the stable state, DB(G), is
reached and Bn 6= ∅ then DB(G) \ R contains, at least,
one cycle.

Proof: By its definition, when we reached the stable
state,

(∀vk ∈ VDB(G) \ R) → (kout(vk) > 0)

Thus it implies that, if we are inside this DB(G) \ R we
can always find a path to abandon the vertex we reached
and, since the defined net is finite, soon or later we will
repeat some fraction of the whole path we did, and this
fraction will be a cycle. Note that if this path is an auto-
loop, we reach again vk, and it is already a cycle.�

We can conclude that cycles in G are the responsible
of the stopping of the pruning process performed by the
recursive application of Φ over G. Furthermore, we can
derive another consequence from the definition of the DB
and the above properties:

Lemma 3:Let n be the smallest positive integer such
that Bn = Bn−1. Then, (∀vi ∈ VG) and (∀m > n);

(vk ∈ Γm
i ) → (vk ∈ VDB(G)) (B9)

Proof: It is easy to see that the series of Γi of a given
node follow the way by which the pruning algorithm cut
the graph until it reaches a stable form. Thus, if the al-
gorithm needed n steps to reach the DB, it implies, by
Lemma (1) that the size of the longest path length out-
side DB(G) is n − 1. But once we reach the Dynamical
backbone, there is no way to climb against the flow of
arrows to escape from them, since it would imply that 1)
we reached a vertex vk ∈ ρm

i but not in DB(G), which is
a contradiction, or that 2) we reached a cycle where some
vertex receives an arrow from the outside of the Dynam-
ical Backbone, and we would be again in contradiction
with the definition of DB(G). �

Thus, all paths start in the Dynamical Backbone.

3. Dynamical Modules and Hierarchy

The above definitions are valid for every component
of DB. Now we will focus on an arbitrary connected
component of DB(G), namely, DBk(G). Given the k-th
connected component of DB(G), a Dynamical Module,
DMk

i , is a set vertices (and links) that constitutes an
irreducible unit of causal relations. As we will see, this
can be featured with the above defined topological en-
tity that we called maximal cycle. Interestingly, when
we consider this DM ’s as single vertices, we can define
an order relation among the elements of DB which it is
straightforwardly interpreted as the dynamical hierarchy
of the net.

a. Dynamical Modules

Let us define the i-th Dynamical Module of the k-th
component of the DB, DMk

i ; DMk
i ⊆ DBk ⊆ DB(G) as
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the subgraph whose vertices satisfy the following logical implication[54]:

VDMk
i

= {(v1, ..., vm) ∈ VDBk(G) : [(∀vl, vs)(π(vs, vj) ∈ Π(G)) ∧ (π(vj , vs) ∈ Π(G))]}. (B10)

Furthermore, we take as a convention that the members
of R are dynamical modules as well as single vertices
belonging to the DB(G) but not contained in any cycle.
In general terms, a dynamical module is the subgraph
defined as:

DMk
i ≡ DMk

i (VDMk
i
, EDMk

i
)

= DMk
i (VDMk

i
, {〈vj , vs〉 ∈ EG) : (vj , vs ∈ VDMk

i
)})

Recall that, in equation (B10), we are taking into ac-
count that we must be able to come back to the vertex
we choose to begin the exploration. We temporally refer
to the set of all possible dynamical modules of DBk ⊆
DB(G) as ∆k(G). A Dynamical Module DMk

i ∈ ∆k(G)
is called Maximal if (∄DMk

j ∈ ∆k(G)) : (DMk
i ⊂ DMk

j ).
Notice that this definition is equivalent with the defini-
tion of maximal cycle, as long as our dynamical modules
are not single vertices since they are themselves maximal
dynamical modules. Hereafter we will talk only about
Maximal Dynamical Modules and, for the sake of sim-
plicity, we will refer simply as Dynamical Modules. Con-
sistently, ∆k(G) will be the set of Maximal Dynamical
Modules of the k-th component of the Dynamical Back-
bone.

From the definition of the Dynamical Modules of the k-
th component of the Dynamical Backbone, we construct
another graph Hk(G) * G,

Hk(G) ≡ Hk(VHk
, EHk

) ≡ Hk



∆k,




⋃

i6|∆k|

EDMk
i




C





(B11)
i.e., we collapse the elements of every Dynamical Module
into a single node and we let the links connecting differ-
ent modules. The following lemma is crucial in order to
define dynamical hierarchies:

Lemma 4: Let DBk be the k-th connected component
of the DB(G). Then, Hk(G) contains no cycles.

Proof: Let us suppose that Hk(G) contains a cycle.
Then, by the definition it must be a Dynamical Module
and, thus, it will collapse in a single node. This forbids
the possibility that Hk(G) contains a cycle.�

b. Dynamical Hierarchy

Now we are ready to define Dynamical Hierarchy
among the different modules of DBk. Let Π(Hk(G)) =
{πk

1 , .., πk
m} be the set of all paths we can define over Hk.

Then, we define an order relation ”>” as:

(DMk
i > DMk

j ) ↔ (∃π(DMk
i , DMk

j ) ∈ Π(Hk)) (B12)

Note that it is possible that not all DM ’s are comparable
within such an order relation. Our definition of order
relation is relative to a given path within Hk. Thus, one
could ask whether it is possible to find that in some path
DMk

i > DMk
j , but in another path DMk

i < DMk
j . This

is not possible, as we see in the following lemma:

Lemma 5: Let DBk be the k-th connected component
of the DB(G). Then we define Hk(G) as in (B11) and an
order relation as in (B12). If, from a given path πs we

conclude that (DMk
i > DMk

j ) then, (∀πg(DMk
i , DM j

j ) ∈

Π(Hk))(DMk
i > DMk

j ).

Proof: We proceed by contradiction, as above. In-
deed, the lemma proposes a situation that implies that
given DMk

i , DMk
j ∈ VHk

, there exist π′(DMk
i , DMk

j ) ∈

Π(Hk(G)) and π′(DMk
j , DMk

i ) ∈ Π(Hk(G)). But it must
imply the presence of a cycle, which is not possible by
Lemma (4).�

The order relation defined in equation (B12) is the Dy-
namical Hierarchy of the k-th component of DB(G).

APPENDIX C: DYNAMICAL IMPLICATIONS

In this section we study the dynamical implications of
the topological features studied above. As we said in the
introductory section, the state of vi at time t + 1 is de-
termined by the state of the set Γi at time t, i.e., S(Γi, t)
through the function Wi, i.e, σi(t+1) = Wi(S(Γi, t)) -eq.
(A5).

As an example, let us suppose a linear, finite graph:

v1 −→ v2 −→, ...,−→ vτ −→, ...,−→ vn

At time t, the state of the node vτ (located at distance τ from the root node) will be a single, finite, composition
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of the functions W of every node such that,

στ (t) = Wτ ◦Wτ−1 ◦ ... ◦W2(σ1(t − τ)) (C1)

Crucially, all nodes except v1 will not affect qualitatively
the dynamical behavior of the whole chain. Once σ1(t) is
determined, the dynamical behavior of the other nodes is
determined by simply, finite, causal relation. The quali-
tative features of the dynamics will be determined com-
pletely by the dynamical behavior of v1. We can say,
without any loss of generality, that v2, ..., vn do not affect
the qualitative dynamical behavior of the whole chain.
The situation changes completely if such set of nodes
defines a cycle, since all the nodes of a cycle and its as-
sociated Γm’ will affect the dynamics of the net, maybe
leading to an attractor displaying oscillations or some
other complex behavior.

In the above example, Γk = {vk−1}. However, the
interesting cases are those where |Γk| > 1. Let us sup-
pose we have a node vk such that vk ∈ VG\DB(G). Thus,

despite |Γk| > 1, since in DB′(G) there are no cycles
(Lemma 1) the qualitative nature of the dynamics will
be determined by the qualitative behavior of the nodes
belonging to DB(G). In turn, these vertices can be
connected in a non-trivial way (maybe defining a cycle)
with several vertices belonging to DB(G). Strictly speak-
ing, the qualitative dynamical behavior of a given vertex
vk ∈ VG\DB(G) will be determined by the vertices belong-
ing to:

(Γm
k ) : (m > n) (C2)

which is a set of vertices belonging to DB(G), as demon-
strated in Lemma (3).

This implies that the responsible of the whole dynami-
cal behavior of the net is the subgraph defined by DB(G).

Furthermore, given a node vk ∈ VG\DB(G), we can de-
fine the set of dynamical modules qualitatively affecting
its dynamical state, Dk i.e,

Dk ≡ {(DM j
i ∈ DB(G)) : ((vk ∈ (Γm

k ) : (m > n)) ∧ (vk ∈ DM j
i ))} (C3)

Thus we can reproduce the flow of the signal and the path
through this is processed by the different dynamical units
(either dynamical modules or single nodes).

APPENDIX D: CONSTRUCTION OF GRNS

1. E. coli network definition and construction

GRN for E.coli is an overlapping of two files obtained
from RegulonDB 6.0 [41]: NetWorkSet.txt, containing
TFs and their target genes, and SigmaNetWorkSet.txt,
containing the Sigma factors and the genes promoted by
them. Both files contain information about the relations,
as well as the activator/repressor behaviour, of TF (and
Sigma factors) over the target genes. Biological informa-
tion was obtained from EcoCyc database [50]. TFs and
Sigma factors are controlling elements of gene regulation.
The main difference is that Sigma factors are essential for
basal transcriptional machinery assembly. The participa-
tion of one particular Sigma factor is mainly determined
by environmental stress and growth phase of the cells,
while TFs binds to DNA regulatory region recognition
on target genes, promoting or avoiding the transcription
initiation. In this work we exclude elements contributing
to a TF modification such as phosphorylation or ligand-
TF binding. Graph pictures were performed using Cy-
toscape software (http://www.cytoscape.org/).

2. Topological analysis of E. coli GRN

The resulting network is a directed graph of 1607 ver-
tices and 4046 edges, where 87 vertices contain an auto-
link and 42 display kin = 0, whereas the number of ver-
tices with kout = 0 (terminal vertices) is 1475. The net-
work is composed by a giant component of 1589 vertices,
one of 14 and another one of 4 vertices. The giant com-
ponent is a dissasortative graph (R = −0.27) [51] with
an average degree 〈k〉 = 5.1. The graph presents a very
high average clustering coefficient, 〈C〉 = 0.43, and a
lower value of the average shortest path length. ℓ = 2.7,
compared with the prediction for the equivalent Erdös-
Rènyi graph model, suggesting that E. coli GRN presents
a pattern between small and ultra-small world[55]. The
degree abundance v(k) was calculated from the giant
component of the network. We considered an undirected
version of this network. In all cases we used the cumu-
lative abundance, v<(k). The v<(k) for the giant com-
ponent of E. coli GRN is an heterogeneous distribution,
remaining a power-law behavior (v<(k) = 1079.8k−1.08,
r = 0.976, where r is, in this case, the linear correlation
coefficient). However, it is possible to differentiate two
regimes: the first one, for the lowest degrees, with an ex-
ponential behaviour (v(k) = 2787.4e−0.45k r = −0.996)
and the second one following a power law fashion (v(k) =
484.9k−0.89 r = −0.993) for intermediate and large de-
grees. The heterogeneity of this distribution can be ex-
plained by the fact of we are considering conceptually
two different sets of elements and two differentiated reg-
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ulatory mechanisms; i.e, the transcription factors that
control and are controlled defining a set of regulators,
and the target genes that do not participate in the regu-
lation.

Interestingly, clustering distribution as a function
of connectivity reveals a power law fashion (C(k) =
2.22k−1.01 r = −0.94). This dependence has been at-
tributed to a hierarchical organization [17, 49].

3. S cerevisiae network definition and construction

Yeast GRN was obtained from the compilation of dif-
ferent sources performed by [47]. Self-interactions ini-
tially were not included in that work and they were di-
rectly provided by the authors. Data corresponds with
highly confident experiments (P = 0.001 and three posi-
tive replicas). Graph pictures were performed using Cy-
toscape software (http://www.cytoscape.org/).

4. Topological analysis of S. cerevisiae GRN

GRN is a single giant connected component network
of 4,441 vertices and 12,864 edges. The graph contains
18 vertices with self-interactions and 29 vertices with
kin = 0. The graph is dissasortive R = −0.59. Its aver-
age clustering coefficient 〈C〉 = 0.08 and average short-
est path length ℓ = 3.49 reveal a small world pattern.
v<(k) (cumulative binning) shows a long-tail, heteroge-
neous shape remaining a power-law v(k) = 4205.7k−1.04,
r = 0.94). Deviations of this behaviour can be attributed
to the fact that GRNs are composed by two types of
vertices (TF and target genes) with different graph and
biological properties.

Clustering coefficient distribution as a function of con-
nectivity reveals that clustering coefficient depends on
the degree, but with poorer correlation than the observed
for E. coli (C(k) = 0.6k−0.96 r = 0.74)
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