
Nonequilibrium Fluctuation-
Induced Phenomena in
Josephson Junctions 
Mark M.  Millonas
Dante R.  Chialvo

SFI WORKING PAPER:  1995-03-032

SFI Working Papers contain accounts of scientific work of the author(s) and do not necessarily represent theviews of the Santa Fe Institute.  We accept papers intended for publication in peer-reviewed journals or proceedings volumes, but not papers that have already appeared in print.  Except for papers by our externalfaculty, papers must be based on work done at SFI, inspired by an invited visit to or collaboration at SFI, orfunded by an SFI grant.©NOTICE: This working paper is included by permission of the contributing author(s) as a means to ensuretimely distribution of the scholarly and technical work on a non-commercial basis.   Copyright and all rightstherein are maintained by the author(s). It is understood that all persons copying this information willadhere to the terms and constraints invoked by each author's copyright. These works  may  be reposted onlywith the explicit permission of the copyright holder.www.santafe.edu

SANTA FE INSTITUTE

 



Nonequilibrium Fluctuation�Induced Phenomena in Josephson Junctions

Mark M� Millonas���� Dante R� Chialvo�
�Complex Systems Group� Theoretical Division� and Center for Nonlinear Studies�

MS B���� Los Alamos National Laboratory� Los Alamos� NM ������ USA�
�Fluctuations and Biophysics Group� Santa Fe Institute�

	
�� Hyde Park Rd� Santa Fe� NM ����	� U�S�A�

We show that nonequilibrium current �uctuations of a certain type can give rise to net voltages in su�
perconducting tunnel junctions� This is the result of a �uctuation�induced net rate of change of the
phase di�erence of the superconducting order parameter across the junction� Various exact expressions
are derived for the mean voltage� and are evaluated explicitly in certain limits as well as by numerical
simulations� These phenomena are due to an asymmetry in the spectral properties of the current noise
which should be a fairly ubiquitous feature of nonequilibrium �uctuations in nature�

In the past year or so there has been a �urry of interest
in �uctuation�induced transport phenomena ��	 focused
on the observation that nonequilibrium �uctuations can
lead to transport in the presence of a spatial asymmetry�
�
	 It has also been pointed out that mean�zero noise of
a more complicated asymmetric type can lead to similar
phenomena even in the absence of a spatial asymmetry�
��	 Preliminary attempts have been made to apply these
phenomena to the operation of biomolecular motors� ��	
as applications of new molecular separation techniques�
�
	 to condensed matter type systems� ����	 and to un�
derstanding the kinetics of single ion channels� ��	 All of
this recent work has focused on the transport of parti�
cles along a given spatial axis� Here we show that these
types of phenomena can appear in more general contexts
by demonstrating that the �transport� of the phase dif�
ference of a quantum mechanical order parameter via an
analogous process leads to new �uctuation�induced phe�
nomena in superconducting electronic devices�
All of the previous work focused on completly sym�

metric nonequilibrium noise in the presence of a spatial
asymmetry� except for ��	� which treats slow asymmetric
periodic driving� In the present case a complete symme�
try of the underlying system �antisymmetry of the pair
current across the junction as a function of the phase dif�
ference� is imposed by time reversal invariance� and the
e�ect is due to a spectral asymmetry in the noise which
we call temporal asymmetry to distinguish it from spatial
asymmetry�
A typical superconducting �Josephson� junction con�

sists of a junction shunted by a resistance R� and driven
by a current I�t� as pictured in Fig� �� Such junc�
tions are of interest not only in terms of their technolog�
ical applications� but because of their ability to exhibit
�singly and in arrays� a number of important types of
nonlinear phenomena� including phase locking� bifurca�
tions� chaos� solitonic excitations and pattern formation�
���	 Josephson showed that electron pairs could tunnel
through a narrow insulating material between two su�
perconductors� ���	 The pair current across the junction

is given by Jp � Jc sin� where � is the phase di�erence of
the superconducting order parameter across the junction�
and Jc is a critical current� The evolution of the phase
di�erence of the current carrying state is described by
the equation

�h


eR
��� Jc sin� � I�t�� ���

where I�t� is a driving current� ��
	 Here we will be pri�
marily interested in totally unbiased driving� I�t� �� ��

V(t) R J  = J   sin φcp

I(t)

FIG� 	� Resistively shunted Josephson Junction

Of particular interest is the voltage V�t� across the
circuit� The phase di�erence is related to the voltage
according to

��t�� ���� �

e

�h

Z t

�

V �s� ds �
�

so that V �t� � �
e��h� ��� We will show that� given the
right conditions� the nonequilibrium �uctuations of ��t�
can lead to a �uctuation�induced net rate of change of the
phase di�erence across the junction� and consequently

a �uctuation�induced net voltage hV �t�i � �
e��h�
D
��
E

where the �� indicate time averages�
As a �rst example where the mechanism should be

readily grasped by the general reader we will consider

�



the rather elementary case of �slow noise�� that is�
where the time scales of the noise are signi�cantly slower
than the principle relaxation time of the system� We
set I�t� � ��t� � f�t� where ��t� is �fast� Gaussian
white noise �either thermally or externally applied� with
� ��t� �� ��and � ��t���s� �� 
D	�t�s�� and the driv�
ing f�t� is �slow noise� with mean zero � f�t� �� �� Eq�

 takes the form

��� 
j sin��� � ��t� � ��t�� ���

where � ��t���s� �� 
 �D	�t�s� with �D � ��e�R���h��D�
��t� � 
eRf�t���h and 
j � 
eRJc��h� The evolution of
the probability density for � is given by the associated
Fokker�Planck equation

�t
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h
���� t� � �D��
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��� ���

where ���� t� � �
j cos����t��� We �rst note that the
r�h�s� of Eq� � is just �rj� where j is the probability cur�
rent of the phase� The steady�state current �for constant
�� is found by imposing periodic boundary conditions


s��� � 
s�� � 
��� and normalizing
R ��
� 
s�x� dx � ��

���	 This yields an exact expression for the mean rate of
change of ��
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For ��t� which changes on time scales much slower than
the principle relaxation time of the system� the net volt�
age is found by averaging

hV i � 
e
�h
lim
���

�

�

Z �

�

D
���t�

E
dt�

Any net voltage will be due to a net bias in the �hopping�
of the phase di�erence through angles of �
�� Since
the e�ect is nonlinear in the applied force f�t�� a force
with mean zero can give rise to a net voltage if the force
is applied asymmetrically in time� Since � �� � is an
antisymmetric nonlinear function of ��t� voltage can be
expanded in a series in the odd moments of ��t��

hV i �
�X
n	�

c�n��
�
��n��

�
�

Therefore there will be a net voltage whenever any odd
moment � ��n�� ��� �� This happens even though the

net current is zero� and therefore is a �uctuation�induced
e�ect�
The net voltage in Eq� 
 can be evaluated by steepest

descents when D� � �� 

j� The result is

� V �t� ��

�
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As we have mentioned� the averaged voltage can be ex�
panded in terms of the odd moments of f�t��
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This asymmetry can also be viewed in terms of the spec�
tral properties of the noise� Any noise with a uniform dis�
tribution of phases� such as Gaussian noise� will be sym�
metric� and will not give rise a net voltage� If the phase

distribution of the spectrum is asymmetric the noise will

give rise to a net voltage�
Here the main features introduced by the temporal

asymmetry are the interplay of the lower potential barri�
ers in the positive direction relative to the negative direc�
tion �for this particular driving� and the corresponding
shorter and longer times respectively the force is felt�
These types of competitive e�ects appear ubiquitously
in systems where there is an interplay between thermal
activation and dynamics�
For arbitrarily fast noise the net voltage will be non�

vanishing whenever any odd cumulant is nonvanishing�
h�m� �t�� � � ��

mN �tn�i �� �� where
Pn

i	�mi is odd� As
our principle example we consider the only example of
non�trivial noise that �to our knowledge� can be treated
analytically� and can also exhibit temporal asymmetry�
This is a system which is driven by telegraph In�t� �Di�
cotomous� noise

��� wj sin� � ��t� ���

where ��t� � �
eR��h�I�t�� The telegraph noise has two
states�
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The transition probabilities w� from the plus to the mi�
nus state and w� from the minus to the plus state are

w� �
� � �


�
� w� �

�� �


�
� ���

This noise has mean zero � ��t� �� � and correlation
function

��t� �� ��t����� ��
D

�
exp ��t��� � ���

There are a number of stochastic processes with precisely
this correlation function� but not all of them will give rise
to a net voltage in the junction� This noise is temporally
asymmetric in the same sense as our �rst example� The
noise spends a di�erent amount of time in each state on
the average� yet the the average force is still zero�






The system is described by the set of equations ���	

�t
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where 
 � 
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�� The net voltage can easily be found
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Again imposing periodic boundary conditions and nor�
malizing ���	 we obtain
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To order
p
��D we have

�V �
�p
�� ��

p
��D

I�� �wj�D�
����

where �V � �h � V � �
e
�j � and I� is a modi�ed Bessel
function� The current is positive if � � � and negative if
� � ��

-2

-1

1

2

3

4

200 400 600 800 1000

2

4

6

8

10

time

φ/
2π

V~

FIG� �� Time series of �a� the renormalized voltage 
V � and
�b� the phase di�erence for � � ���	� � � ��� and D � 	���
The voltage time series has been averaged over a time which is
longer than the correlation time of the driving�

Fig� 
 shows time series of the voltage and the phase�
The phase steps with consistent bias in the positive di�
rection and gives rise to a net voltage� The voltage is
essentially white noise with a small net part �about ���
in this �gure� and a rather substantial variation about
this mean� Fig� � shows that the mean voltage is a
peaked function of the noise strength� This peak is due
to a cooperative e�ect between the e�ects of the noise
and the dynamics of the Josephson junction� For very
small noise the phase will not jump at all and there will
be no net voltage� For very largeD the e�ects is to �wash
out� the e�ects �both positive and negative phase jumps�
and the mean voltage again falls o�� A similar e�ect is
responsible for the phenomenon of stochastic resonance�
However� this particular phenomenon is due solely to the
property of temporal asymmetry in the noise� Fig� �
shows how the mean voltage depends on the temporal
asymmetry parameter �� The net voltage vanishes when
the asymmetry vanishes �� � ���
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V vs� noise strength D for � � ���	 and � � ����
The solid line is the theoretical prediction and the dots and error
bars are the results from numerical simulations�

We have examined just two cases here� but obviously
there are nearly unlimited examples of temporally asym�
metric noise� However� this lack of symmetrymakes their
mathematical treatment di�ucult� and we assume that it
is this di culty which has lead to the situation that the
e�ects of this type of noise have been largely ignored�
The dichotomic noise used above is a special case of

a multi�state �Kubo�Anderson� process ���	 �sometime
called the �Kangaroo processes��� There are also types
of continuous noise which can have temporal asymmetry�
Shot noise� which is also of great importance in quantum
electronics� is of this latter type� Mean zero shot noise
which is temporally asymmetric can be produced if the
frequency and amplitude distribution is slightly di�erent
for positive and negative fundamental pulses�
While in the previous work the energy was extracted in

the form of a net transport of particles� here the nonequi�
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librium e�ects of the driving are translated into the more
generic form of a net voltage� In previous papers �
�
���
��	� only temporally symmetric noise was examined�
and the e�ect vanished in any symmetric situation� as is
the case with Josephson junctions� Since many periodic
structures in condensed matter physics are also symmet�
ric� we feel that our observations here might have sig�
ni�cant practical implications� For example� temporally
asymmetry voltage �uctuations should give rise to net
currents in superionic conductors� These system typi�
cally have periodic and symmetric internal �elds� and
the e�ect would be precisely analogous to the situation
discussed here� We also believe that new information
can be obtained by driving biological ion channels with
temporally asymmetric voltage �uctuations� ��	
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FIG� �� 
V vs� temporal asymmetry parameter � for � � ���	
and D � ���� The solid line is the theoretical prediction and the
dots and error bars are the results from numerical simulations�

Temporal asymmetry and spatial asymmetry in fact
relate to the problem of nonequilibrium transport in pre�

cisely the same way� In both cases a net e�ect arrises due
to an interplay between the strength of a �uctuation� the
time it acts� and underlying dynamics� In the case of a
spatial asymmetry a �uctuation to the right with a given
strength which lasts a given time will tend to take the
system over the right�hand barrier while the same �uctu�
ation with sign reversed does not lift the system over the
left�hand barrier� In the case of temporal asymmetry the
probabilities of the �uctuations to the right and left are
di�erent� so a net e�ect arrises in the absence of a spa�
tial asymmetry� What both of them show is that even a
subtle asymmetry in the shape of the potential or in the
shape of the spectral properties of the noise will give rise
to an e�ect even when the net force due to each vanishes�
Previously all the emphasis has been put on spatial asym�
metry� but we believe that temporal asymmetry deserves
to be put on equal footing with spatial asymmetry as one
of the principle elements which� in combination with the
nonequilibrium time correlations� can give rise to a net
e�ect�

At this point it appears that the basic principles be�
hind �uctuation�induced transport type phenomena in
over�damped ohmic systems are well understood� The
lesson to be learned from all this is that any kind of bro�
ken symmetry will usually allow energy to be pumped
out of a �bath� as long as the system as a whole is not in
equilibrium� This occures at the expense of the increased
entropy of the bath� and is the essence of the �surprising�
e�ects observed in �
!
	� From the standpoint of funda�
mental physics this observation is the main signi�cance
of an understanding of �uctuation�induced transport�
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