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Summary

This article deals with the causal structure of an agent’s sensori-motor loop and its relation to deliberative
decision making. Of particular interest are causal effects that can be identified from an agent-centric
perspective based on in situ observations. Within this identification, an optimal world model of the agent
plays a central role. Its optimality is characterized in terms of prediction quality.

1 Introduction

Evaluating different possibilities and deliberatively
choosing among them is an important ability in
humans and animals. In order to be intentional,
such a choice has to be based on knowledge about
causal consequences of individual brain dynam-
ics. Within dynamical systems theory, a plausible
model to describe switching between different dy-
namics is based on chaotic attractors [2]. However,
in this framework the study of causality remains a
challenge. In this paper, we address causal effects
in the sensori-motor loop (SML) within a coarse-
grained level of description where transitions are
modelled in terms of stochastic maps.

We use the formalism of Bayesian networks to
study the causal relations in the SML (see previous
work [3] and [1] in this context). A Bayesian net-
work consists of two components, a directed acyclic
graph Γ and a set of stochastic maps describing the
individual mechanisms of the nodes in the graph.
More precisely, Γ is assumed to have no directed
cycles (see Fig. 1 as an example). Given a node Y
with state set Y , we write X := pa(Y ) for the set
of nodes Xi with an edge from Xi to Y . The mech-
anism of Y is formalized in terms of a stochastic
map κ : X × Y → [0, 1], (x, y) 7→ κ(x; y), where
X denotes the state set of X. The stochasticity of
κ refers to

∑
y κ(x; y) = 1 for all x.

The Fig. 1 shows the general causal diagram for
the SML, where Wt, St, Ct, At denote the world,
sensor, controller (memory), and action at some
time t. We denote their state sets by W ,S ,C ,A ,
respectively. The stochastic maps α, β, ϕ, and π

describe the mechanisms that are involved in the
sensori-motor dynamics. Here, ϕ and π are intrin-
sic to the agent. They are assumed to be modi-
fiable in terms of a learning process. The mecha-
nisms α and β are extrinsic and encode the agent’s
embodiment which sets constraints for the agent’s
learning (for details, see [5, 3]).

Pearl [4] proposes the concept of intervention to
capture causal relationships between random vari-
ables in a given Bayesian network. We will show
that the formalization of the SML allows to deter-
mine causal relations solely observational without
any experimental intervention, although its deriva-
tion is based on the concept of intervention (see
Sec. 2). In this identification of causal effects, the
optimal world model plays a central role. It is given
as the conditional probability p(s|c, a) of observing
the next sensor state s as a result of the current
controller state c and the current action a of the
agent.

2 Causal effects in the
Sensori-Motor Loop

Fig. 1 illustrates the causal structure of the SML.
This representation has been used in [3, 1].

Pearl’s formalism [4] allows to define and study
causal effects in the SML, for instance the effect
of actions on sensor inputs. Here, a fundamental
understanding is that in order to reveal causal ef-
fects one has to test the system in experimental
situations (ex situ). In this context, intervention
is an operation that serves as an important build-
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Figure 1: Causal diagram of the sensori-motor
loop.

ing block in corresponding experiments. However,
it is not always possible for an agent to perform an
intervention. Therefore, it is important to know
whether a particular causal effect can be identified
purely based on in situ observations of the agent.
In the proposition below, we list three causal ef-
fects in the SML that are identifiable by the agent
without actual intervention. In order to be more
precise, we have a closer look at the causal diagram
of the transition from time t− 1 to t.

Here, as shown in Fig. 2, we consider the future
sensor value of only one time step and summarize
the past process by a varible Ht−1. We focus on the
resulting causal diagram of Fig. 3 (left-hand side).
The joint distribution in the reduced diagram is
given as

p(h, c, a, w, s)

= p(h)ϕ(h; c)π(c; a)α(h, a;w)β(w; s). (1)

Given such a factorization of the joint distribution,
one can define the intervention in a subset, which
is referred to as do-operation. It is simply given
by the corresponding truncation of the product,
which formalizes the idea that the mechanisms of
the intervened variables are changed from outside.
As an illustration, we consider the product (1) and
set the value A to a, that is we do a. The result of
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Figure 2: Reduction procedure of the causal dia-
gram.

this conditioning is given as

p(h, c, w, s|do(a)) = p(h)ϕ(h; c)α(h, a;w)β(w; s).

Summing over the variables h, c, w, for example,
gives us the probability of observing s after having
set a. The corresponding stochastic map is referred
to as the causal effect of A on S:

p(s | do(a)) =
∑

h,c,w

p(h, c, w, s | do(a)).

Note that, in general, we do not have p(s | do(a)) =
p(s | a), which is an important property of causal
effects. Applying the described procedure, one can
compute various other causal effects. The follow-
ing question plays a central role in Pearl’s causality
theory: Is it possible for an observer, such as an au-
tonomous agent considered in this paper, to reveal
a causal effect based on observations only? At first
sight, this so-called identifiability problem appears
meaningless, because causal effects are based on
the concept of intervention. However, having some
structural information sometimes allows to identify
causal effects from observational data.
The following causal effects can be identified by
the agent without any actual intervention.

Proposition 1. Let the joint distribution (1) be
strictly positive. Then the following equalities hold:

(a) p(s | do(a), c) :=
p(s, c | do(a))

p(c | do(a))
= p(s | c, a)

(b) p(s | do(a)) =
∑

c

p(s | c, a) p(c)

(c) p(s | do(c)) =
∑

a

p(a | c)
∑

c′

p(s | c′, a) p(c′).

The proof of Proposition 1 is given in the ap-
pendix. In all three causal effects of this propo-
sition, the conditional distribution p(s | c, a) turns
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Figure 3: Left: Reduced causal diagram for one
time step. Right: Causal diagram with world
model γ.
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out to be essential as building block for the iden-
tification of the causal effects. Note that in the
strictly positive case, according to Proposition 1
(a), it is not dependent on the agent’s policy. In
the next section, this distribution will be studied
in more detail.

3 World model & prediction

The causal effects of Proposition 1 involve the con-
ditional distribution p(s | c, a). In this section we
derive an interpretation of this conditional distri-
bution as optimal world model that allows for the
best possible prediction. In order to do so, we ex-
tend the causal diagram of Fig. 3 by a world model
γ which assigns a probability of observing s as a
result of the action a in the context of the internal
state c, formally γ :

(
C × A

)
×S → [0, 1]. The

world model is a model of the agent’s expectation,
which can be used for a prediction S̃ of the next
sensor input S. We obtain the diagram of Fig. 3
(right-hand side).

The distribution of S̃ given C is derived as

p̃(s|c) := Prob{S̃ = s |C = c}
=

∑

a′

π(c; a′) γ(c, a′; s).

(Here, Prob stands for probability.) In order to
measure the quality of the world model γ, we use
the entropic distance, also known as KL diver-
gence, between p̃(s|c) and β(w; s):

D(β ‖ p̃) :=
∑

c,w

p(c, w)
∑

s

β(w; s) ln
β(w; s)

p̃(s|c)
.

The following proposition identifies the conditional
probability p(s|c, a) as best world model in terms
of this deviation measure.

Proposition 2. If a world model γ̂ satisfies
γ̂(c, a; s) = p(s|c, a) whenever p(c, a) > 0 then it
minimizes the distance D(β ‖ p̃):

inf
γ

∑

c,w

p(c, w)
∑

s

β(w; s) ln
β(w; s)∑

a′ π(c; a′) γ(c, a′; s)

=
∑

c,w

p(c, w)
∑

s

β(w; s) ln
β(w; s)∑

a′ π(c; a′) p(s|c, a′)
.

This implies that the minimal distance coin-
cides with the conditional mutual information

I(W ;S |C).

The proof of Proposition 2 is a straightforward
application of the Lagrange multiplier method.

4 Deliberative actions

In the previous sections, we referred to a reactive
interpretation of actions (see [4], page 108). The
corresponding reactive policy π assigns an action
a to the agent’s state c, formalized in terms of a
stochastic map π : C ×A → [0, 1], (c, a) 7→ π(c; a).
In order to have a deliberative interpretation of
a given policy, we decompose the internal state c
into a memory state m and a goal state g, that
is c = (m, g) and C = M × G . We assume that
the goal variable G only depends on the memory
variable M , which leads to the causal diagram of
Fig. 4.
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Figure 4: Causal diagram with goal map ψ and
deliberative policy π.

The map ψ models the process of choosing a
goal. Studying intentionality, we hypothesize that
the causal effect p(s | do(g)) of the goal g on the
sensor input s plays an important role. A sim-
ple calculation, similar to the one in the proof of
Proposition 1 (b), yields

p(s | do(g))

=
∑

m

p(s |m, g) p(m)

=
∑

m

∑

a

p(s |m, a)π(m, g; a) p(m).

In particular, the causal effect of the goal variable
G on the sensor variable S is identifiable. This
implies that intentionality is identifiable through
M,G,A, S, a conceptually interesting observation.
Note, however, that this is only valid in the case of
strict positivity of the underlying distribution.
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Appendix

Proof of Proposition 1:

(a) p(h, c, w, s | do(a))

= p(h)ϕ(h; c)α(h, a;w)β(w; s).

This implies

p(s, c | do(a))

=
∑

h,w

p(h)ϕ(h; c)α(h, a;w)β(w; s)

p(c | do(a))

=
∑

s

∑

h,w

p(h)ϕ(h; c)α(h, a;w)β(w; s)

= p(c)

p(s | do(a), c)

=
p(s, c | do(a))

p(c | do(a))

=
∑

h,w

p(h)
p(c) ϕ(h; c)α(h, a;w)β(w; s)

=
∑

h,w

p(h | c) p(w |h, a) p(s |w)

=
∑

h,w

p(h | c, a) p(w |h, a, c) p(s |w, h, a, c)

(conditional independence,

see diagram in Figure 3)

= p(s | a, c).

The second and third equations of the proposition
follow from the general theory (see [4], Theo-
rem 3.2.2 (Adjustment for Direct Causes, and
Theorem 3.3.4 (Front-Door Adjustment)). For
completeness, we prove them directly.

(b) p(s | do(a))

=
∑

h,c,w

p(h, c, w, s | do(a))

=
∑

h,c,w

p(h)ϕ(h; c)
π(c; a)

p(a|c)
α(h, a;w)β(w; s)

=
∑

h,c,w

p(h, c, a, w, s)

p(c, a)
p(c)

=
∑

c

p(s|c, a) p(c).

(c) p(s | do(c))
=

∑

h,a,w

p(h, a, w, s | do(c))

=
∑

a

π(c; a)
∑

h,w

p(h)α(h, a;w)β(w; s)

=
∑

a

p(a|c)
∑

h,w

(∑

c′

p(c′) p(h|c′)

)

×p(w|h, a) p(s|w)

=
∑

a

p(a|c)
∑

c′

p(c′)

×
∑

h,w

p(h|c′) p(w|h, a) p(s|w)

=
∑

a

p(a|c)
∑

c′

p(c′)

×
∑

h,w

p(h|c′, a) p(w|h, a, c′) p(s|w)

=
∑

a

p(a|c)
∑

c′

p(c′) p(s|c′, a). �
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