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Phase Transitions in a Gene Network Model of Morphogenesis
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A model of biological morphogenesis is presented. The model is based in a gene-network cell
description plus the interaction among cells. Here interactions between nearest cells are due to
diffusion-like mechanisms and also to inductive, cell-to-cell interactions. The gene network properties
are studied and their relationship with previous abstract graph-based analogies are explored, showing
they are robust. An extensive analysis of random gene networks shows that spatial patterns are
common in both types of interaction but are much more common in the inductive case. These results
support the idea that evolution does not need to fine tune through a high-dimensional parameter
space, since spatial patterning is already a robust property of spatially extended gene networks.

PACS number(s): 05.45.+b, 05.40.+j, 05.50.+q, 87.10.+e

I. INTRODUCTION

A. Morphogenesis

The mechanisms underlying biological morphogenesis
have attracted the interest of biologists and physicists
alike1. As a problem of pattern formation outside of
equilibrium2 it involves the generation of spatial instabil-
ities emerging from a single cell after many cell divisions
have taken place3. In this sense, strictly speaking mor-
phogenesis is the whole set of phenomena spanning from
cell division itself to long-range patterns arising from cell-
to-cell interactions.

As a problem in evolutionary theory, understanding
how morphogenetic forces operate is acknowledged to be
a very important part of a full understanding of evolu-
tionary processes4. In this context, most previous models
of morphogenesis are based on reaction-diffusion approx-
imations involving a small number of molecular species
(what Turing called morphogens5) diffusing on a contin-
uous domain6. Turing patterns arise as a consequence of
spatial instabilities in models of the form:

∂Φ
∂t

= D∇2Φ + F(Φ) (1)

Where Φ(r, t) = (Φ1, ..., Φn) is the vector involving the
concentration Φi of each morphogen. The two terms in
the right-hand side introduce the diffusion and the re-
action parts, respectively (here r and t are spatial and
temporal coordinates, respectively).

For a finite domain (such as the embryo in early devel-
opment), the previous equations can be expanded around
the spatially homogeneous steady state (i. e. around Φ∗

such that F(Φ∗) = 0. A linear system is then obtained,
i. e.

∂φ

∂t
= D∇2φ + L(φ) (2)

where φ is the vector of the perturbations close to the
steady state and L(φ) is the Jacobi matrix, i. e. Lij =
(∂Fi/∂Φj) evaluated at Φ∗.
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FIG. 1. Example of a real gene network. It includes some
part (i.e. a directed subgraph) of the genetic net involved in
the development of Drosophila fly. The names of the genes
involved are indicated (such as ftz=fushi tarazu). Only the
connections are shown (but not their sign). Several loops can
be identified

The linearized equations can be then described in
terms of a superposition of eigenfunctions: φ(r, t) =∑

k Ckeλtφk(r) each eigenfunction φk(r) corresponding
to a given spatial mode. The stability of each mode
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is then determined by the corresponding eigenvalue λ.
The nontrivial solutions for φk(r) are obtained from the
characteristic polynomial |λI − L(φ) + Dk2| = 0. Under
a number of constraints, those modes associated with
positive eigenvalues will lead to spatial instabilities of a
characteristic wave length. Most models of Turing-like
instabilities have been constructed for the specific case
n = 2. In this particular situation, analytic solutions to
the problem are allowed to be obtained and some particu-
lar constraints to pattern formation in biological systems
have been reported. In particular, most models are based
in two morphogens with activatory and inhibitory prop-
erties and different diffusion constants. The inhibitor has
typically a much larger diffusion rate than the activator.

On the other hand, cell differentiation (the ultimate
result of the pattern-formation process at the smallest,
cellular scale) is the result of a specific dynamical pro-
cess leading to a stable set of active genes in each cell3,4.
Neighboring cells can have different sets of active genes
(although typically only a very small number of differ-
ences are observed) and thus gene network activity trans-
lates into spatial heterogeneity. An example of a spatial
pattern observed in early development of many organisms
(the formation of stripes) is shown in figure 2, where the
regions of expression of a given gene (i. e. those cells
where the gene is active) are shown as darker domains7.
The gene involved in this particular case is known as
fushi-tarazu (ftz) and is part of a complex regulatory
network (see figure 1).

FIG. 2. Spatial pattern of activity of a given gene involved
in Drosophila development (the so called fushi-Tarazu gene,
ftz; see also previous figure). The darker areas correspond to
higher levels of activity of FTZ, indicating what cells are ex-
pressing it. Cell-to-cell interactions generate this set of stripes
with a characteristic length7

Understanding regulatory gene networks is a very im-
portant step in the understanding of developmental path-
ways and their implications in evolution. Some recent
studies suggest that gene duplications have been involved
in some key evolutionary transitions8,9 such as the so
called Cambrian explosion (CE). The CE episode led to

the emergence of the basic morphological organizations
in animals and no other further event in the fossil record
generated comparable diversity of organization. Over
the last years, our knowledge about gene networks has
rapidly increased and some basic gene networks involved
in development are starting to be identified7 (figure 1).

In this paper we explore the dynamical and statisti-
cal features of a model of pattern formation involving
a gene network-level description of cell states. The aim
of our study is to analyse some of the generic features
of pattern formation using an ensemble approach where
a large number of gene networks are randomly gener-
ated. This analysis is performed in two different cases:
(a) reaction-diffusion equations and (b) inductive inter-
actions. The first case corresponds to the well-known
Turing instability problem, although here the number of
possible morphogens can be large. The second case has
not been previously explored. It involves cell-to-cell in-
teractions through membrane proteins. In spite of their
high relevance in biology, the pattern forming capacities
of inductive interactions have been largely ignored. An
example of a simple gene network involving induction is
shown in figure 2. This network, the so called Notch-
Delta system3,4, is known to be responsible for the emer-
gence of some types of spatial patterns in development
(both early and late). We can see that a number of genes
interact inside each cell and that one of them send a sig-
nal to a transmembrane receptor protein (D) which ac-
tivates another protein in the neighboring cell (N). This
activation triggers a signal, which is transmitted to the
nucleus of the next cell10.

G1

G3

N D

G2

G1
D DN

G2 G3

N

FIG. 3. Example of induction network in real morphogen-
esis (the so called Delta-Notch pathway). This mechanism
is used in different developmental pathways by the same or-
ganism (such as Drosophila). Here some genes (black circles,
G1-G3) interact within the cell but G1 and G2 also interact
through signals sent through membrane proteins (D, N)

Since inductive interactions such as the Notch-Delta
system are common in morphogenesis, we might ask what
kind of patterns can be generated by this rule and what
type of differences are observed between induction and
reaction-diffusion mechanisms.
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B. Gene networks: from dynamics to statistical
mechanics

We know that cell states can be defined in terms of
sets of specific activated genes3,4,11. Each cell type π(t)
corresponds to a given gene network state which can be
described in terms of the activity pattern displayed by
each gene, i. e.:

π(t) = {g1(t), g2(t), ..., gn(t)} (3)

where gi(t) indicates the activity level (measured in terms
of RNA or protein concentration of a given gene at time
t). Here n is the number of genes in each cell12. An
alternative (though more restrictive) description of cell
states can be obtained through a binary set of numbers
indicating whether or not a given gene is active or not.
So if we define Si(t) such that Si(t) = 1 if gi(t)) > 0 and
zero otherwise, a binary description of each cell type can
also be defined as a set

πb(t) = {S1(t), S2(t), ..., Sn(t)} (4)

This is in fact the standard definition of cell states in ran-
dom Boolean network models13 (RBN). In spite of the
fact that a continuous description is in principle closer
to the real gene network dynamics, it has been argued
that because of the strongly non-linear, saturating shape
of some well-known molecular switching models, a bi-
nary representation of the final steady states is some-
times rather good11,14,15. Also, because of the simpler
statistical treatment derived from RBN models, general
statistical features of such systems can be obtained.

If a RBN description is used, and we asssume that time
is discretized, then the discrete dynamics is given by a
set of n coupled equations:

Si(t + 1) = Λi(Si1 , ..., SiK ) (5)

where K = 1, 2, ... is the number of input units for each
gene. The Boolean function Λi gives binary outputs
which are randomly assigned with some probability P
for Λi(z) = 1 and 1−P otherwise. The set of input units
is randomly chosen for each gene. Using the previous
definitions, Kauffman showed, by numerical simulation,
that a sharp transition between a frozen and a chaotic
(damage-propagating) phase occurs at K = 2. At the
critical point several relevant properties displayed by real
gene nets (such as a number of cell types that scales as
Nc ∝

√
N and their strong stability against perturba-

tions) are recovered13,16.
In this paper gene networks are modelled by means of

a continuous17 dynamical system obeying the following

set of Ng equations:

dgi

dt
=

Φ

[∑Ng

j=1 Wijgj

]

Kθ
M + Φ

[∑Ng

j=1 Wijgj

] − µgi (6)

with i = 1, 2, ..., Ng). The negative term −µg represents
protein degradation. The chance of activation (tran-
scription) is a saturating function of Hill type. Here we
use Φ(z) = z and θ is set to one. The system can be
further simplified by re-scaling it using the parameter
δ ≡ 1/(µKM):

dgi

dt
= δ

∑Ng

j=1 Wijgj

1 +
∑Ng

j=1 Wijgj

− gi (7)

If
∑

j Wijgj < 0 then the system (2) is reduced to
dgi/dt = −gi (i. e. if only inhibition from other genes is
allowed, the only mechanism at work is degradation).

C. From genes to tissues

The next step in the study of development is the con-
sideration of gene networks as part of a larger system: a
set of coupled cells. In his early paper5, Turing used a
discretized version of the spatial domain as a set of cells
arranged on a one-dimensional array. The connection-
ist model developed by Mjolness, Sharp and Reinitz18

(MSR) also considers this discretization and it is the ba-
sic description used in this paper. The MSR model has
been used to provide a systematic method for discover-
ing correlations in experimental data on gene expression
in developmental processes. This is in fact a generalized
reaction-diffusion model with sigmoidal saturation. The
basic model is defined by a set of differential equations:

dgij

dt
= −λigij + Φ

[ Ng∑
l=1

Wjlglj + θi

]
+ Di∇2gij (8)

where: (a) the concentration of the j-th gene prod-
uct in the i-th cell is indicated by gij ; (b) interactions
among genes are described by means of a random ma-
trix Wjl with both positive and negative values; (c)
thresholds in the gene response θi are considered and
(d) diffusion between nearest cells takes place at a rate
Di and is described by means of the last term (the
Laplacian) in the previous equation. The function defin-
ing the interactions among genes, Φ(z), is assumed to
be a sigmoidal one. Specifically, the MSR model uses
Φ(z) = 1/(1 + exp(−µz))−1 but other choices lead to
similar results.

In this paper a similar approximation than one used in
the MRS model will be explored. In section II, the sim-
ple gene network model will be presented and analysed.
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In section III, the spatially extended model, involving
both reaction-diffusion (i. e. Turing-like patterns) and
inductive interactions, will be presented and analysed.
In section IV the obtained results are discussed and the
biological implications will be outlined.

II. GENE NETWORK MODEL

Let us first consider some general features of the single-
cell genetic network before to explore the general, multi-
cellular system. They will also be useful in order to gain
some intuition about the spatially extended model. The
gene network will be described by a set of Ng differential
equations:

dg1

dt
= δ

hi

1 + hi
− gi (9)

where hi ≡
∑Ng

j=1 Wijgj is the local field associated to the
i-th gene in the net (i = 1, 2, ..., Ng). In our simulations
we used random initial conditions. The networks were
constructed by giving a random value to the strenghts
Wij ∈ [−1, 1] to K randomly chosen elements for each
gene.

0.35 0.60 0.85
g(t)
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15
)

FIG. 4. An example of a strange attractor obtained from
the gene network model with random wiring. Here a
fully-connected Ng = 10 gene net has been used. Here one
of the gene concentrations has been plotted using a lagged
cordinate representation with a time delay τ = 15)

This model is shown to exhibit all expected types of
dynamical behavior, from fixed points and limit cycles
to chaos. An examples of a strange attractor is shown in
figure 3.

A. Two-gene networks

As mentioned at the introduction, most classical model
of morphogenesis involve the presence of only two mor-
phogens. Thus an overall analysis of the minimal case of
nets with only two genes is a good starting point. The
simplest case in our model is the two-gene system with
no self-interaction, described by

dg1

dt
= δ

W21g2

1 + W21g2
− g1 (10.1)

dg2

dt
= δ

W12g1

1 + W12g1
− g2 (10.2)

where no self-interaction is allowed to occur. The fixed
points are easily found, together with the trivial fixed
point, P ∗

0 = (0, 0) we get a second nontrivial point
P ∗

0 (g∗1 , g∗2) given by:

g∗1 =
α

W12 + Ω
; g∗2 =

α

W21 + Ω

whose stability can be easily determined. Here Ω =
δW21W12. The eigenvalues associated to the Jacobi
matrix for this system are, for P ∗

0 = (0, 0) : λ± =
−1 ± δ

√
W12W21 and thus this point will be stable if

δ
√

W12W21 < 1. There is an exchange of stability and
P ∗ becomes stable when the previous condition holds (i.
e. a transcritical bifurcation takes place).

When self-interaction is also considered (i. e. Wii 6= 0)
several attractors can be present as a consequence of the
competition between positive feedbacks and mutual in-
hibition. One particular case is given by networks such
that the matrix of connections W = (Wij) is of the form:

W =
(

γ β
β γ

)
(11)

with β ∈ R and γ > 0. In other words, when there is
self-activation by both genes plus cross interaction which
can be positive or negative. The later is a very common
situation in real morphogenetic processes and is strongly
related with the process of competition between species
in ecosystems19.

The stability analysis of this general problem can be
performed by using the general Jacobi matrix:

L =
(

αδ/ε212 − 1 αβ/ε212
αβ/ε221 αδ/ε221 − 1

)
(12)

where εij ≡ 1 + αg∗i + βg∗j . For β > 0, the mutual re-
inforcement between both genes leads to the same state
(indicated as homogeneous in figure 5). Here g∗1 = g∗2 =
[δ(α + β) − 1]/(α + β) and it is stable (this point dis-
appears at β = (1 − δγ)/δ. For β < −1, the self-
interaction is unable to sustain gene activity and it de-
cays to zero. Finally, an interesting domain is observed
for (1−δγ)/δ > β > 0, where three attractors are present

4



(the previous one, where both coexist and two exclusion
points). In (B) we show an example of the flow field for
the 3-attractor domain. We can see that there are three
basins of attraction associated to each possible final state
(fixed point)
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FIG. 5. (A) bifurcation diagram for the two-gene network
model (10) with the matrix (11). Here δ = 2 and γ = 1. Three
basic domains are involved (see text); (B) flow diagram of the
model for β = −0.15, in the three-attractor domain (indicated
as 3stable in A)

These results, in particular the presence of multiple at-
tractors for some parameter ranges are specially impor-
tant within the context of development. In many cases
the behavior of cells that become differentiated is very
similar to that of a switch. By depending on initial con-
ditions or external perturbations (which might emerge
from some other genes in the networks) the system can

reach one or another basin of attraction and thus a dif-
ferent final state.

B. Loops of gene activation

The second important example to analyse are those
gene networks composed by a numer of genes forming a
closed loop. Given the definition of our model, such a
loop necessarily requires activatory inputs from gene to
gene (otherwise the loop will break at the level of the
inactive gene). The relevance of gene loops has been
highlighted by many authors within the context of gene
regulation11,20. General statistical arguments concerning
the structure of random networks shows that although
some amount of hierarchical organization can be present,
genomic regulatory architectures are likely to be rich in
feedback loops20.

For randomly-generated loops, some general properties
can be obtained from linear stability analysis. A single-
loop structure involving Ng genes is given by

dgi

dt
= δ

Wi−1,igi−1

1 + Wi−1,igi−1
− gi ; i = 1, 2, ..., ng (13)

where we assume that gn+1 ≡ g1. Two basic stationary
states are found: the trivial point P0 = (0, 0, ..., 0) and
the active loop state, g ≡ (q∗1 , ..., g∗i , ..., g∗Ng

). The non-
trivial point can be obtained from the whole set of the
dgi/dt = 0 equations and, after some algebra, leads to:

g∗i =
δn

∏n
i=1 Wi,i+1 − 1

Wi,i+1

[∑n−1
k=0 δk

∏k
j=1 Wi+j,i+j+1

] (14)

Now the stability of the fixed points can be determined
by analysing the Jacobi matrix L(P ∗) = Lij , (i, j =
1, ..., Ng) whose components are now:

Lij =
∂ġi

∂gj
= −δij + δi,i−1

δWi,j

[1 + δWi,jg∗i−1]2
(15)

Thus the Jacobi matrix has the following form:

L(g∗) =



−δ 0 0 . . . 0 c1

c2 −δ 0 . . . 0 0
...

...
...

...
...

0 0 0 . . . cNg −δ


 (16)

The eigenvalues associated with this matrix are given by:

λk =
( Ng∏

j=1

cj

)1/Ng

e2πik/Ng − δ (17)

for k = 0, 1, ..., Ng − 1. The stability of the fixed point is
determined from the largest eigenvalue λ0, i, e. from the
inequality:

λ0 =
( Ng∏

j=1

cj

)1/Ng − δ < 0 (18)
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FIG. 6. Probability of having active loops (black squares)

and mean-field average loop activity G∗ (as defined in (20)).
Calculations have been averaged over T = 103 steps after 103

transients are discarded, and averaged over 2500 replicas. The
loops involve Ng = 50 genes. Initial conditions are randomly
generated as well as the values of the connections Wi,i−1, both
from uniform distributions

Some interesting statistic information can be obtained
by using the average value of the connection inputs, i.
e. ω+ =< Wij >. Using this approximation, we have
g∗i = G∗ (all concentrations equal). In this case, the
non-diagonal components will be

Li,i−1 =
δω+

[1 + ω+G∗]2
(19)

Again, the trivial and the nontrivial fixed points will ex-
change their stability, thus we can just calculate the sta-
bility boundaries of the trivial one. For this point, the
previous equation gives Li,i−1(P ∗

0 ) = δω+ and the cor-
responding eigenvalues are simply λ = −1 + δω+. Thus
the nontrivial point will be stable if δω+ > 1. Besides,
the g∗i are easily calculated:

g∗i = G∗ =
δn(ω+)n − 1

ω+
∑ng−1

j=0 (δω+)j
(20)

The mean field average activity G∗ of these loops and
their probability of appearance is shown in figure 6 for
Ng = 50. Here the weights Wi,i−1 ∈ [0, 1] have been
randomly generated.

C. Random networks

The third particular case to be explored here is the
random genetic network. Here genes are connected at
random, with an average number of K connections per
gene. An extensive literature on random Boolean net-
works has shown that a number of generic features are

characteristic of these nets as a consequence of the pres-
ence of phase transition phenomena in graphs20. A clas-
sical theorem by Erdös and Renyi21 showed that a ran-
dom, nondirected graph with N nodes displays a phase
transition as the total number of links M are such that
η = M/N > ηc = 0.5 (assuming N very large). Once
the critical point is reached, a single giantic component
containing most of the nodes emerges, leaving only a few
isolated nodes.
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FIG. 7. Phase transition in the random gene network
model, as described by (r). In (A) the number of activated
genes M(K) at t = 103 after a single gene is activated at
t = 0 for different connectivity K. Two cases are shown: for
Ng = 50 (white circles) and Ng = 75 (black triangles). Here
the calculations are made by randomly generating the gene
network and randomly choosing the activated gene (all other
genes are set to zero). The average is made over 102 replicas.
(B) Power law of activation avalanches in the random gene
model for K = 2. The exponent of the power law is τ = 1.25

The Erdös-Renyi result can be extended to directed
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graphs. Now the transition occurs at ηc = 1. This result
was analysed by Kauffman within the context of genetic
regulatory networks20. He computed several relevant sta-
tistical quantities such as the total number of descendants
from each point in the graph, the fraction of loops or the
length of feedback loops. There is a well defined phase
transition that is revealed by the number of descenden-
dants nd. For η < ηc on average each gene influences
no other gene, or at most very few (nd ≈ 0) and for
values beyond the threshold genes beging to have many
descendants.

It is worth mentioning that Kauffman’s analysis was
performed on the directed random graph with no explicit
introduction of gene activities. In this context one might
suspect that the relevance of these results to real gene
networks is flawed since a given gene can be inactive and
therefore does not contribute in the computation of the
number of descendants. It is thus important to test if the
implications of the directed graph approach to regulatory
networks is consistent with our model.

0.0 0.2 0.4 0.6 0.8 1.0
p

+  

0.0

2.0

4.0

6.0

8.0

K

ACTIVE 
NETWORKS

INACTIVE
NETWORKS

FIG. 8. Phase space of the random gene network model
showing the two basic domains of active and inactive nets.
The critical line Kc = 1/p+ separates the first phase where ac-
tivity is maintained from the second where all genes are OFF.
The black circles are averages over simulations performed us-
ing Ng = 75 random nets. Here we start with a given p+ and
run different simulations with increasing K values (each K is
repeated 50 times). The first value of K leading to an active
net (with at least two active genes) is used as an estimation
of Kc

Instead of looking at the network as a directed graph,
we estimate how many genes are activated when a sin-
gle gene is ON at t = 0 (i. e gi(0) 6= 0) and the others
are OFF (gj 6=i(0) = 0). In this way we measure the

effects of activation cascades through the net and take
into account that OFF genes cannot propagate their ac-
tivity through their descendants. We have found that
Kauffman’s results are robust, although some (easily ex-
plained) differences arise.

In figure 7.a we plot the average number of activated
genes for different K values. We can see that a phase
trasnition occurs at Kc = 2. This is shown for two
network sizes (Ng = 100, 200). The transition point is
easily calculated from a percolation argument. Let p+

the probability of having a positive connection (i. e.
p+ = P [Wij > 0]). The number of outputs from a
given gene no that will eventually activate another gene
is no = Kp+. The minimal condition for propagation
requires no = 1 thus the critical connectivity will be
Kc = 1/p+ which gives Kc = 2 for our random case. The
directed graph value Kc = 1 is obtained at p+ = 1 (i. e.
when all arrows propagate the activity). The transition
point is characterized by power-law distributions of acti-
vation cascades, as shown in figure 7.b. We have found
that the size distribution of this cascades (n) follows the
scaling relation:

Na(n) ≈ n−αe−n/ξ

where α ≈ 1.25 and ξ ≈ Ng/2. Thus together with the
scaling at Kc = 2 we get a cut-off at a characteristic value
of half the number of genes in the network.

This result allows to plot a phase space for this sys-
tem defining the domain where no activity can be ob-
served to the gene nets where activity propagates and
at least a fraction of the genes remain active. This
is shown in figure 8, where the estimation of the criti-
cal boundary Kc = p+ is also shown. This plot looks
similar to the phase space of RBN, where the two do-
mains (frozen-chaotic) are separated by the critical curve
Kc = 1/2p(1−p) (where p is the bias of the Boolean func-
tions, as defined at the introduction). Hovewer, it is dif-
ferent since here the percolation argument used to calcu-
late Kc(p) only requires propagation of activity through
a positive link instead of leading to a change of state (as
it occurs with RBN16).

Kauffman also analysed the frequency distribution of
descendants, finding that as η increases it displays a
strong qualitative change20. The same results are ob-
tained in our study (figure 9). At the subcritical regime,
the distribution is unimodal but is replaced by a bimodal
one at the supercritical regime. This is easily interpreted:
Once interconnected loops form, all the genes on the
loop(s) have one another as descendants, as well as all
genes lying on tails descendant from the loops. The set of
genes on these interconnected loops can eventually reach
all the other genes on those loops and thus these genes
constitute the strong component of the regulatory net.
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FIG. 9. Frequency distributions of activated genes for a
random network with Ng = 50 and different connectivities
K. For small values of K (K ≤ 2) skewed, unimodal distri-
butions are observed (A). However, as K is further increased,
a bimodal distribution emerges (B-C). The height of the peak
associated with large number of activations increases as the
number of descendants grows

In summary, our random network model, involving a
continuous dynamical description of gene activity, shares
all the basic properties observed in more generic descrip-
tions such as those based on random directed graphs. It is
interesting to note, however, that the critical boundaries
associated with the transition to an active set of genes
are not necessarily linked with an order-chaos transition.

III. SPATIAL GENE NETWORK MODELS

We have seen that the gene network defining the cell
state shows some robust features in common with those
reported from the analysis of random graphs. The next
step involves a deeper analysis of its implications for mor-
phogenesis. It is worth mentioning that in spite of the
huge variety of patterns displayed by biological organ-
isms, they diversity is known to be limited. This is spe-
cially clear at the level of early development where the
so called developmental constraints more clearly operate.
Dynamically, we can see that gene expression takes place
in terms of gradients, stripes, spots and other well-known
structures familiar to pattern formation theorists. And
the available evidence strongly suggests that mechanisms
such symmetry breaking, phase separation or Turing in-
stabilities are at work22.

It has been claimed that the universal features exhib-
ited by these regulatory networks can be translated into
the observed properties exhibited by cells in tissues13. A

natural extension of these ideas is to construct models of
pattern formation based on a gene network description of
cells, allowing cells to comunicate among them. Follow-
ing the connectionist approach by MRS, we will present
two different models of pattern formation involving two
types of cell communication.

A. Classes of patterns generated

Here each cell will be defined as a set of genes with a
given activity state. Now we consider the set of Nc×Ng

variables (here Nc is the number of cells. The set {gab(t)}
(with a = 1, ..., Nc and b = 1, ..., Ng).

Two basic types of cell-to-cell comunication are con-
sidered. The first is the induction-like communication
(called the induction model (IM)) and the standard
reaction-diffusion model (RDM). A simple schematic rep-
resentation of the IM model is shown in figure 10. Here
zero-flux boundary conditions will be used for both mod-
els. For this particular model, two sets of connections
are required: (b) the matrix Wmn(m, n = 1, 2, ..., Ng),
as previously defined (i. e. involving intracellular gene
interactions) and (b) the cell-to-cell gene interaction ma-
trix, Cmn(m, n = 1, 2, ..., Ng) which specifies the weight
of the interactions between the m−th and the n-th gene
through membrane receptors.

anterior posteriori i+1i-1

i-th cell (i+1)-th cell

a b

c c

a b

r
r

r

FIG. 10. Gene network model with inductive interactions:
genes interact in two different ways. First, intracellular in-
teractions takes place among genes inside the cell if they
are connected by the W matrix. Second, genes can inter-
act through membrane receptors (the squares labeled with
“r”) if allowed by the second matrix C. Here the organism
is a one-dimensional string of cells (thus zero-flux boundaries
must be used)

If we indicate by

hli(t) =
Ng∑
j=1

glj(t) (21)

the internal (intracellular) field acting on the i-th gene
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at the l-th cell, then the IM dynamics can be described
by means of:

dgli

dt
= δ

hli +
∑Ng

j=1 Cij [gl−1,j + gl+1,j ]

1 + hli +
∑Ng

j=1 Cij [gl−1,j + gl+1,j]
− gli (22)

The second model is a standard reaction-diffusion
model but keeping the cell-level description(as in the
early Turing’s paper5 and in MRS model). Thus the
basic equations are simply:

dgli

dt
= δ

hli

1 + hli
− gli + Di∇2gli (23)

where Di ∈ [0, 1] is the diffusion rate of the i-th mor-
phogen and is randomly generated. The operator ∇2 is
implemented in our discrete space model as

∇2gij =
1

∆x2
(gi+1,j + gi−1,j − 2 gi+1,j) (24)

Here we normalize ∆x2 = 1 and zero-Flux boundary con-
ditions are used.

1

2

2

1

w
12

w
21

c
21

12
c +

+

+

+

+ +

- -

FIG. 11. Basic two-gene network responsible for gradi-
ent-like patterns in the IM. Here there is an internal loop
with a positive and a negative connection and a positive in-
duction towards nearest cells. In order to get the gradient,
the two Cij need to be small compared with the Wij . Here
the vertical dashed line indicates the separation between two
neigboring cells

Both types of model display a broad range of spatial
patterns. In the reaction-diffusion version of the gene
network model, gradients, Turing patterns or spatiotem-
poral chaos are observable, such as in most previous
studies23. The IM is different in several ways, but it
also displays some characteristic patterns. The observed
patterns can be easily organized into the following set of
qualitative structures:

(A) Spatially homogeneous states: very common for
small gene networks but became rare as Ng increase.

They are typically a consequence of the predominance
of positive connections. In the first case several genes
become active over all the spatial domain. The second
involves the complete supression of gene activity.

(B) Gradient-generating: this is one of the simplest
patterns formed (and common to early development,
where initial gradients trigger further genetic activations
and developmental reorganizations). Typically it arises
from the cell position where the first gene is activated.
For the reaction-diffusion model, the simplest case is
given by a non-interacting gene with positive feedback:

dgli

dt
= δ

Wiigli

1 + Wiigli
− gli + Di∇2gli (25)

with Wii > 0. For the IM model, two genes are re-
quired to obtain a gradient. The basic gene network
module leading to gradients is obtained for Ng = 2 and
is shown in figure 11. It is based in the intracellular
self-reinforcement of two genes through intercellular in-
duction plus an intracellular loop where a positive and
a negative connection is present. The inductive connec-
tions must be small compared with the intracellular in-
puts (typically Cij ∼ O(|Wij |/10). Otherwise, the spa-
tial range of cells affected by the genes involved is reduced
up to a single cell.
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FIG. 12. Basic gene network leading to a single stripe. As

in figure 10, but now the inductive interactions are of differnt
sign (and with a weight comparable to the Wij connections

(C) Single stripes: they involve one or a few cells shar-
ing a non-zero gene concentration. The basic, most com-
mon gene net leading to single stripes is shown in figure
12. These are also common patterns that become less
and less common (as stable structures) as the number of
genes increases in both types of models. In this sense,
a very common situation is the transient formation of a
single stripe that is later depleted by the action of other
genes in the network. This is also common in real devel-
opmental processes. For large-Ng nets, it is not uncom-
mon to observe the later recruitment of the same gene
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after a transient (see figure 13).
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FIG. 13. Complex patterns of gene recruitment: after a
gene activation takes place, a transient increase in gene con-
centration is observed, followed by a strong depletion. The
gene is re-activated later on (at t ≈ 33) through further in-
teractions with other genes in the network. Two new stripes
are formed close to the two system boundaries
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FIG. 14. Basic simple network of gene interaction leading
to the stripe pattern. It works through lateral inhibition (here
no self-interactions are allowed). The two genes inhibit each
other inside the cell (i. e. W12, W21 < 0) but activate each
other through cell-to-cell interaction (i. e. Cij , Cji > 0). Here
the dashed line indicates the cell membrane. The arrows cros-
ing it are thus those responsible for inductive phenomena

(D) Small-stripe patterns (chess-board): in this partic-
ular (but very common) case, some genes display a ON-
OFF-ON ordering through all or part of the cell array (i.

e. we have gli = 0 and gl+1,i > 0). This corresponds to
the Delta-Notch induction mechanism discussed at the
introduction and is characteristic of the IM (but not ob-
served in the RD model). It is easily explained through a
lateral inhibition mechanism, and the simplest gene net
leading to this stripe pattern is shown in figure 14: two
genes inhibit each other inside the cell but the activate
each other through the membrane receptors. When us-
ing more complex networks (i. e. Ng > 2) displaying
small stripes, the same basic circuit is present, although
some intermediate genes can be at work. In figure 15 an
example of the spatial pattern is shown.
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FIG. 15. Stripe pattern: it is one the most common pat-
terns observed in the IM. The final state is stable and indepen-
dent on initial conditions, with a characteristic ON-OFF-ON
distribution of genes

(E) Turing patterns/larger stripe pattern: these are
characteristic of the RD model, but similar structures
can be formed in the IM. Here the typical example is
a standard set of stripes (with a width larger than one)
with a characteristic length scale. As expected from Tur-
ing instabilities, these patterns do not depend (typically)
on the initial condition (the specific site where the gene
is activated).

(F) Oscillatory and chaotic patterns: as the number
of genes and/or connections increases, so the probabil-
ity of finding unstable patterns. Homogeneous oscilla-
tory patterns, travelling waves or spatiotemporal chaos
for example are easily found for both models at high K
values. Although these pattens are unstable and we have
mainly discussed about stable spatial patterns (as those
involved in early morphogenesis) it should be noted that
such patterns are typical in sea shells24. An example is
shown in figure 16.
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FIG. 16. Example of nonstationary pattern in the in-
duction model: here the dynamics is very complex, with
low-dimensional chaotic fluctuations in gene activity

Combinations of these basic mechanisms can be ob-
served in many cases. For example, half of the cell array
can appear homogeneous and the rest show a stripe pat-
tern. But in that situation the gene net active in the first
part corresponds to some homogeneous case and the sec-
ond to one of the stripe-like networks. In other words, ex-
tensive computer simulation of randomly generated net-
works shows that combinations of spatial patterns can be
mapped into combinations of the basic gene nets25.

B. Statistical analysis

A relevant question that can be at least partially an-
swered (given the specific assumptions of our models) is
how common are patterns in a gene-network-based de-
scription of cell states and cell differentiation. Some au-
thors, such as Goodwin, Murray and Kauffman26 have
asked the question of how robust is morphogenesis or,
in other words: how common are spatial patterns within
the ensemble of possible patterns definable in a given pa-
rameter space? Kauffman already conjectured that since
Turing patterns require rather simple forms of self- and
cross- excitation and inhibition, the volume of parame-
ter space allowing spatial instabilities would be reason-
ably large20. Our work shows that, indeed, once a given
threshold of network complexity is reached, patterns are
relatively common and no fine tuning is required.

An additional relevant result of our statistical analy-
sis is that the frequency of patterns generated by induc-
tive interactions is larger than in the RD counterpart.
This is a general trend and the average over 106 fully
connected networks is shown in tables I and II for the
IM and the DM respectively. In these tables, the fre-

quency of homogeneous, stable and unstable patterns for
the inductive model using different Ng are shown. Here a
Nc = 10 one-dimensional system was used. These results
were obtained by averaging over 106 randomly generated
networks. The initial condition was a randomly chosen
active gene at the first cell. In order to determine if a pat-
tern was formed and its stationarity, two basic entropy
measures were used. The first involves the final pattern, i.
e. the distribution of gene activites in space gli(T ) where
T = 103. Using a Nb-bin partition of the range of values
displayed by the each gene (i. e. gmax

i > gli > gmin
i ) the

spatial entropy for each gene was computed as follows:

Hs(i) = −
Nb∑
j=1

P (gji ∈ Bj) log [P (gji ∈ Bj)] (26)

where gji ∈ Bj indicates that gji belongs to the Bj-th
bin (here Nb = 15 was used. In order to avoid undesir-
able transient effects, we consider that a gene is inactive
(in all cells) if gli < 10−6. If Hs(i) > 0 for some gene, a
pattern has been found.

In order to see if the non-uniform pattern is stable in
time, another measure is used. Here we compute the
time fluctuations of the total concentration of each gene,
i. e. Gt(i, t) =

∑
i gji(t). Again, a a Nb-bin partition is

used and the probabilities of finding a given gene in each
bin are computed. A new set of probabilities are thus
obtained, {PT (i)}, (i = 1, ..., Ng). The temporal entropy
Ht(i) is calculated for each gene. If it is positive for some
gene, it means that time-dependent fluctuations were at
work and thus the pattern is unstable.

Ng Homogeneous Stable Patterns Unstable patterns

4 0.910 0.090 0.000
10 0.898 0.091 0.011
20 0.818 0.153 0.047
30 0.592 0.288 0.120

Table I: Inductive network

Ng Homogeneous Stable Patterns Unstable patterns

4 0.946 0.006 0.048
10 0.728 0.083 0.189
20 0.493 0.106 0.401
30 0.268 0.110 0.622

Table II: diffusive network

An extensive analisis of the generation of spatial pat-
terns in the parameter space (K, C) shows clearly where
the differences in the frequency of patterns come from.
For the inductive case, the network of connections involv-
ing the link between genes at different cells is in reality
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of the same sort than the gene-gene interactions inside
the cells in the model.
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FIG. 17. The two sphase spaces of the pattern-generating
networks. Here the two domains where spatial patterns can
or cannot be observed are shown for the diffusion (A) and
the induction (B) models. The black circles are the re-
sults of averaging over 500 runs of computer simulations with
Nc = 14, Ng = 30 for different (average) K values. Here
for each K the first value of the intercellular connectivity C
leading to at least one spatial pattern was estimated. For
the diffusive case, no patterns were observed for K < 2, as
expected (see text)

As a consequence of the definition of interaction in the
inductive case, the critical condition for gene activity is
given by K + C = 2 (for p = 1/2) and since the presence
of active genes is a necessary condition for patterns, it
is also the critical condition for pattern formation in the
inductive case. However, for the diffusive case spatial in-
stabilities require, as expected, at least two morphogens

in order to generate a pattern. Thus one condition is
that K > Kc (activation of genes) and a second one is
C ≥ 2. This leads to a more restricted domain in phase
space. The two cases are shown in figure 17.

IV. DISCUSSION

In this paper we have presented a statistical analysis
of a gene network model of morphogenesis involving two
basic mechanisms of cell-to-cell interactions: diffusion of
molecules and inductive interactions (through membrane
receptors). The main results are summarized as follows:

1. Previous results on genetic networks derived
from random, directed-graph arguments have been
shown to be robust. The critical connectivity al-
lowing to propagation of gene activity through the
net has been derived from a simple percolation ar-
gument which gives a relation Kc = 1/p+ between
connectivity and fraction of positive connections.
As expected, the number of activated genes follow-
ing a single activation follows a power-law distribu-
tion at criticality. As we move into the supercritical
phase (i. e. at K > Kc), a bimodal distribution
is observed, also consistently with previous random
graph arguments.

2. The spatially-extended model, both in the DM and
the IM cases, shows a wide variety of patterns. Al-
though complex combinations of stripes and gra-
dients can be observed, they are the result of the
combination of some basic patterns generated by
some simple gene nets. Patterns can be easily clasi-
fied into a finite number of structures. Some of the
patterns, such as the stripe structure in the IM are
both common in the model and in the development,
where the basic lateral inhibition process observed
in the model is also at work.

3. Patterns are common. In spite of the random char-
acter of the network wiring, a large fraction of
systems display spatial structures. This has non-
trivial consequences for the understanding of the
evolution of development: our analysis shows that
spatial patterns are rather easy to be found and not
restricted to small spots in parameter space.

4. Although the same basic range of patterns are gen-
erated by both types of mechanisms, some differ-
ences arise both in the frequency of specific types
of patterns and in the absolute number of patterns
formed in each case. For the fully-connected net-
work, we have found that the frequency of patterns
increases with the number of genes in the network.
But the fraction of stable patterns (which is prob-
ably the most interesting quantity from the point
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of view of early morphogenesis) in the IM is twice
the observed in the DM. Also, increasing the num-
ber of genes leads to a fast increase in the number
of unstable patterns in the reaction-diffusion model
that is not observed in the inductive case.

These results can be of interest in understanding how
the current gene regulatory networks are wired and how
they evolved to the basic types of networks that we start
to know in detail. It is well known that there is a consid-
erable conservation of clusters of regulatory genes that
play a major role in development. These sets of genes
are shared by most groups of organisms and show both
hierarchical and modular organization. If the previous
results can be extended to the real gene networks, then
some interesting consequences can be outlined. One is
that, as has been conjectured for gene nets20, the target
of selection would operate not on single-gene level struc-
tures but also on the available structure already existing
in the high-dimensional parameter space defined by our
model equations.

Finally, it is worth mentioning that since inductive in-
teractions are much more robust in their likelihood of
generating spatial structures, they might actually have
played a major role in development. Although gradients
are widespread in early development, it is perhaps reason-
able to expect to find, in future studies, that induction is
a much more common mechanism in real morphogenesis.
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