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Abstract

In this paper we describe the application of massively parallel pro�
cessing �MPP� to the problem of time�series analysis� Time�series
problems involve sequences of numbers �for example� the daily closing
values of the stock market� EEG patterns of brainwave activity� or� as
discussed in this paper� the temporal values from set of equations of
motion�� Often the problem of interest is the prediction of some future
value�s� in the sequence using only past values� Taking advantage of
the power of an MPP supercomputer� we describe techniques to per�
form exploratory data analysis on time�series problems in a quick and
e�cient manner�
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� Introduction

Problems concerning the analysis of a time�series have existed for a very long
time� Ever since the creation of the �rst �nancial markets� people have tried
�and usually failed� to predict the future� However� there are many time�
series problems in science and engineering that are to some extent predictable
�such as the occurrence of sun spots� or the failure rate of a product�� and
further improvement on their prediction accuracies is of great importance�

Predictive models used in practice can often be quite simple� In these
cases the power of a massively parallel supercomputer is ususally unneces�
sary to when making predictions� However� the generation of the models
often requires large amounts of computational power and memory� especially
if one has to examine a large amount of historical data with no prior theory�
It is this phase of the time�series analysis problem �sometimes called �ex�
ploratory data analysis	� that the power of massively parallel computation
can be e
ciently leveraged� The increased memory and disk capacities of
MPP supercomputers allow very large historical databases to be analyzed�
We have also found that analysis algorithms are typically amenable to e
�
cient parallel implementations which allow experiments to be quickly carried
out� This is often of signi�cance to a successful analysis project since it al�
lows scientists to try out many di�erent solutions on large training sets� In
addition to evaluation of di�erent algorithm parameters� radically di�erent
algorithms can be compared� It can also change the way people approach
certain problems �to trade computer power for brain power��

All of our work described in this paper was done on the massively parallel
Connection Machine CM��� which can have up to �
� ��� processing nodes
�PN�s�� connected by a data network and a control network� Currently each
PN is a SPARC processor which can be attached with � vector units capable
of �
� MFLOPS� The CM�� is a MIMD computer� but also has hardware
support for SIMD operations� such as global synchronization and reduction�
The data network has a �fat tree	 topology with a random routing algorithm�
and supports high speed arbitrary communications among PN�s� Users in�
teract with CM�� through control processors� which are currently SUN���s�
The CM�� has time�sharing operating system� allowing simultaneous use by
multiple users� All high level data parallel programming languages supported
by the CM�� ��Lisp� C� and CMFortran� are also supported on the CM���
Message passing is also supported from nodal MIMD programs�

�



In the remaining sections of this paper we describe approaches for map�
ping time�series analysis problems to MPP supercomputers and discuss some
related issues in time�series analysis� We �nish by describing our successes
in using several algorithms on CM�� for time�series prediction�

� Prediction Techniques

��� Memory vs� Computation

We can see two extremes in the use of massively parallel computing power�
memory�based algorithms and computation�based algorithms� The power
and performance of memory�based algorithms is obtained by making use
information contained in the large storage capacity �both RAM and disk�
of MPP systems� Some of the common processing tasks that correspond to
this extreme are Memory�based Reasoning� relational database operations�
and text retrieval� Computation�based algorithms� on the other hand� get
their power by making using of powerful number crunching capabilities of
the parallel processors� Examples of this type of processing are numerical
optimization� genetic algorithms� neural networks� and statistical modeling�

��� Memory Based Reasoning

Memory�based Reasoning �MBR� ���� is a form of K�Nearest Neighbor �KNN�
classi�cation technique ���� It di�ers from traditional KNN algorithms in a
qualitative� not quantitative� way� Most of previous applications of KNN
made use of small �e�g�� less than �� megabytes� databases which were hand
tuned to maximize performance� These applications were limited by the
amount of data that could be used to quickly search for neighbors� By ap�
plying the KNN approach to much larger databases �hundreds�thousands of
megabytes� and new methods of deriving matching metrics fully automati�
cally� massively parallel computing transforms KNN into MBR� MBR appli�
cations rely on the ability to leverage the information contained in extremely
large databases� Typical applications often involve hundreds of megabytes of
data� In addition� data is often multidimensional� involving di�erent types
of information� There is little or no manual processing of the data �not even
the removal of incorrect training examples� before it is used�
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A parallel nearest neighbor search is used to look at all training examples
simultaneously� Though distance metrics can be hand tuned to improve per�
formance based on application speci�cs� simple measures can often produce
very accurate results� Initial results can be quickly achieved since there are
no models to create� Also� con�dence levels can be generated using relative
distances to matching and non�matching neighbors�

Some previously successful applications of MBR include�

� Protein Structure Prediction ����

� Optical Character Recognition ����

� Cardiac Patient Viability Prediction ����

� Census Data Classi�cation ���

Although these examples are not strictly time�series problems� they do
illustrate the potential for the analysis and prediction of very large amounts of
data� One aspect of these problems that separates them from most previous
time�series analysis problems is the amount of data to be analyzed� Some
applications are currently working with single databases on the order of tens
of gigabytes� with the expectation that they will grow by a factor of ten in
as little as two years� Though these problems may seem very di�erent from
time�series forecasting� they actually involve similar techniques�

An example of an MBR�like approach from the area of time�series anal�
ysis is the work of Farmer and Sidorowich ��� 
� �which they called a �lo�
cal linear	 method�� In their work� Farmer and Sidorowich attempted to
predict the behavior of a time�series generated by a chaotic dynamical sys�
tem� Their training set consisted of a time�series of up to ������ sampled
from a trajectory along the attractor� The time�series was then transformed
into a reconstructed state space using a delay space embedding ���� �
��
In the delay space embedding� each point in the state space is a vector X
composed of time�series values corresponding to a sequence of d delay lags�
x��t� � x�t�� x��t� � x�t�� �� ���� xd�t� � x�t� �d���� �� For a D dimensional
attractor� d must be at least as large as D� Takens ��
� showed that for a
noise�free system of dimension D� it is su
cient to choose d � �D � ��

To forecast a time�series value� Farmer and Sidorowich �rst transformed
the value into the state space representation� The nearest k �� d� neighbors
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in the state space representation were then located� A local linear map was
created for the k neighbors and applied to the value to be forecast� The
result of the mapping was the predicted value� Although higher dimensional
maps �quadratic� etc�� could be used� Farmer and Sidorowich did not �nd
signi�cant improvements over the linear map� Using this approach� they were
able to forecast time�series values for a number of systems �Mackey�Glass
di�erential equation� Rayleigh�Benard convection� and Taylor�Couette �ow�
much more accurately than standard forecasting techniques �global linear
autoregressive��

As stated earlier� there have been several very large MBR applications�
The following examples were both performed on a Connection Machine� Of
particular importance is the large amount of data that was used to train the
algorithms� It would have been very di
cult �if not impossible� to make full
use of such large data sets using a traditional computer architecture�

The �rst memory�based MPP algorithm involves optical character recog�
nition ����� Optical character recognition is the problem of taking a bit�
mapped array of pixels and correctly classifying it into an alphanumeric char�
acter category� For pixel arrays of size ��� by ���� the problem has �
���
dimensions� Smith and his colleagues ���� used ������� training examples
to provide a knowledge base for an MBR system� This corresponds to 
��
megabytes of data� Using very simple Hamming distance metrics� classifying
an unknown character could be performed with an average accuracy of ����
The technique also allowed for the introduction of concept of con�dence by
allowing the system to refuse to classify unknown characters whose nearest
neighbors fell below a threshold distance� When the con�dence measure was
introduced� the system achieved ����� accuracy at ��� coverage �i�e�� the
system was not able to con�dently classify �� of the data��

Another application of MBR to large databases involved the classi�cation
of Census Bureau data ���� In this case the problem required classi�cation
of free�text responses to questions about a respondent�s occupation� These
responses needed to be classi�ed by occupation category ���� types� and in�
dustry category ���� types�� Approximately ������� training examples were
used� corresponding to �� megabytes of data� When compared to an existing
expert system used by the Census Bureau� the MBR approach achieved a
��� accuracy improvement for the occupation classi�cation� The MBR sys�
tem also achieved a ��� improvement for the industry classi�cation over the
expert system�

�



����� Parallel search for nearest neighbors

As we have stated� it is necessary for MBR systems to locate the k�nearest
neighbors for a point in the multidimensional state space� A number of
distance metrics can be used� including Hamming� Euclidean� Manhattan�
and a host of others� For serial computers� a K�D Tree representation ����
can e�ectively reduce search complexity for the nearest neighbors when there
is structure in data� But when there is little or unknown structure in data�
searching all data elements in parallel may be the most e�ective solution�

In experiments on a �nancial time�series �daily S�P ��� closing prices��
the second author compared several K�D tree algorithms with simple par�
allel search examining portions of all data points� The experimental data
contained 
�
� points �approximately �� years worth of daily time�series
data� embedded into a �ve dimensional delay space� The distance metric for
a pair of data points was simply Euclidean distance�

D �

vuut
nX
i��

�x�i � xi�
�

where n is number of state space dimensions� x� is the point whose neighbors
are being searched for� x is the current candidate neighbor� and xi is the
position of point x in dimension i� The total number of operations required
to evaluate the distance between two points in the state space is n squaring
operations� n subtraction operations� and n � � addition operations� The
square root operation is unnecessary since the ordering of the distances is
the same as the ordering of the distances squared�

When the K�D tree algorithm attempted to locate the �ve nearest neigh�
bors for a test point �which was another point from the time�series that was
removed from the training set�� an average of ���
� of the training set data
points needed to be examined �i�e�� the K�D tree traversal was able to prune
only ���� of the search space�� In a re�nement of the K�D tree search algo�
rithm� the search began in the leaf cell that the test data point mapped to� It
was hoped that this would help by initializing the set of nearest neighbors to
a good set of candidates and thereby allow the traversal of the tree be pruned
subsequently in the search� This technique did improve the performance of
the search but the improvement was not signi�cation �an average of �����
of the training data points were examined��






Finally� the K�D tree search was replaced by a much simpler technique�
In this approach� every data point was examined to see if it was one of the
nearest neighbors� But instead of computing the entire distance from the test
point� the distance was computed incrementally� The �square of the� distance
corresponding to each dimension was added until all of the dimensions were
included� If at any time the partial distance was greater than the the �square
of� the furthest of the current set of K�nearest neighbors� that data point
was discarded� So� although each of the data points in the state space were
evaluated� only a fraction of the entire evaluation �n squaring operations� n
subtraction operations� and n � � addition operations� were performed� In
experiments on the same data set� this technique performed only ���
� of
the possible operations �squaring� subtraction� and addition� necessary to
locate neighbors from the training data�

This incremental search technique can be e
ciently implemented in par�
allel using a local nearest neighbor heap for each processor and updating the
entries incrementally� After the local neighbors are located� a global sort on
the local neighbors can be used to �nd the global neighbors� In addition
to the overall e
ciency of this approach� the use of multiple processors can
result in signi�cant �near linear speedup� increases in the search performance�

��� Neural Networks

A variety of neural network approaches have been applied to the forecasting
of nonlinear time�series� The work of Lapedes and Farber ��� as well as several
of the papers included in ��� have demonstrated the ability of neural network
models for time�series prediction� As will be described later� the application
of MPP neural network algorithms to time�series analysis has been quite
successful�

In this section we will review some of the work done in mapping neural
network algorithms to massively parallel computers� For a more thorough
description� see ���� and ��� and the references contained therein�

Neural network architectures are characterized by a collection of process�
ing nodes connected by a series of weighted links� The relationship between
the individual node�s inputs and outputs is typically a nonlinear function
�such as a sigmoid�� By carefully choosing the weights for the links� a neural
network can carry out complex mappings from global inputs to global out�
puts� The complicated issue in carrying this process out is in computing the
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interconnection weights� Algorithms such as Backpropagation ���� are often
used to perform this task�

To implement an algorithm on a massively parallel computer� we need �rst
to examine what can be done in parallel in the algorithm� In Backpropagation
neural net learning algorithm for example� �a� all computations for units at
the same layer can be done in parallel� and �b� since the weight changes from
di�erent training examples are additive� a network can be trained on multiple
examples at the same time �this is the so called �batch mode	 training�� We
have implemented Backpropagation algorithm on the Connection Machine in
several ways� all of which made use of one or both of the above parallelisms
inherent in the algorithm� In all cases� a unit is assigned to a processor� thus
the activation function can be computed locally within the processor� The
di
cult question is how the units at one layer send their outputs or errors
to units at another layer through weighted links� Unfortunately� a discussion
of this issue is beyond the scope of this paper� for details see ����� In our
recent implementation� a ��� processor CM�� can perform ��� million weight
updates per second for the Backpropagation algorithm�

� Non�Linear Time�Series Prediction� An

Example

This section describes our work on a time�series used in Santa Fe Time�
Series Prediction and Analysis Competition ������� Our Connection Machine
neural network system gave the best prediction for this time�series in the
competition ������ This univariate time�series is synthetically generated� but
no background information was provided during the competition� Thus it
provided an objective judgement on the participating systems for this non�
linear time�series�

In the absence of both speci�c information about the particular data set
and general theories for non�linear time�series prediction� good performance
has to come from careful analysis of the available data ��training data	��
There are several important issues in time�series prediction�

�This paper describes our results both for the competition and further analysis after�

wards� The goal of the competition was to predict the future values of the series� The

answers were withheld until after the competition was closed�
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� How large should the window size �dimension� be 

� What are the sampling lags for the past data 

� How can one predict multiple steps toward the future 

When generating a neural network model� one also has to decide�

� How many hidden units should be used How many hidden layers 

� How large a training set is needed 

� How can one choose training parameters� such learning rate� training
cycles� etc� 

For an MBR model� the following issues come up�

� How many neighbors should be used 

� How large a training set is needed 

� What sort of distance metric should be used 

Our answers to the these questions came from extensive exploration of the
available data using a CM�� massively parallel supercomputer�

��� The data set

The time�series was synthetically generated by numerically integrating the
equations of motion for a damped� driven particle in the potential �eld�

V � a��x
�

�
� x�

�
� x�

�
� x�

�
�� � a�

q
x�� � x�� � a�x�

The driving force is A sin��t� in the x� direction� and the dissipation is
�� � velocity� The value of a� has a small drift produced by integrating a
Gaussian random variable� and the observable saved �i�e� the time�series� is

q
�x� � ����� � �x� � ����� � x�� � x��

The equations of motion were integrated with a simple �xed�step �th
order Runge�Kutta routine� ������� data points were generated� For more
details of this series� see ����� As argued by the competition organizers� there
are several advantages of using this time�series�
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� Since it is synthetically generated� in principle everything about it is
known� Thus we can check what kind of information and correlation
can various prediction algorithms can discover� Also since no back�
ground information was provided initially� this is a �fair game	 for all
algorithms used�

� The time�series contains relatively high�dimensional dynamics� The
con�guration space has � degrees of freedom �� position� � velocity�
and � forcing time�� which was picked to be large but still realistically
accessible�

� A long time�series is available� To recognize the presence of such high�
dimensional dynamics� large data sets are needed� and can obviously
be easily generated here� This often is a problem with real world data�

We want to emphasize that in this paper we use this data set only as an
example to demonstrate how to approach time�series prediction problem of
this kind� i�e�� large data sets with relatively little background information�
and to show how supercomputers can not only reduce the time required to
solve the problem� but may change the way one approaches such problems�

To simplify our discussion� we will focus on ��step ahead prediction� i�e��
given xt� xt��� ���xt�n������� to predict xt��� The same techniques can be ex�
tended to other cases�

��� Simple Exploratory Data Analysis

Stationarity is an important property of time�series and was one of the �rst
things we checked� Plots of the data� running means� and running standard
deviations reveal that if the series is non�stationary it is only mildly so �see
Figure ��� The persistence of the sample autocorrelation function �ACF� at
long lags �see Figure ��� however� indicates that some periodicity or non�
stationarity is likely to be present in the data �non�periodic and stationary
time�series tend to have an exponential decay of ACF� see ��� for a detailed
discussion on this subject�� The irregularity and strength of the ACF �and
partial ACF� also advocates the use of a reasonably large window of data
for modeling� although there is no principled way of choosing the optimal
window size from the ACF without knowing the correct functional form of
the model�
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Histograms of the data show two signi�cant peaks and one minor peak�
suggesting that the underlying dynamical system has at least three attractors�

�see Figure ���

��� Dimensional analysis of time�series data

An important aspect to time�series analysis is the choice of representation�
As described earlier� a delay space embedding can be used to reconstruct a
multidimensional representation� But an important question is �How many
dimensions should be used in the representation 	 For a time�series of un�
known or unexplained origin� it is necessary to determine the dimension using
one of a number of well�known algorithms from dynamical systems theory�

One of the commonly used algorithms is the �Grassberger�Procaccia	
�G�P� correlation dimension algorithm ���� In this algorithm� the goal is
to observe the scaling of a correlation exponent as the radius of an d di�
mensional hypersphere is changed� As long as d is greater than the true
correlation dimension� the exponent will scale with the dimension� This is
usually determined by computing the dimension �sometimes using a sample
of the time�series� for a small d� If the computed correlation dimension equals
d� d is increased and the process is repeated until the correlation dimension
stabilizes�

The exact calculation of the correlation is as follows� The sum

C�r� �
�

N�

NX
i��

NX
j��

�� r� �
dX

k��

�Xi�k � Xj�k�
� �

is called the correlation summation �where N is the number of data points
in the time�series�Xi�k is the k�th dimensional component for data point i� r
is the correlation length� and ��� is the Heaviside function��

Grassberger and Procaccia have shown that for many time�series prob�
lems the correlation sum scales as a power function of r�

C�r� � r�

where the exponent � is very closely related to the actual correlation di�
mension D of the system� By plotting C�r� versus r on a log�log graph� d is

�Actually the system has four attractors� but two were indistinguishable due to the

observation function�
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obtained by computing slope of the line �usually in the middle� with r neither
too big nor too small � in those extremes C�r� evaluates to constant values��

The time complexity for the calculation of the correlation dimension is
O�d � N��� For many times series problems� N can be quite large and thus
it is often impossible to compute this for the entire series� But on a MPP� if
the time�series data is replicated on each processor �which is reasonable given
today�s memory technologies that allow hundreds of megabytes of RAM per
processor in a MPP�� parallelizing the problem is quite simple� By partition�
ing the N� pairwise interactions among the parallel processors� it is possible
to perform the calculation with only a single communication step at the end
to combine the results� This allows for nearly linear speedup using a parallel
algorithm� For a ������� element time�series and a �� dimensional embed�
ding� an optimized implementation of the algorithm requires approximately
��� billion �oating point operations� By taking advantage of the vector units
in the CM��� we have been able to fully parallelize and vectorize the G�P
correlation dimension algorithm� The current speed that has been obtained
is approximately �� MFLOPS per processing node� Using a 
� processor
CM�� �thus achieving an aggregate ��
 GFLOP�second performance�� the
correlation dimension for the above example �������� data points� �� dimen�
sional embedding� was calculated for the entire dataset in just over two and
a half minutes� Such a calculation would be signi�cantly more expensive to
perform on a workstation�

The results of the correlation dimension calculations for �ve di�erent
embedding lags �requiring a total of two and a half trillion �oating point cal�
culations� are shown in Figure �� When we �rst attempted to calculate the
dimension of the data set� both the topological dimension �i�e�� the number of
independent degrees of freedom available in the system� and the correlation
dimension �which is guaranteed to be less than or equal to the topological
dimension� were unknown� By incrementally increasing the embedding di�
mension� we determined that for most lag values the correlation dimension
leveled o� between ��� and 
��� Table � lists the computed correlation di�
mension values �i�e�� the slope of the curve in the linear region� for various
lag values�

It should be noted that the computation of the correlation dimension is
not an end it itself� The dimension simply provides a lower bound for the
complexity of a predictive model� For the data set that we are considering
in this paper� a good estimate of the lower bound would be six dimensions
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Lag d
� ���� � ���
� ���� � ���
� ��
� � ���
� ���� � ��

� ���
 � ���

Table �� Computed correlation dimension �d� for increasing lag values for
the experimental data set in a ten dimensional delay space embedding�

�this is consistent with the fact that there were nine degrees of freedom in the
system � the correlation dimension is typically smaller than the topological
dimension��

��� Prediction Strategies

����� Training and Test Data Sets

In this work the available data was divided into three sets�

� Training Data Set ! used to train a prediction system" its size varies in
di�erent experiments in order to �nd the optimal size�

� Cross Validation Set ! used to monitor the training� e�g� to decide
whether the prediction system has over�tted the training set� Its size
is �xed to �K�

� Test Set ! only used at the very end� to test the true performance of
the system trained� It contains �K data points�

����� Measures for Prediction Errors

Given a time�series x�� x�� ���xn� the standard deviation

xsd �

vuut �

n� �

nX
i��

�xi � xmean��
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is essentially the �prediction error	 if the mean of the time�series xmean is
always used as prediction� This is the best one can do if the series is a random
walk� If we have a series of predictions� #x�� #x�� ���#xn� then the error is de�ned
as�

#xerror �

vuut �

n� �

nX
i��

�xi � #xi��

In this work we used the ratio

Error �
#xerror
xsd

to measure the quality of the predictions� It basically shows the improvement
over simply predicting the mean of the series�

����� Window Size and Sampling Lag

Given a time�series xt� xt��� ���xt�i� ���� in order to predict xt�n� we had to
decide how many previous data points were needed� which we call the window
size� We also had to decide how to sample the past value� A constant lag
sampling consists of�

xt� xt�k� xt��k� ���xt�ik� ���

where k is called sampling lag� Both of these parameters were determined
experimentally in this work�

����� Direct vs� Iterative Approaches

When predicting multiple steps into the future� we have several choices� One
approach is to directly predict xt�n from the sampled data� i�e�� to construct
a function Fn such that the prediction #xt�n is�

#xt�n � Fn�xt� xt�k� xt��k� ���xt�ik����

Alternatively� we can construct function F� to make � step ahead predic�
tion #xt�� �rst�

#xt�� � F��xt� xt�K� xt��K� ���xt�NK�
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and then to use #xt�� as if it were given� and iteratively apply function F� n

times to predict xt�n Still another approach is to start with F�� but when
moving one step forward� re�train it to get a new function F �

�� that is�

#xt�� � F��xt� xt�k� xt��k� ���xt�ik����

#xt�� � F �

��#xt��� xt�k��� xt��k��� ���xt�ik������

������

��� Neural Networks Approaches to Prediction

In the following discussion� all networks are fully connected� and the notion
such as �n� � n� � n� � n�	 is used to denote a network with n� input units�
two hidden layers of n� and n� units each and n� output units�

����� Number Of Hidden Layers

First we compared networks of di�erent numbers of hidden layers on the iden�
tical training and test sets� These networks have roughly the same number of
weights �the number of free parameters�� Thus� the di�erence in prediction
errors must come from the architecture �the arrangement of hidden units into
di�erent hidden layers�� Table � shows the result� Even though in principle
a one�hidden layer network can approximate any continuous function� this
result shows that in practice with limited resources a two�hidden layer net�
work seems to have more approximation power than the one with one�hidden
layer� For this problem� increasing the number of hidden layers to three did
not improve the result�

����� Sampling Lags

To predict xt�� from xt� xt�k� xt��k� ���xt�ik���� We tested sampling lags k � �
and k � �� Table � shows the results� Short sampling lag produced better
predictions for this time�series� which suggests that local correlations are the
most important factors in the underlying model�
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Layer Units $Weights Training Set Error Test Set Error
������� ��� ��
��
 ������
�������� ��� ��
��� ��
���
���
������ ��� ��
��
 ��
���

Table �� Three networks trained on �
K training data points� with �K cross
validation data points and �K test data points� All networks were trained
up to ������ cycles� The task was to predict xt�� using xt� xt��� ���xt���

Layer Units Sampling Lag Training Set Error Test Set Error
�������� � ��
��� ��
���
�������� � ��
��� ������

Table �� Two networks trained on �
K training data� with �K cross validation
data and �K test dat� Both networks were trained up to ������ cycles� The
task is to predict xt�� using xt� xt�k� ���xt��k� k � � and k � � are shown
here�

�




����� Window Size

Window size as de�ned above depends in part on the underlying dimensional�
ity of the time�series� There are certain techniques to estimate the dimension�
And Takens ��
� has proven a theorem that in the noise free case� N points
are necessary� and �N �� points are su
cient in reconstructing �predicting�
a time�series with underlying dimension of N � However� with the presence
of noise �which is the case of the data used in this work�� that may not hold�

Our results in table � shows that for our time�series problem� window
sizes around �� gave the best results� When determining the best window
size in this experimental fashion� one has to be careful about one pitfall�
when a larger window does not give better performance than a smaller win�
dow it could mean two things� ��� the larger window does not contain any
more useful information �in fact it may contain more noise�" ��� the function
approximator used is not powerful enough to capture the information in the
larger window� Within the frame of neural networks� one can increase the
number of hidden units �thus the power of the network� for a �xed window
size to see if the performance improves� An example in our work is window
�� and ��� they gave similar performances with two hidden layers with units
� and � each� But when more hidden units were used� window �� proved to
be better� The performance of a network may not increase as the window
size increase� it in principle can actually decrease because a larger window
also contains more �noise�	 making it more di
cult for the network to learn
the true correlation�

����� Training Set Size

Intuitively larger training data set should carry more information� How�
ever� for time�series analysis� we have to concern about the issue of non�
stationarity� That is� certain properties of the series may change over time�
looking too far back to the past may �nd things that are no longer valid�
Table � shows our results in determining the training set size�

����� Number Of Hidden Units for Neural Networks

To choose the correct number of hidden units is important� too few hidden
units do not provide enough approximation power� whereas too many units
not only require more computer time to train the network� but also has the

��



Input Hidden Training Set Error Test Set Error
� ��� ��
��� ������
�� ��� ��
��� ��
���
�� ��� ��
��
 ��
���
�� ��� ��
��� ��
���
�� ��� ��
��� ��
���

�� ����� ��
��� ��
���
�� ����� ������ �����	

�� ����� ��
��� ��
��

�� ����� ��
��� ��
���

Table �� Experiments on di�erent window sizes� Data used� �
K training
data� �K cross validation data and �K test data" ������ training cycles for
all networks" � step ahead prediction�

Layers Training Data Training Set Error Test Set Error
�������� �K ��
��� ��
���
�������� �
K ��
��� ��
���
�������� ��K ��
�
� ��
���

Table �� Experiments on di�erent training data set sizes� Data used� �K cross
validation data and �K test data" ������ training cycles for all networks" �
step ahead prediction�
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���
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Table 
� Experiments on di�erent hidden units� Data used� �
K training
data� �K cross validation data and �K test data" ������ training cycles for
all networks" � step ahead prediction�

danger of over�tting the training data� That is why we had a cross�validation
set available to monitor the training process� Table 
 shows our results in
determining the optimal number of hidden units� Two hidden layers of ��
units each produced the best prediction in our experiments�

This results indeed shows that too many hidden units did not help�

����� Direct
 Iterative and �Re�training
 Approaches

Table � shows the results of three di�erent approaches for predicting multiple
steps ahead of a time�series� Direct approach uses xt� xt��� ���xt��� as inputs
to the neural network and trains the net to predict xt�� directly� Iterative
approach uses the same inputs to train a network to predict xt�� �rst� and
then uses the same network to predict xt��� taking the �rst prediction as
one of the inputs� #xt��� xt� xt��� ���xt��	� and to iterate this procedure until
xt�� is reached� Re�training approach is similar to iterative approach� except
that at each step of iteration� instead of using the same original network� it
retrains a new network� i�e�� there are � networks for predicting xt�� to xt���

The re�training approach actually produced better prediction than itera�
tive approach not only for xt��� but for every step along the way� See Table
��

��



Approach Network Training Set Error Test Set Error
iterative ���������� ������ ����
�
direct ���������� ������ ��
�
�

re�training ���������� ������ ��
���

Table �� Experiments on di�erent strategies for multiple steps ahead predic�
tion� Data used� �
K training data� �K cross validation data and �K test
data" ������ training cycles for all networks" � step ahead prediction�

Approach Step � Step � Step � Step � Step �
iterative ������ ������ �����
 ��
��� ����
�

re�training ������ ������ ������ ������ ��
���

Table �� Comparison between iterative and re�training approaches for � to �
step ahead predictions� Only the prediction errors on the test set are shown
in this table� Data used� �
K training data� �K cross validation data and
�K test data" ������ training cycles for all networks�
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��	 Memory Based Approaches to Prediction

As described earlier� Farmer and Sidorowich popularized the use of mem�
ory based approaches for time�series prediction� By �nding �neighbors	 in
a multidimensional phase space� these neighbors can be used to create a
predictive mapping function which takes the current point as an input� Pre�
vious research has shown that use of simple linear maps often provide quite
satisfactory performance ����

Assuming that a d dimensional embedding has already been chosen� the
only remaining variable in the procedure is to determine the number of neigh�
bors to be used to create the map� If the number of neighbors M is chosen to
be the total number of training data points� the algorithm reduces to a global
linear �t� By choosing M to be relatively small� the degree of locality can
be varied� In the work presented here� a linear least�squares regression algo�
rithm is used to create a mapping over a d dimensional space using M data
points �i�e�� the neighbors�� As long as M � d� the mapping is guaranteed
to be computable�

In Table �� the results of using an MBR based prediction strategy are
shown� In all cases� the number of neighbors M was chosen to be a function
of d �M � � � d�� As can be seen� the performance of this technique was
reasonably e�ective� when compared to the neural network approach� The
best error rate observed by MBR was �
�� compared with a value of �
�� for
the neural network model�

One thing to notice is that when the lag is increased beyond one� the
performance actually degrades when the dimension is increased� This is
consistent with our experience with the data which showed that there was
little predictive information from points distanced greater than thirty time�
steps apart� For a model with a dimension of ten and a lag or three� the
maximum distance in the embedding is thirty time steps� One would expect
that this model would not perform as well as a model whose window of data
points was within a smaller time step radius� In our experiments� the best
results were obtained when the dimension of the delay�space representation
was set to twenty� with a lag of one� For both higher and lower dimensional
embeddings� the performance was slightly degraded�

Since the power of an MBR approach to prediction is in the training
data� one would think that increasing the training set size might improve
performance �in the examples discussed earlier in this paper� that had often
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Dimension Lag � � Lag � � Lag � �
� �����
�� ������
� ������
�
�� ���

��� �������� ��������
�� �������
 �������� ��������
�� ��
����� �������� ��������
�� �������� N�A N�A

Table �� Error values for memory based prediction with �
K training data
and �K test data" � step ahead prediction" number of neighbors � � � d�

Dimension Lag � �
� ��������
�� ��������
�� ��
�����
�� ��
�����

Table ��� Results for memory based prediction with ��K training data and
�K test data" � step ahead prediction" number of neighbors � � � d�

been the case�� Table �� contains the results when running the MBR algo�
rithm on a training set twice the size as previously described� Although the
performance� for lower dimensional embeddings� starts o� better� the perfor�
mance plateaus at a slightly higher value� This is also consistent with our
experience with this data set� We found that the time�series was relatively
non�stationary and that data points located even further in the past than in
the original training set provided little predictive information�

� Summary

We have described several techniques to analyze time�series problems using
massively parallel computers� By leveraging the power available in such
a computer system� the generation and comparison of di�erent predictive

��



models can be e
cient carried out� We discussed two of these approaches
�neural networks and memory based reasoning� as they were applied to an
existing time�series problem� Both techniques provided e�ective solutions�
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