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Abstract

We describe work in progress on using time series data output from dy-
namical systems to determine information aboutf phase manifolds. Purely
from estimates of the probability density of observations, it turns out
to be possible in principle to determine the dimension and genus of the
manifold. We also show experimental evidence that our methods may
be useful for fractal attractors which have nearly integer dimension and
are well-approximated by smooth objects such as smooth manifolds with
boundary or branched manifolds. Our methods do not use embedding
and do pot require knowledge of dimensions or choice of time delays or
projections.

1 Introduction

Often, data from a dynamical process is only available as a single scalar
measurement even although the phase space of the system is high di-
mensional and may be non-Euclidean. The standard way to handle this
problem is to use the embedding theorem [11, 15, 13, 9] and this very
powerful result has revolutionised nonlinear data analysis, allowing the
calculation of statistics such as fractal dimension [6, 5, 1] as well as the
building of dynamical models [3, 4, 2, 7, 8].

A problem that arises whenever embedding is used is how to construct
a good embedding. It would be useful to know in advance the dimension
of the phase space® for the dynamics; other information, such as mani-
fold type, would be useful in construction of qualitative (say, geometrical)
models of the action of the dynamics which may sometimes be more in-
formative than black-box quantitative models.

In this paper we use an approach which is independent of embedding
and does not require choice of embedding dimensions, lags, projections
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and so on. It gives information about the manifold type if the dimen-
sion is known, and in principle can give information about the dimension
too. The paper is to an extent a report on work in progress, since the
proofs are fairly complex as well as new and it is not yet clear whether
one can improve the practical usefulness of the approach; consequently,
we concentrate here on noise-free data available in reascnable quantities.
We do, however, show some evidence from computer experiments that
the method works well in the case for which the theorem was originally
designed, namely compact smooth manifelds, and may be extensible to
other cases, including certain fractal objects.

The long-term aim is to try to find dynamical signatures, which allow a
(crude) classification of systems in a simple way. The approach is comple-
mentary to embedding approaches insofar as it provides separate evidence
that the phase space has been correctly identified, and in particular it is
complementary to other attempts to identify manifolds using embedding
plus triangulation [8].

In the rest of the paper we describe the assumptions we make about
the dynamical system and the time series of measurements, and state the
basic theorem in the case of compact orientable two-manifolds. Then we
discuss some of the background and give a brief plausibility argument
for the theorem. Following this are some examples of the theorem in use.
Finally, we show somne experiments on atiractors which are approximately
manifolds, althongh with features that go beyond those in the theorem.

2 Manifolds from data

In this section we outline recent work by Noakes [10] which makes it pos-
sible in some circumstances to identify manifold type and dimension from
data. The approach is to regard a measurement from a dynamical system
as a function of the state, and to assume the function is well-behaved.
If we have a trajectory, or a set of trajectories, such that the collection
of all the states covers the phase manifold uniformly, then, as is known
from embedding theory, well-behaved functions of the states preserve cer-
tain information. Surprisingly, some of the information—in particular,
the manifold type and dimension—survives even drastic surgery such as
replacement of the time series by a density estimator.

A time series on a smooth manifold M (without boundary) is a se-
quence S = {r, : n > 1}. Let f : M — R be a smooth map and write
T for the time series {yn = f(zn) : » > 1} on R. Suppose we have a
situation where M (and therefore f) and also S is unknown. Can we say
anything about the geometry of M by observing T'?

Of course, when f is constani, we cannot. But most maps are not like
that: in fact, an open dense set of smooth maps f is restricted Morse in
the following sense.

1. Call z; € M regular when there is a system (u, v} of local coordinates
near z; in which f takes the form f{u,v) = u. When z is not regular



call it a critical point of f.

2. Call z; € M a nondegenerate local minimum when there is a system
{u, v) of local coordinates near z; in which f takes the form

flu,v) = 4+ v°.

Call z; € M a nondegenerate local marimum when there is a system
{u,v) of local coordinates near z; in which f takes the form

fu,v) = —u® — %,

3. Bay that z; is a nondegencrate saddle when (u,v) can be chosen so
that
flu,v) =u® — o7,

We call f restricted Morse when it is one-to-one on its set C of critical
points, and these critical points are either nondegenerate local mazima or
nondegenerate local minima or nondegenerate saddles.

Let f be restricted Morse. Then f has only finitely many critical
points, and the integer

x(M) = #(local minima) + #(local maxima) — #(saddles), (1)

called the characteristic, is independent of f and depends only on the ge-
ometry of M. If M is orientable (which we assume), (M) determines M
up to smooth homeomorphisms. For example, in the case of any manifold
M diffeamorphic to a sphere it turns out that x{M) = 2, while for a torus,
x(8* x §') = 0. In fact, for a two-manifold, 1 — x/2 is the number of
handles.

IfA: N — M is a smooth homeomorphism, then T might also come
from S = {En =h'Tn:n> 1} by means of the map f = f o h. So we
cannof expect to be able to determine much more about M from the time
series than the information given by x(M).

This problem, and others, are discussed in [8] in greater detail in the
context of manifold triangulation. The present discussion is less ambi-
tious but may be useful in cases where triangnlation metheds fail for any
of a number of reasons; it is also interesting as a method in its own right,
since the approach appears to be novel, and may be extensible. One lim-
itation in the present discussion is that S should be more or less uniform
with respect to Lebesgue measure; we accept that measures supported
by fractal sets are needed in some applications, and we discuss this later.
A less essential limitation is that we restrict ourselves here mainly to 2
dimensional manifolds.

Although the time series T does not give much information about M,
we are actually going to throw some away. We forget about the ordering
of T, so that it becomes an unordered set of real numbers. On the face of
it, there is not a lot we can do now except perhaps construct a histogram
or ather density estimator for T. For this paper, we are only going to look
at histograms and a closely related estimator.



Suppose that the 2y, are realisations of a random variable X described
by a never-zero smooth density f on M with respect to a smooth never
zero area form p. Then yn = f(zn) is representative of ¥ = f(X). But
§ is an estimate for a probability density function g for Y. The following
result is nontrivial and is proved in [10] using techniques from differential
geometry.

Theorem 1 Let f : M — R be restricted Morse. There is a smooth
density g for Y = f(X) with the following properties:

1. g is defined over f(M) — f(C);

2. if zo is the image of a point of local minimum of f then zp is a left
cliff of g, namely

i +g(z) > lim g(z},

0
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and if 2y is the image of a point of local mazimum of f then z; is a
right cliff of g, namely

lim g(z) < lim g(2);
—030

z z—-zo

3. if zp is the image of a saddle of f then zo is a splinter of g, namely
g(z) = —O(ln|z = 2])

for z near zo.

An idea of why the result holds can be got from thinking about how
densities project. Near a point z(o) of local minimum our restricted Morse
Tunction f takes the form f(u,v) = f(z(0)) + »* + v* where , v are local
coordinates in a neighbourhood of z(o). Write r* = u® 4 4. When
Y > 0 the infinitesimal contribution to the probability of ¥ = f(X) from
this neighbourhood is more or less 2xrrdr = xd(r®) = xdY and so the
contribution to the density is x. On the other hand, when ¥ < 0 the
neighbourhood contributes nothing to the probability of Y. So we have
7 on the right and 0 on the left, added to which there may be a smooth
contribution from regions outside the neighbourhood. The result is a cliff.
The argument generalises, of course: for example, a three-manifold gets a
contribution of 4xr%dr = 2rrd(r?) = 2xYV/24Y, and the cliff is replaced
by the positive part of a square root function.

So if we plot § the features characteristic of local maxima and minima
and of saddies may stand out. By counting their numbers we should
be able to estimate x{M). Code for finding a standard equal-width bin
histogram is readily available, or is easy to write. The time required for
the calculation is, of course, very short. Figure 1 shows an example for a
torus, where the upper part of the picture is a two dimensional projection
of a torus embedded in three dimensions and the lower part is the one
dimensional projection onto the axis shown. We sece cliffs corresponding
to “outside curves” from the viewpoint implied by the upper picture,
and splinters corresponding to “inside curves”. The numbers of cliffs and



splinters are the same, so the formula gives x = 0 as we would expect.
Note that one way in which genericity is important is that we do not
want a cliff and a splinter (for example) to coincide in the one dimensional
projection.

There are analogous, but less informative, procedures for higher di-
mensional manifolds. The reason they are less informative is that the
signatures of extreme points and saddles become less pronounced: for ex-
ample, we indicated above that for a three-manifold a cliff is replaced by
a square root function.

3 Applications

We first describe two examples of direct use of the theorem; for more
details and other examples, see [10]. Then we consider how to better es-
timate the features like cliffs and splinters that we are looking for, and
apply a modified estimator to 2 quasiperiodic signal to reveal the under-
lying torus.

3.1 Example

We distribute 100,000 points (z1, %2, T3, z4) uniformly over the torus $* x
5! in RY, by setting

(21, 22,73, %4) = (cos §,sin 8, cos ¢, sin )

for 9 and ¢ distributed independently on (0,2x). We define the observa-
tion fenction f by

f(z1, 72,73, %4) = (21 — 1.8)% + (z3 — 3.7)%.

The critical points of f can be calculated directly and occur at

(1,0,1,0) {minimum) value 7.93

(-1,0,1,0) (maximum) value 29.93
{1,0,-1,0)  (saddle) value 22.73
(-1,0,1,0)  (saddle) value 15.13,

A histogram of the values of y = f{z;,%2,23,24) is shown in Figure 2.
There are two cliffs and two splinters, where the Theorem says they should
be. This is also in agreement with formula (1) since x(S* x §') = ¢.
Figure 3 shows that the features are still evident with only 5,000 data
points.

3.2 Example

We take 100,000 points distributed uniformly over 5% embedded in R3,
with f{z1,22,33) = (#1 + 3)(z2 + 1)(z3 + 2). We would have guessed
M = 5? from formula (1) and the histogram in Figure 4, which has two
cliffs and no splinters, implying x(5%) = 2.



3.3 Other methods of density estimation

A more classically-based approach to estimating the phase manifold M,
used in [8], is to use the ordering of T' to define an embedding of M
in Buclidean space, and then triangulate the resulting cloud of points.
This might lead to enhanced estimates, in that smaller samples might be
required to estimate x (M) accurately, but it may also require a lot of tech-
nique to implement successfully, particularly if the data is corrupted by
noise or is inaccurate for other reasons. Although we have not discussed
the effects of noise or the approach being described here, it is reason-
able to expect that small noise on the data should not greatly affect the
appearance of the histogram: the main problem will be the blurring of
important features, with the risk that, say, a quadratic maximum in the
density function becomes indistinguishable from a2 splinter.

Although we have used large numbers of points in the examples so far,
cleverer density estimation techniques could perhaps be used to reduce the
size of time series required, at least in the low-noise case. We have not,
however, had much suecess using standard smoothing of histograms; nor
would we expect to have-much success using smooth kernel approximation,
since both of these techniques are intended for estimating smooth densities
and obscure precisely the features we wish to find.

A technique which may be better adapted to the present problem is
to try to fit the density more carefully in regions where there are many
data points. The following simple method first estimates the distribution
function (i.e., the integral P(y) of the density). To do so it sorts the data
{%:} into increasing order, giving a series {s:}, which gives points (s;, i/n).
A crude piecewise-linear (discontinuous) estimator of P is obtained by
fitting straight line segments to snbsets of points (si,ifn): 1o < i < iy,
for various values of ip and #;. The slopes of the lines are then estimates
of the density. We have found this useful with subsets ranging in size from
50 to 1000, depending on the number of data points available.

3.4 Example

A segment of the function
¥(t) = cos(t) + sin{wt)

(where w = exp(1)) is shown in Figure 5. Take a sample of 40,000 points
(sampled at time intervals of 0.4) from y(t) and apply this approach:
the result is in Figure 6. We do not need such a huge sample, however:
Figure 7 shows that the features are still apparent in the estimate using
this method with only 1,000 points and subsets of size 40 (i.e., 25 bins).
The technique we have used here can be regarded as a variable-width
binning method, but it is sensitive to noise and, when there is compara-
tively little data, to subset size; it should probably be used in conjunction
with standard histograms. It is certainly worthwhile trying different num-
bers of bins: for example, with the torus the splinters and cliffs stand out
with bins containing very small numbers of points (down to 2 or so) but



* there are many spurious smaller peaks, while with too many points per bin
the splinters are broadened to the extent that they become insignificant.

4 Application to non-manifolds

Encouraged by our success with two-manifelds, we now investigate em-
pirically how much further this kind of analysis can be pushed. Oar main
interest is in dynamical sysiems where M is replaced by a fractal set which
is “thin” in thai its dimension is approximately an integer, and that it is
well-approximated by a manifold, possibly with branches or boundaries,
and possibly non-orientable. (The analysis given earlier can be extended
to such more general marifolds, but our interest here is in the fractal
objects.)

4.1 Example

We take 9,000 points from the Rossler attractor [12] and estimate the
density. The resulting graph in Figure 8 has many of the features of the
previous examples, especially the cliffs at either end which are character-
istic of dimension (approximately) 2. Note also the sharp points which
resemble the splinters abserved in Figute 1. The approximating surface is
made by gluing a2 Mobius band, which is a non-orientable manifold with
boundary, to an annulus, which is 2n orientable manifold with boundary.

4.2 Example

When we do the same thing with 9,000 points from the Lorenz attractor
[14] we obtain Figure 9. Similar comments apply, except that the cliffs are
less pronounced: we need a lot more data to see what is really happening
at the edges, and in fact we expect to see fractal structure, rather than
actual cliffs. Fractal structure at the edges is one of the features which
will show up in a better density estimator: there are already indications
in Figure 9, and a better estimator might also show such structure in Fig-
ure 8. We are currently investigating whether we can estimate dimension
from such fractal structure.

4.3 Example

To convince ourselves that we are not doing something trivial, we do the
same thing with times between geiger counter detections of radioactive
emissions from decay of radicactive cobalt. Figure 10 certainly does not
look like a histogram of data collected from a time series whose phase-
manifold is two-dimenstonal, and of course it is not: the data should
consist of realisations of independent identically exponentially distributed
random variables, which the graph does not contradict.



5 Conclusions

1t is a little surprising that information about the nature of the system’s
state space is available directly from density estimators of a time series
or other sample. With the tools we have at present, practical use is
limited, and the density approach can best be regarded as complementary
to others, but further developments may give rise to a method of increased
scope and robustness.
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Figure 1: A possible density for a 2-torus embedded in R2. Cliffs are marked
“c” and splinters are marked “s”. There are as many cliffs as splinters, implying
that (S x §1) = 0.

Figure 2: Density plot (100 bins) for 100,000 samples from real-valued observa-
tions of a uniform distribution on a 2-torus embedded in R%. There are 2 cliffs
and 2 splinters.

Figure 3: Density plot (100 bins) for 5,000 samples from the torus as in Figure 2.
The cliffs and splinters are still visible.

Figure 4: Density plot (100 bins) for 100,000 samples from a uniform distribution
on a 2-sphere embedded in R®. The observation function is (x4 3)}(y+ 1){z+2).
There are 2 cliffs and no splinters.

Figure 5: A quasiperiodic waveform, created by a dynamical system on a 2-
torus.

Figure 6: Modified density estimating algorithm applied to 40,000 data values
from the waveform of Figure 5. The phase space is identified as a torus by the
2 cliffs and 2 splinters.

Figure 7: The identifying features of the 2-torus are still present in the density
estimate from the modified algorithm, even with only 1,000 points and 25 bins.

Figure 8: Modified density estimate (100 bins) for 9,000 samples from the
Rossler attractor. There appear to be cliffs and perhaps splinters.

Figure 9: Modified density estimate (100 bins) for 9,000 samples from the Lorenz
attractor.

Figure 10: Modified density estimate (100 bins) for 21,000 intervals between
detections of emissions from radioactive cobalt.
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