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Abstract

The relationship of orthogonal functions associated with vertex transi­
tive graphs and random walks on such graphs is investigated. vVe use this

relations to characterize the exponentially decaying autocorrelation fnnctions
along random walks on isotropic random fields defined on vertex transitive
graphs. The results are applied to a simple spin glass model.

Motivation

Recently "combinatory landscapes" - maps from the vertex set of some

graph into the real or complex numbers - have received increasing atten­

tion. The classic example from physics is a Hamiltonian .that assigns an

energy value to a spin configuration (Mezard et 0.1. 1987). Combinatorial

optimization problems, like the travelling salesman problem (Lawler et al.

1985), are of the same type. In evolutionary biology maps assigning free en­

ergies or "fitness values" to biomolecules - encoded as strings over a finite

alphabet - are of particular interest (Eigen et al. 1989, Fontana et 0.1. 1991,

1992). For each of these models the set of all possible configurations can be

viewed as the vertex set V of a finite connected graph r. The edges of rare

defined by elementary transformations of the configurations, like flipping a

single spin in a spin glass or exchanging the order of two cities in a tour of

the TSP.

It has been proposed to characterize landscapes by means of the time

series sampled along a random walk on r (Eigen et al. 1989, Weinberger

1990). To be precise, consider a random field :F on r (Besag 1974) defined

by the probabilities

The m-th moments of this random field are given by

(2)
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For applications the most interesting quantity is the covariance matrix

(3)

A random field on r is isotropic if (i) M p = fl for all p E V and (ii) if

Rpq = Rst whenever there is an automorphism a of the graph with s = a(p)

and t = a(q). In biological applications r is usually distance transitive, i.e.,

for any two pairs of vertices p, q and r, t with d(s, t) = d(p, q) there is an

automorphism a of r with r = a(p) and t = a(q), where d( . , .) denotes the

canonical distance on r. Consequently, the autocorrelation function of an

isotropic random field on a distance transitive graph is of the form

'rIp,q such that d(p, q) = d (4)

A simple random walk on a graph r is obtained by choosing each of the

neighboring vertex with probability l/deg(x), where deg(x) denotes the ver­

tex degree of x. Let A denote the adjacency matrix of r, which is defined by

aij = 1 if d(i,j) = 1 and aij = 0 otherwise. The transition matrix of a simple

random walk is therefore t yx = ayx/deg(x). Any such walk {XO,XI, . .. } in­

duces a time series {Yo, YI, ... } on an instance of the random field F. In this

contribution we investigate the relationship of the autocorrelation functions

r(s) of this time series and the "landscape" autocorrelation function p(d).

Orthogonal Functions of Highly Symmetric Graphs

Let r be a distance transitive graph with adjacency matrix A. Following

Biggs (1974) we define

Sijk = I {x E V(r)ld(z,x) =i, d(x,y) =j} I k = d(y,z) (5)

The intersection nnmbers are independent of the choice of the "reference

vertex" z E V. Without loosing generality we will denote the reference vertex
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by 0 in the following. Let N(k) denote the set of vertices x E V fulfilling

k = d(O, x), and let N(k) = IN(k)1 be its size. Let D be the diameter of r.
Then

bik := Silk = L A xy

xEN(i)

for all y EN(k), O:<:::k:<:::D (6)

This (D + 1) x (D + I)-matrix B is known as the intersection ma,trix of r.
More generally, let r be a vertex transitive graph, i.e., for each pair of

vertices x, y E V there is an automorphism a fulfilling x = a(y). Let us

consider a partition of the vertex set V into M subsets V(O) = {O}, V(I),

V(2), ... , V(M) such that

Cij:= L Axy

xEV(i)

independent of y E V(j). (7)

In the worst case each subset contains a single vertex. For highly symmetric

graphs, however, the collapsed adjacency matrix C = (Cij) can be much

smaller than the adjacency matrix A (see e.g. Bollobas 1979). In case of

distance transitive graphs, for instance, the distance classes N( i) form a

partition fulfilling equ.(7), and the collapsed adjacency matrix C coincides

with the intersection matrix B defined in equ.(5) (Biggs 1974, Cvetkovic et

al. 1980).

In the following we will use the letters x, y, ... for vertices of the graph

and the letters i,j, k, l,p, q for labelling subsets of V. A component of a

vector v is denoted by v(i) as we need indices to distinguish vectors.

Lemma 1. Let e be an eigenvector of A with eigenvalue A. Then v defined

by

v(p) = L e(x)
xEV(p)
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is a right eigenvector of G with the same eigenval1Le. The components of a

left eigenvector are given by

1
u(p) = IV(p)1 v(p). (9)

Furhtermore we have u(O) = v(O) = IIM for a.ll normalized eigenvectors

ofG.

Proof. From equations (7) and (8) we find

Av(i) = A 2..: e(x) = 2..: 2..: Axye(y) =
xEV(i) xEV(i) yEV

M M

= 2..: 2..: 2..: Axye(y) = 2..: 2..: e(y)cik =
k=O yEV(k) xEV(i) k=O yEV(k)

D

= 2..:CikV(k) = (Gv)(i).
k=O

Equ.(7) implies

1
Ckl = IV(I) I 2..: 2..: Axy ,

yEV(l) xEV(k)

and by symmetry of A we have

1
Cfk = IV(k)1 2..: 2..: A yx

xEV(k) yEV(l)

(10)

Ckl = IV(k)I/IV(I)1 Cfk· (11)

M 1 M 1
Hence (uG)(k) = ~U(j)Cjk = IV(k)1 ~CkjV(j) = IV(k)IAV(k) = Au(k).

As an immediate consequence we have u(O) = v(O) = e(O) for all eigen­

vectors of G. Since A is symmetric we may arrange the eigenvectors ez (x)

in a unitary matrix, i.e., such that ez(x) = e~(z). The theorem of Perron­

Frobenius ensures that AO = N(I) (the vertex degree of r) is a simple eigen­

value with normalized eigenvector eO (x) = 11M. Eqns.(7) and (8) shown

u(O) = ex(O) = eo(x) = 11M.

-4-

•



Remark. If A is a simple eigenvalue of C then equ.(8) holds for all vectors

e in the eigenspace of A belonging to A. Biggs (1974) proved for distance

transitive graphs that A and B have the same spectrum, and that B has

D +1 simple eigenvalues. For distance transitive graphs, the left eigenvectors

Ud, d = 0,1, ... D, of B are known as orthogonal (or spherical) functions

associated with the graph r (DunkI1979).

Simple Random Walks on Vertex Transitive Graphs

A simple random walk on r starting at vertex 0 is a Markov process

with transition matrix
1

T = N(I)A (12)

and initial condition 7fo(x) = oOx. (Here Oij is Kronecker's symbol defined

by Oii = 1 and Oij = 0 for i # j.) Since r is connected, T is an irreducible

bistochastic matrix. The probabilities 'PM that a random walk starting at 0

reaches a vertex in partition V( K,) can be used to describe the relaxation of

the random walk. They are immediately obtained from the transition matrix

of the underlying Markov process:

Lemma 2.

'PSK:= L L[TS]xy7fo(Y)
XEV(K) yEV

(13)

(14)

where Ap is eigenvalue of T, {vp} is an orthogonal basis of right eigenvectors

of C normalized such that vp(O) = 1/v1VI and gp > O.

Proof. We expand 7ro in terms of the eigenvectors e.,

1
7fo(Y) = /ilTT L ez(y),

V IVI zEV
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and substitute this into equation (13):

(16)

(17)

Here Az denotes the eigenvalue of T with eigenvector eZ> V z is the correspond­

ing eigenvector of C, as defined by equ.(8).

Let ET be the (right) eigenspace corresponding to eigenvalue AT, and let

{VI, ... ,Vh}, h = dimE" be a basis of ET which is orthogonal with respect

to the scalar product
M

(a· b) - L a(p)b(p)
., - p=o IV(p)1

Then {UI, ... ,Uh}, defined by Vi(p) = IV(p)lui(p), is a basis of the corre-

sponding left eigenspace. By construction we have

M

L Ui(P)Vj(p) = (Vi; Vj) = NiOij
p=o

with Ni > O. Furthermore the basis vectors Ui can be chosen such that.

Ui(O) = Vi(O) = 1/vTV1

(18)

(19)

since at least one eigenvector of each eigenvalue is of this form as a conse-

quence of lemma 1. Thus equ.(16) may be written in the form of equ.(14)

with some coefficients gpo That gp > 0 will be proved together with the main

result of this paper in the next section.

-6-

•



Remark. If all eigenvalues of C are simple then equ.(14) simplifies to

1 M
'P8K = /iTTi Lm(Ap)A;Vp(lI:) (20)

V IVI p=o

where m(A) denotes the multiplicity of an eigenvalue A of A.

Main Theorem

Consider a function p : V X V -----> C such that p(X, y) = p( II: )

wheneverthere is an automorphism of r such that a(x) = 0 and a(y) E V(II:).

For any such function we define

r : lNo -----> C,
M

r(s) = L'P8K P(II:)
K=O

(21)

(22)

A simple random walk {xo, Xl, ...} on r generates a time series {p( Xo, xo),

p(XO,XI), ...}. Then r(s) is the expectation of the s-th point of this series.

Obviously we have r(O) = p(O) = p(xo, xo) for all Xo E V. If we choose

p(p, q) = Rpq , the covariance matrix of an isotropic random field, then r(s )

is the autocorrelation function along the random walk.

Theorem. The the f1!nction r o.long a random 1/Jo.lk is a decaying exponential

if and only if p is a left eigenvector with positive eigenvalue of the collapsed

adjacency matric C.

Proof. p( 11:) may be expanded in terms of the left eigenvectors of C,

M

p(lI:) = La/u/(II:).
/=0

(23)
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(24)

Choosing al = .JiViolf we find 1 = p(O) = r(O) = gfNf = 1. (This proves

the missing part oflemma 2, since 9f = 1fNf > 0). Equ.(23) finally simplifies

to
1 M

r(s) = IiTir I>IAi­
V 1V1 1=o

Therefore r(s) is a decaying exponential if and only if all non-zero coefficients

al belong to the same (positive) eigenvalue, say An i.e., if and only if pEEr

and Ar > O.

Corollary. Equ.(14) is equivalent to

__1_~ Vp(K;) A8

'P81< - rVI L..J (v 'v) p
V I Y I p=O p, p

If all eigenvalues of C are simple then (vp; vp) = mp.p)

Corrollary. If r is not bipartite then

•
(25)

lim r(s) = 0
8~OO

M

L IV(K;)lp(K;) = O.
K=O

(26)

If r is bipartite then only (~) holds. For the converse we need additionally

that lim r(s) exists.
8~OO

Corrolary. The random walk autocorrelation function r(s) of an isotropic

random field is a superposition of at most L exponential functions, where L

is the number of distinct eigenvalues of the underlying graph.

Corollary. Let r be distance transitive and r(s) = 7"8 for some 0 < 7" < 1.

Then (i) 7" is an eigenvalue of T belonging to, say, distance class q, and (ii)

the landscape autocorrelation function is of the form

p(d) = .JiVi u q( d). (27)

Corrollary. Consider an isotropic random field :F on a vertex transitive

graph r. The time series along a simple random walk is uncorrelated, r(s) =
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00s> if and only if the autocorrelation function p(K) of :F is eigenvector of C

with eigenvalue O. Note that a graph need not have an eigenvalue 0, and

hence there are graphs for which no random field exists that gives rise to an

uncorrelated time series of a simple random walk. Simple examples are the

Boolean Hypercube graph with odd diameter.

Corrollary. Let:F be an uncorrelated random field on r, i.e., p(K) = OOK'

Then

r(s) = 1~ITr T
S

= I~I "Lm(Ak)Ak
k

(28)

and, in particular, r(l) = 0, r(2) = l/N(l), and r(2n) > 0 for all n E IN.

Application: Long Range Spin Glasses

The p-spin model has the Hamiltonian

(29)

with Xk = ±1, 1 ::::: k ::::: n. The coupling constants Ji,i, ...ip are uncorrelated

and independently distributed random variables drawn from a common dis­

tribution with finite variance and mean O. The set of all configurations

x = (Xi, Xi, ... Xip) forms a distance transitive graph known as Boolean Hy­

percube by identifying X with a vertex and connecting two vertices X and Y

ifthey differ in a single position, i.e., if there is exactly one j with Xj = -Yj.

The distance on r coincides with the Hamming distance, i.e., with the num­

ber of positions in which two configurations differ. The special case p = 2

is known as Sherrington-Kirkpatrick spin glass (Sherrington and Kirkpatrick

1975).

The covariance matrix of this model can be obtained exactly from

Rxy = £[Hp(x)Hp(Y)] = ~ £[J~i, ...ip]Xi,Yi,· Xi,Yi, ..... XipYi p (20)
it <i 2 <... i p
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since the coupling constants are uncorrelated. Clearly Rxy depends only on

the number of positions in which x and y differ, i.e., on the Hamming distance

d(x,y). As shown in (Weinberger and Stadler 1992) the autocorrelation

function is

(22)

where K~~~ is a Krawtchouk polynomial. These functions are widely used

in coding theory (see e.g. vanLint 1982), and they are known to be the

orthogonal polynomials associated with the Boolean Hypercube (Dunkl1976,

Koornwinder 1982). Therefore we have the following

Corollary. The autocorrelation function r of the p-spin model along a ran-

dom walk is the exponential r(s) = A; where Ap = 1- 2p/n is the p +1-th

eigenvalue of N(l) C. If n is even and p = n/2 we find an uncorrelated time

series along a simple random walk. The simplest non-trivial model of this

class, the Sherrington-Kirkpatrick model (p = 2), corresponds to the third

eigenvalue of the intersection matrix.

A closely related model is the graph bipartitioning problem, obtained

from the Sherrington-Kirkpatrick model by restricting the admissible config­

urations by I:i Xi = 0 (Fu and Anderson 1986). Neighbouring configuration

differ by the spins in exactly two positions. The corresponding graph is dis­

tance transitive. Both r(s) and p(d) have been calculated exactly (Stadler

and Happel 1992). The random walk autocorrelation function r(s) is a de­

caying exponential related to the third eigenvalue of the intersection matrix.

Numerical calculations for the travelling salesman problem yield a de­

caying exponential autocorrelation function r(s) ~ (1 - 4/n)8 for large n,

if the graph r is chosen as the Cayley graph of the symmetric group with

transpositions as the set of generators (Stadler and Schnabl1992). Random
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walk on this graph have been studied by Diaconis and Shashahani (1981).

Interestingly, for n ~ 12 the third eigenvalue of the corresponding transition

matrix equals (1 - 4/n).
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