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1 Introduction

The general objective of this work is to develop stochastic dynamic models
of economic equilibrium taking account of local interactions between eco-
nomic agents. The classical theory allows the individuals to interact only
on the macro level � through a price system prevailing on the market. How-
ever, much of the real economic process involves direct contacts between its
participants. It is therefore of interest to provide equilibrium models taking
into account the possibility of, as well as restrictions on, direct interactions
between the agents. The restrictions (specifying the notion of �locality�)
may be of various types: certain individuals may only be able to exchange
commodities with certain others; some may only communicate with a group
of the others; there may be spatial, temporal, and informational constrains.

In the last decade, large work has been done on the integration of clas-
sical general equilibrium theory and local interaction models. Various views
on the problem and various formal settings have been developed. Recent
progress in the Þeld is reßected in the papers by Kirman [30], Ioannides [28],
and Brock and Durlauf [9], where one can Þnd further references. One can
distinguish two large branches in this research area, corresponding to two
different mathematical frameworks used. The Þrst involves consideration of
random graphs and is aimed, basically, at the modeling of the formation and
evolution of socio-economic networks. The second applies in the economic
context the methodology developed in statistical physics for the analysis of
large interacting particle systems. We use another approach, describing the
structure of local interactions between economic agents in terms of random
Þelds on directed graphs. Below we discuss this approach, in comparison
with others, in detail.

In the present paper we examine a stochastic equilibrium model in which
the markets � where the agents interact in the process of commodity ex-
change � are separated in space and time. The model is speciÞed in terms
of a Þxed directed graph, T . The vertices of T correspond to agents acting
at certain moments of time. The agents consume and produce commodities
and deliver them to other agents. The directed arcs of the graph T describe
the spatio-temporal structure of the commodity ßows in the economic sys-
tem. Different agents in the economy are inßuenced by different random
factors and possess different information. It is supposed that the stochastic
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structure of the model is in a sense compatible with the structure of the
given graph T .

We analyze equilibrium states of the economy, i.e., those states in which
all the agents choose their most preferred programs (given the local equilib-
rium prices) and the balance constraints are satisÞed. The main results are
existence and uniqueness theorems for such states. The results generalize
those obtained in our previous work [19], [21], [22], dealing with the case of a
Þnite graph, to inÞnite graphs. This generalization requires some hypotheses
regarding the inÞnite graph T . In particular, we need certain restrictions on
the �branching rate� of T and the assumption that T is well-approximable
in a proper sense by its Þnite subgraphs.

The study of inÞnite graph models is motivated primarily by the fact
that they reßect the idea of a �large� economy, developing over a long time
interval. They provide a framework for analyzing such issues as stability,
spatial and temporal homogeneity, and aggregation in the economic equilib-
rium context. The present paper is a step in our program of extending to
the graph models the key results of the mathematical theory of economic
dynamics and equilibrium over an inÞnite time horizon, as developed by
Gale [24], [25], [26], Nikaido [36], McKenzie [32], [33], Brock and Mirman
[10], Radner [39], [40], [41], Polterovich [37], Bewley [6], [7], Majumdar and
Zilcha [31], and others. This theory � rich in content and mathematically
elegant � has become a classic of mathematical economics. The focus on the
above speciÞc goals is one of the main distinctions of the present line of study
from other research dealing with network models in economics, regional sci-
ence, games, and operations research (e.g., Samuelson [42], Nagurney [34],
Shapiro and Varian [43], Batten and Boyce [4], Nijkamp and Reggiani [35],
Bernstein et al. [5]).

The mathematical background of this work is the theory of random Þelds.
Generally, the term �random Þeld� refers to random functions whose do-
mains do not have a natural structure of linear ordering (Euclidean spaces,
manifolds, graphs, partially ordered sets, etc.). The present study deals
with functions deÞned on directed graphs or partially ordered sets. Ran-
dom Þelds of this type arise in many applied disciplines, related and not
related to economics, such as the control of energy or ßuid ßows, the design
of telecommunication networks, etc.

A powerful theory exists for random Þelds on undirected graphs. Orig-
inally, this theory has been built in connection with problems in statistical
physics (Dobrushin [12], Preston [38], and others). Central notions in that
area are the notions of Gibbs and Markov Þelds. Methods related to such
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Þelds were Þrst applied to problems in mathematical economics by Föllmer
[23]. Results along similar lines have been obtained by Karmann [29], Allen
[1], Blume [8], Durlauf [13], Aoki [2] and others.

Our work is based on an entirely different approach dealing with random
vector Þelds on directed, rather than undirected, graphs. In contrast to
the above-mentioned line of studies, relying on the techniques of Gibbs�
Markov Þelds, we do not have well-established methods for working with
random vector functions on directed graphs. The theory of such functions
(especially, the analysis of their Markov properties) is far less developed than
the theory of random Þelds on undirected graphs. Only in the last decade,
attempts have been made to create general tools for the investigation of
these classes of Þelds: see, e.g., the survey in [20]. The present work not
only exploits the methodology of this area, but also contributes to it in
that it develops methods for the analysis of equilibrium stochastic control
problems for random Þelds on directed graphs.

The paper is organized as follows. Section 2 describes the model. Section
3 states the main results. Section 4 presents formulations of some results of
the previous work which are used in this study. Section 5 contains the proof
of the main theorem. Sections 6 and 7 discuss some specialized models.

2 The model

Let T be a Þnite or countable set. For each t ∈ T , let K(t) be a subset of
T containing t. The correspondence t 7→ K(t) determines the structure of
a directed graph on T . The inclusion s ∈ K(t)\{t} means that there is a
directed arc of the graph leading from t to s. We deÞne

M(t) = {s ∈ T : t ∈ K(s)}, K(t+) = K(t)\{t}, M(t−) =M(t)\{t}. (1)

It is supposed that the sets K (t) and M (t) are Þnite for each t ∈ T , i.e.,
the graph under consideration is locally finite.

Elements of the set T represent economic agents (acting possibly at
different moments of time). The agents produce and consume commodities.
They supply their products to other agents. The inclusion s ∈ K(t+), means
that agent s depends directly on t via commodity supplies. For each t ∈ T,
the set M (t−) ∪K (t+) includes those agents which interact directly with
t : they either supply commodities to t or receive them from t.

The model admits both a static and a dynamic interpretation. To in-
troduce dynamics explicitly one can assume that the vertices of the graph
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T are pairs (n, b), b ∈ B(n), n = 1, 2, ... , where elements of the set B(n)
represent economic agents acting at time n. It is natural to suppose that
if (n0, b0) ∈ K(n, b), then n0 > n, i.e., all the economic transactions require
positive time.

Let (Ω,F , P ) be a probability space. Let Ft ⊆ F , t ∈ T , be a family of
σ-algebras and mt, t ∈ T , a collection of positive integers. The integer mt
speciÞes the number of different types of commodities that can be received
by agent t from other agents (or are contained in the initial endowment of
t). For each t ∈ T , the σ-algebra Ft represents the class of events inßuencing
agent t.

We suppose that each Ft is separable (i.e., generated by a countable
number of events), and the following condition holds:

(F) If s ∈ K(t), then Ft ⊆ Fs (s, t ∈ T ).
Assumption (F) expresses the fact that random events inßuencing agent t

may thereby inßuence agents s ∈ K(t+), depending on t. (It is not assumed,
however, that each agent s ∈ K(t+) can directly observe all such events.)
If a set S ⊆ T is a cycle of the graph T , then, by virtue of (F), we have
Ft = Fs for any pair of vertices s, t ∈ S. Although we do not assume
that the graph T does not have cycles, the last observation shows that the
stochastic structure of the model over every cycle is in a sense trivial.

Consider the spaces of random vectors:

Lt = L1(Ω,Ft, P,Rmt) , Xt = L∞(Ω,Ft, P,Rmt).

By deÞnition, the space Lt consists of integrable Ft-measurablemt-dimensional
random vectors. The space Xt includes those and only those elements of Lt
which are essentially bounded. We set

Pt = {p ∈ Lt : p ≥ 0}.

All equalities and inequalities for random vectors, such as p ≥ 0 above, are
understood coordinatewise and almost surely (a.s.). We often omit �a.s.� if
this does not lead to ambiguity.

Elements of Xt are interpreted as random commodity vectors and ele-
ments of Pt as random price vectors. For any p = (p1, ..., pmt) ∈ Pt and
x = (x1, ..., xmt) ∈ Xt, the scalar product px = Pmt

j=1 p
j(ω)xj(ω), computed

for each ω ∈ Ω, characterizes the cost of the commodity bundle x in the
price system p. It is supposed that commodities received by agent t from
his suppliers s ∈M(t−), as well as the input of t, are evaluated in terms of
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the price vectors pt ∈ Pt. If, for example, the vertices of T represent regions,
then pt is the price system at the local regional market t.

We deÞne
Zt =

Y
s∈K(t)

Xs , Qt =
Y

s∈K(t)

Ps.

Elements v in Zt, i.e., families of vectors v = (vs)s∈K(t) [vs ∈ Xs] are
called programs of agent t. Here, −vt is construed as the input vector and
(vs)s∈K(t+) as the set of output vectors for the program v. (It is natural in
many economic interpretations of the model to assume the vectors −vt and
(vs)s∈K(t+) to be nonnegative. This assumption, however, is not needed for
the truth of the statements which we prove below.) Elements q = (qs)s∈K(t)

of the set Qt are collections of those price vectors which correspond to the
input and output vectors of agent t.

Consider the sets
Z =

Y
t∈T
Zt, P =

Y
t∈T

Pt.

Elements z = (zt)t∈T [zt = (zts)s∈K(t) ∈ Zt] in Z are families of the pro-
grams of all agents and elements p = (pt)t∈T [pt ∈ Pt] in P are families of
all price vectors. For any z ∈ Z and p ∈ P, we deÞne

qt(p) = (ps)s∈K(t), gt(z) =
X

s∈M(t)

zst. (2)

The mapping p 7→ qt(p) selects those components ps of p ∈ P for which
s ∈ K(t). The vector gt(z) can be written as

gt(z) =
X

s∈M(t−)

zst − (−ztt).

The sum
P

s∈M(t−)
zst speciÞes the amounts of commodities which agent t

receives from his suppliers; the vector −ztt represents the input of agent t.
If M(t−) = ∅, then we deÞne P

s∈M(t−)
zst = 0 (all sums over empty sets of

indices are supposed to equal zero).
Suppose we are given a family of random vectors

h = (ht)t∈T , ht ∈ Xt,
and a family of mappings

Zt : Qt → Zt, t ∈ T. (3)
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A pair (z, p) ∈ Z ×P [z = (zt)t∈T , p = (pt)t∈T ] is said to form an equilibrium
if, for all t ∈ T , the following relations hold:

zt = Zt(q
t(p)), (4)

gt(z) + ht ≥ 0 (a.s.), (5)

and
ptgt(z) + ptht = 0 (a.s.). (6)

The mappings (3) describe the economic behavior of agents depending
on prices. For each q = (q)s∈K(t) ∈ Qt, the collection of vectors Zt(q) =
(Zts(q))s∈K(t) is interpreted as the most preferred program of agent t given
the price system q. We do not specify the preferences explicitly: what
matters in this context is only the result of the agent�s choice.

In an equilibrium, all the agents choose their most preferred programs,
and constraints (5), (6) are satisÞed. Inequality (5), which can be written
in the form X

s∈M(t−)

zst + ht ≥ −ztt (a.s.),

expresses material balance: the input of every agent does not exceed the
amount of commodities supplied plus the initial endowment ht. (If some
components of ht are negative, this means that some amounts of commodi-
ties are withdrawn from the system.) Equality (6) represents a �complemen-
tary slackness� condition; it follows from (6) that inequalities (5) hold as
equalities when all the coordinates of pt are strictly positive with probability
1.

The collection of the data described above,

(T,K(·)), {Ft}, {mt}, {Zt(·)}, {ht}, (7)

will be called an equilibrium model and denoted byM.
Note that Zt(q) depends only on those prices which are related to the

input and output vectors of agent t. In this sense, we say that the model
under consideration is local. Equilibrium states in this model and its non-
local version were studied in [19] in the case of a Þnite graph T . That
study extended to the equilibrium context the results obtained earlier for
an optimal control scheme involving random Þelds on Þnite directed graphs
[18]. Further investigation of models of the above type was undertaken in
[21], [22] and [11].
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3 The assumptions and the main results

We Þx some strictly positive constants A, A0, δ, and a function

ζH : T → (0,∞) (8)

deÞned for each H ∈ (0,∞). We denote by |a| the Euclidean norm of the
Þnite-dimensional vector a and by |a|1 the sum of the absolute values of the
coordinates of a. For a random vector x = x(ω), the norms ||x||1 and ||x||∞
are deÞned as E|x(ω)|1 and ess sup |x(ω)|1, respectively.

We assume that the following conditions are satisÞed.

(A) There exists a collection
o
z= (

o
zt)t∈T of programs

o
zt= (

o
zts)s∈K(t) ∈

Zt with properties (A.1) � (A.4) below.

(A.1) For any t ∈ T and q ∈ Qt, the inequality Zts(q) ≥ozts holds for all
s ∈ K(t+).

(A.2) For each s ∈ T , we have

hs +
X

t∈M(s)

[
o
zts −δes] ≥ 0,

where es = (1, ..., 1) ∈ Rms .

(A.3) The vectors
o
zts satisfy −Aes ≤ o

zts≤ Aes (t ∈ T , s ∈ K(t+)).
(A.4) For all t ∈ T and q ∈ Qt, we have

E(qZt(q)|Ft) ≥ E(q ozt |Ft)−A0,

where E(·|Ft) stands for the conditional expectation given the σ-algebra Ft.
(B) The mappings q 7→ Zt(q), t ∈ T , possess the following properties of

boundedness, monotonicity and continuity.
(B.1) For all q ∈ Qt, s ∈ K(t+) and t ∈ T , the vector Zts(q) satisÞes the

inequalities −Aes ≤ Zts(q) ≤ Aes. For every t ∈ T , there exists a constant
A(t) such that |Ztt(q)| ≤ A(t).

(B.2) For any H ∈ (0,∞) and t ∈ S, the inequality

E(q1 − q2)(Zt(q
1)− Zt(q2)) ≥ ζH (t) E[

¯̄̄
Zt(q

1)− Zt(q2)
¯̄̄2
+

¯̄̄
q1
t − q2

t

¯̄̄2
] (9)

holds for all q1 ∈ Qt and q2 ∈ Qt such that q1
t , q

2
t ∈ Pt(H), where

Pt(H) = {l ∈ Pt : ||l||∞ ≤ H}.

8



In formula (9), qit is the component of the collection of vectors q
i =

(qis)s∈K(t) corresponding to the index t. The function ζ
H(t) is supposed to

be given (see (8)); it takes on strictly positive values for all H > 0 and t ∈ T .
(B.3) If qk ∈ Qt, q ∈ Qt and ||qk− q||1 → 0, then EwZt(q

k)→ EwZt(q)
for all w ∈ Zt.

Most of the assumptions contained in (A) and (B) are similar to the
assumptions used in [21], [22], where their meaning is discussed in detail.
Here, we make only several brief remarks regarding the above hypotheses.

The family of vectors
o
zts, t ∈ T , s ∈ K(t+), described in (A) is inter-

preted as the set of �minimal outputs�. The inequalities Zts(q) ≥ozts hold
for all the output vectors Zts(q), s ∈ K(t+), of any program Zt(q) which
might be chosen by agent t (see (A.1)). Condition (A.2) states that the

family of programs
o
zt, t ∈ T , allows to produce the minimal outputs with

excess. Assumption (A.4) is fulÞlled when the production incentives of the
agents do not differ �too much� from pure proÞt maximization; see Section
6. The strict monotonicity condition described in (B.2) is closely related to
the Law of Demand (see Hildenbrand [27]) � a strict monotonicity hypothe-
sis for demand functions. Operators Zt(·) having a property slightly weaker
than (B.2) are examined in [21], [22]. In Section 6, we will consider a spe-
cialized model, where condition (B.2) will be deduced from some hypotheses
regarding agents� production and consumption. Hypothesis (B.3) says that
Zt(q

k) converges to Zt(q) weakly when q
k converges to q with respect to the

norm || · ||1.
We say that a sequence t0, . . . , tl ∈ T deÞnes a path of length l from

s ∈ T to t ∈ T , if t0 = s, tl = t and ti+1 ∈ K(ti), i = 0, . . . , l − 1. If there
is at least one path from s to t, we say that t majorizes s and write s ¹ t.
If s ¹ t, we denote by l(s, t) the length of the shortest path t0, . . . , tl from s
to t. For each κ ∈ [0, 1), we deÞne

ΦT (κ) = sup
s∈T

X
t∈Ts

κl(s,t), (10)

where Ts = {t ∈ T : s ¹ t}. The function ΦT (κ), κ ∈ [0, 1), which may take
on, in general, Þnite and inÞnite values, is called the generating function of
the graph T .

(T) The graph T satisÞes hypotheses (T.1) and (T.2) below.
(T.1) The generating function ΦT (κ) is Þnite for any κ ∈ [0, 1).
This condition may be interpreted as a restriction on the �branching

rate� of T . Denote by θm(s) (s ∈ T , m = 1, 2, ...) the number of elements
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in the set
Tm(s) ≡ {t ∈ T : t º s, l(s, t) = m},

consisting of those elements t in T which can be reached from s along a path
of length m. Hypothesis (T.1) holds if and only if, for each s ∈ T , the series

ΦT (s,κ) ≡
∞X
m=0

θm(s)κ
m (11)

converges, and its sum, as a function of s, is bounded on T for each κ ∈ [0, 1).
Clearly the supremum of ΦT (s,κ) over s ∈ T is equal to ΦT (κ).

To formulate the next hypothesis we introduce some deÞnitions and no-
tation related to the graph T . In particular, we deÞne the closure, clB, of a
subset B of T as

clB = K (B)
[
M (B) , (12)

where K (B) is the union of K (t), t ∈ B, and M (B) is the union of M (t),
t ∈ B. Further, we put

∂−B = {(t, s) : t ∈ T\B, s ∈ K (t) , s ∈ B}, (13)

∂+B = {(t, s) : t ∈ B, s ∈ K (t) , s ∈ T\B}, (14)

∂B = ∂−B
[
∂+B. (15)

The set ∂B, consisting of the boundary arcs of B, includes those directed
arcs of the graph T which either begin outside B and terminate inside B,
or begin inside B and terminate outside B.

For a Þnite set B ⊆ T and a number H > 0, we deÞne

µ (B) = max
s∈clB

(#M (s)) , ζH(B)= min
t∈B

ζH(t), βH(B) =
µ (B)

ζH(B)
, (16)

where the symbol # denotes the number of elements of a set.
The second hypothesis we impose on T is as follows.
(T.2) There exist a sequence S1 ⊆ S2 ⊆ ... ⊆ T of Þnite subsets of T

and a sequence of nonnegative integers λn, n = 1, 2, ..., such that

clSn ⊆ Sn+1, T =
∞[
n=1

Sn , (17)

λn < n, n− λn →∞, (18)
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and, for any H > 0,

Ξn(H) ≡ βn(H)2νn(1 + 1

βn(H)
)1−λn → 0, (19)

where
βn(H) = β

H(Sn) and νn = #∂Sn.

According to the above assumption, the graph T can be approximated by
a sequence S1, S2, ... of its Þnite subsets such that condition (17) holds and
certain characteristics of the sets Sn, deÞned in terms of the model under
consideration, do not grow �too fast� as n →∞. These characteristics are
as follows:

(a) the cardinality νn of the set ∂Sn;
(b) the maximum number µn ≡ µ(Sn) of elements in M(s), s ∈clSn;
(c) the maximum of the numbers ζH(t)−1, t ∈ Sn (for any Þxed H > 0).

In particular, hypothesis (T.2) holds if the following requirements (i) � (iii)
are met:

(i) the number νn = #∂Sn is not greater than c0n
c for some constants

c0, c > 0;
(ii) we have µn ≤ b0nb for some b0 > 0 and b ∈ [0, 1);
(iii) the numbers ζH(t), t ∈ T , are bounded away from 0 by some con-

stant ζH > 0 (for every Þxed H > 0).
Under conditions (i) � (iii), we can deÞne λn, for example, as the great-

est integer that does not exceed n/2. Then, as is easily checked, we have
limn→∞ Ξn(H) = 0 (H > 0), which yields (T.2).

The main result of the paper is Theorem 1 below. This theorem holds
under the assumptions listed in (A), (B), (F), and (T).

Theorem 1. Equilibrium states exist. There exists one and only one
equilibrium state (z, p) = ((zt, pt))t∈T for which

sup
t∈T

||pt||∞ <∞. (20)

A comment is in order on the uniqueness part of the above result. Con-
dition (20) says that the norms ||pt||∞ of the price vectors pt are Þnite and,
moreover, uniformly bounded on T . It can be proved (see Theorem 4 in the
next section) that if the graph T is Þnite, then the equilibrium prices always
have Þnite norms || · ||∞, satisfying ||pt||∞ ≤ H∗, where

H∗ =
A0

δ
ΦT (

2A

δ + 2A
). (21)
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Consequently, in the case of a Þnite T , the equilibrium state is unique in
the class of all possible equilibria. If T is inÞnite, then, as can be shown,
assumptions like (20) are needed for uniqueness even in the classical situation
� when Ω consists of one point, T = {0, 1, 2, ...} and K(t) = {t, t+ 1}. An
example of a deterministic model in which there exist an equilibrium with
bounded prices and another equilibrium with unbounded prices is presented
in [37], Section 5. One can slightly modify the example in [37] to satisfy all
the assumptions we use in this paper.

4 Balanced states and boundedness of the equilib-
rium prices

The proof of Theorem 1 relies upon some results obtained in our previous
work. These results are formulated in the present section. Here, we do
not assume that all the hypotheses imposed in the previous sections hold.
Rather, we indicate explicitly, in each particular case, what assumptions we
use.

Let S be a subset of T . Let us say that (z, p) ∈ Z ×P is an S-balanced
state if constraints (5) and (6) are satisÞed for all t ∈ S. According to this
deÞnition, an S-balanced state is a collection of programs zt ∈ Zt and prices
pt ∈ Pt indexed by t ∈ T such that the balance constrains hold on the
given set S. Clearly, an equilibrium state is a T -balanced state satisfying
conditions (4).

Suppose we are given a real-valued function ζ = ζ (t) > 0, deÞned on
the set S. Let (zi, pi) = ((zit, p

i
t))t∈T ∈ Z ×P, i = 1, 2, be two S-balanced

states. Let us say that these states are ζ-comonotone if, for each t ∈ S, we
have

E(qt(p1)− qt(p2))(z1
t − z2

t ) ≥ ζ (t) · E[|z1
t − z2

t |2 + |p1
t − p2

t |2]. (22)

For every Þnite set B ⊆ S, deÞne the numbers µ(B), ζ(B) and β(B) ac-
cording to (16) with ζ(t) in place of ζH(t).

Theorem 2. Let (z1, p1) and (z2, p2) be S-balanced states satisfying
condition (22). Let S1 ⊆ S2 ⊆ ... ⊆ SN be a sequence of finite subsets of
S such that

clSn−1 ⊆ Sn, n = 2, ..., N. (23)

Then for each l ∈ {0, 1, ..., N − 1} , we haveX
t∈SN−l

E|(z1
t , p

1
t )− (z2

t , p
2
t )|2 ≤

12



β(SN)

ζ(SN−l)
· (1 + 1

β(SN)
)1−l

X
(t,s)∈∂SN

E|(p1
s − p2

s)(z
1
ts − z2

ts)|. (24)

This result was obtained in [11] (Theorem 1). Observe that the term
ζ (SN−l) in the right hand side of (24) can be replaced by ζ (SN ), since
the sequence ζ (Sn), n = 1, 2, ..., N , decreases � see (16). Furthermore,
ζ(SN)

−1 = β(SN)µ(SN)
−1 ≤ β(SN). Therefore inequality (24) implies the

following estimate for r (t) ≡ E|(z1
t , p

1
t )− (z2

t , p
2
t )|22:X

t∈SN−l
r (t) ≤ CN (1 + 1

β (SN )
)1−l, (25)

where the number

CN ≡ β(SN )2
X

(t,s)∈∂SN
E|(p1

s − p2
s)(z

1
ts − z2

ts)| (26)

does not depend on l. From this we can see that the sums
P
t∈SN−l r (t),

l ∈ {0, ...,N − 1}, are bounded above by a sequence which decreases with
an exponential rate as l varies from 0 to N − 1. This rate,

1 +
1

β(SN)
= 1 +

ζ(SN)

µ(SN)
,

depends on the minimum value ζ (SN) of ζ (t) on SN and on the maximum
value µ (SN) of #M (t) on clSN (see (16)).

Note that the above result does not involve the mappings Zt(·) � the
main ingredient of the equilibrium model described in Section 2 � and so it
does not rely upon any of the assumptions regarding Zt(·).

Theorem 3. Let the graph T be finite. Let the equilibrium model satisfy
conditions (A), (B) and (F). Then an equilibrium state exists.

This theorem is a direct consequence of Theorem 1 in [19].
Theorem 4. Let the graph T be finite and let conditions (A), (B.1),

and (F) hold. Then for any equilibrium state (z, p) [p = (pt)t∈T ], we have

max ||pt||∞ ≤ H∗, (27)

where H∗ is defined by (21).
For a proof of this assertion see [21], Theorem 5.2. Note that the estimate

for ||pt||∞ given by (21) does not involve the cardinality of T explicitly.
Therefore one might conjecture that, by passing to the limit, one can derive

13



an analogous estimate for an inÞnite graph T for which ΦT (κ) < ∞, κ ∈
[0,∞). However this conjecture fails to be true, since, as has already been
noticed, if T is inÞnite, then the equilibrium prices may be unbounded.

Another comment concerns the deÞnition of the norm || · ||∞. According
to our deÞnition, ||pt||∞ is the essential supremum of the Þnite-dimensional
norm |pt|1 of the random vector pt (and not of the Euclidean norm |pt|,
for example). Although all Þnite-dimensional norms are of course equiva-
lent, the inequalities expressing their equivalence might contain constants
depending on the dimension. In the present context, the dimension mt may
vary with t. The choice of the norm | · |1 allows us to obtain estimate (27)
which is uniform in mt.

5 Proof of the main theorem

The plan of proving the existence part of Theorem 1 is as follows. First we
deÞne a �restriction�, M=M(T̄ ), of the given equilibrium model M to a
subset T̄ of T . We show thatM satisÞes the same conditions asM. If T̄ is
Þnite, Theorem 3 guarantees the existence of an equilibrium inM. We put
T̄ = SN , N = 1, 2, ..., where {SN} is the sequence of sets involved in (T.2),
and obtain a sequence of equilibria in the modelsM(SN). We extend them
in a certain way to random vector Þelds on T so that these Þelds turn out
to be S-balanced states for any Þnite S ⊆ T and all N large enough. By
using Theorems 2 and 4, we establish convergence of these Þelds in the norm
|| · ||2 ≡ (E| · |2)1/2 for each t ∈ T . Finally, we prove that the limit random
Þeld forms an equilibrium state.

In this section, we assume that all the assumptions listed in Sections 2
and 3 are fulÞlled.

Let T̄ be a subset of T . To deÞne the restriction M= M(T̄ ) of the
model M to T̄ , we Þx the structure of a directed graph on T̄ speciÞed by
the mapping t 7→ K̄(t) ≡ K(t) ∩ T̄ , t ∈ T̄ . We set M̄(t) = M(t) ∩ T̄ , t ∈ T̄ .
Then we have M̄(t) = {s ∈ T̄ : t ∈ K̄(s)}.

Further, deÞne

Zt=
Y

s∈K̄(t)

Xs , Qt=
Y

s∈K̄(t)

Ps , t ∈ T̄ .

Consider the mapping q 7→ �q ofQt intoQt transforming any family of vectors
q = (qs)s∈K̄(t) ∈Qt into the family of vectors �q = (�qs)s∈K(t) ∈ Qt such that
�qs = qs, if s ∈ K̄(t), and �qs = 0, if s ∈ K(t)\T̄ . (The mapping q 7→ �q assigns
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the value 0 to those elements s in K(t) for which qs is not deÞned.) For any
q ∈Qt, we put

Z̄ts(q) = Zts(�q), s ∈ K̄(t),
and

Z̄t(q) = (Z̄ts(q))s∈K̄(t).

Observe that the mapping q 7→ Z̄t(q) acts fromQt into Zt. When we replace
Zt(�q) by Z̄t(�q), we drop those components Zts(�q) of the collection of vectors
Zt(�q) for which s /∈ K̄(t). Finally, we deÞne

h̄t = ht +
X

s∈M(t)\T̄

o
zst, t ∈ T̄ . (28)

(Sums taken over empty sets are supposed to be equal to zero.) The graph¡
T̄ , K̄ (·)¢, the σ-algebras Ft, the natural numbers mt, the vectors h̄t, and
the mappings Z̄t (t ∈ T̄ ) specify the equilibrium model which we denote by

M=M(T̄ ).
For every t ∈ T̄ , consider the vectors

z0
ts =

o
zts, s ∈ K̄(t), and z0

t = (z
0
ts)t∈K̄(t) .

Proposition 1. The model M satisfies conditions (A) and (B) with

(z0
t )t∈T̄ in place of (

o
zt)t∈T . We have ΦT̄ (κ) ≤ ΦT (κ), κ ∈ [0, 1).

Proof. To verify (A.2), we Þx t ∈ T̄ and write

h̄t +
X

s∈M̄(t)

(z0
st − δet) = ht +

X
s∈M(t)\T̄

o
zst +

X
s∈M(t)∩T̄

(
o
zst −δet) ≥

ht +
X

s∈M(t)\T̄
(
o
zst −δet) +

X
s∈M(t)∩T̄

(
o
zst −δet) = ht +

X
s∈M(t)

(
o
zst −δet) ≥ 0.

The requirement

E(qZ̄t(q)|Ft) ≥ E(qz0
t |Ft)−A0, q ∈Qt,

expressing hypothesis (A.4) for the modelM, follows from hypothesis (A.4)
for the modelM and from the equalities

qZ̄t(q) =
X

s∈K̄(t)

qsZ̄ts(q) =
X

s∈K̄(t)

qsZts(�q) =
X

s∈K(t)

�qsZts(�q) = �qZt(�q),
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qz0
t =

X
s∈K̄(t)

qsz
0
ts =

X
s∈K(t)

�qs
o
zts= �q

o
zt,

holding for all q ∈Qtbecause �qs = 0, s ∈ K(t)\T̄ .
We claim that the mappings Z̄t satisfy the condition of strong mono-

tonicity analogous to (B.2) (with the same function ζH(t)). Indeed, for any
t ∈ T̄ and q1, q2 ∈Qt with qit ∈ Pt(H), we have

E(Z̄t(q
1)− Z̄t(q2))(q1 − q2) =

X
s∈K̄(t)

E(Z̄ts(q
1)− Z̄ts(q2))(q1

s − q2
s) =

X
s∈K(t)

E(Zts(�q
1)−Zts(�q2))(�q1

s−�q2
s) ≥ ζH(t)·E[|Zt(�q1)−Zt(�q2)|2+|�q1

t−�q2
t |2] ≥

ζH(t) · E[|Z̄t(q1)− Z̄t(q2)|2 + |q1
t − q2

t |2],
since qit = �qit for all q

i ∈Qt and since |Zt(�q1)− Zt(�q2)| ≥ |Z̄t(q1)− Z̄t(q2)|.
Conditions (A.1), (A.3), (B.1) and (B.3) for the model M are direct

consequences of the analogous conditions forM.
The truth of the inequality ΦT̄ (κ) ≤ ΦT (κ) (κ ∈ [0, 1)) is clear from

formula (10) and the following considerations: if there exists a path from
s ∈ T̄ to t ∈ T̄ along arrows of the graph T̄ , then there exists a path from s
to t along arrows of T ; the length of the shortest path from s to t within T̄
is not less than the length of the shortest path from s to t within T .

The proposition is proved.
Proposition 2. For any finite T̄ ⊆ T , the model M possesses an

equilibrium state (z̄, p̄) = ((z̄t, p̄t))t∈T̄ with ||p̄t||∞ ≤ H∗, where H∗ is defined
by (21).

Proof. The existence of (z̄, p̄) follows from Theorem 3 and Proposition
1. By virtue of Theorem 4, we have that

||p̄t||∞ ≤ A0

δ
ΦT̄ (

2A

δ + 2A
). (29)

But ΦT̄ (κ) ≤ ΦT (κ) for all κ ∈ [0, 1), as has been shown in Proposition 1.
Therefore (29) implies the inequality ||p̄t||∞ ≤ H∗.

The proposition is proved.
We now describe a procedure of extending an equilibrium state in the

model M to a random vector Þeld on T . Let (z̄, p̄) = ((z̄t, p̄t))t∈T̄ be an
equilibrium state inM. For each t ∈ T , set

pt =

(
p̄t, if t ∈ T̄ ,
0, if t ∈ T\T̄ , p = (pt)t∈T , (30)
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zt = Zt(q
t(p)), z = (zt)t∈T . (31)

(Recall that qt(p) = (ps)s∈K(t).)
Proposition 3. Let S be a subset of T̄ such that clS ⊆ T̄ . Then the

random field ((zt, pt))t∈T defined by (30) and (31) is an S-balanced state.
Proof. Since (z̄, p̄) is an equilibrium state in the modelM, the vector

v̄t ≡ h̄t +
X

s∈M̄(t)

z̄st (32)

is nonnegative and p̄tv̄t = 0 for all t ∈ T̄ . Since clS ⊆ T̄ , we have K̄(t) =
K(t) and M̄(t) =M(t), t ∈ S. Therefore, if t ∈ S, then h̄t = ht and

v̄t = ht +
X

s∈M(t)

z̄st. (33)

Observe that
z̄ts = zts, t, s ∈ T̄ . (34)

Indeed, Þx some t ∈ T̄ and deÞne q̄ = (p̄s)s∈K̄(t). Then, for any s ∈ T̄ , we
have z̄ts = Z̄ts(q̄) = Zts(�q), where �q is the family of vectors �qr, r ∈ K(t),
such that �qr = p̄r for r ∈ T̄ and �qr = 0 for r ∈ T\T̄ . In view of the deÞnition
of p, we have �q = qt(p). Consequently,

z̄ts = Zts(�q) = Zts(q
t(p)) = zts

(see (31)), which yields (34).
By applying (34), with s and t interchanged, to equality (33), we Þnd

ht +
X

s∈M(t)

zst = vt ≥ 0, and pt(ht +
X

s∈M(t)

zst) = p̄tvt = 0,

for all t ∈ S.
The proof is complete.
Let S1 ⊆ S2 ⊆ ... ⊆ SN ⊆ ... ⊆ T be a sequence of Þnite subsets of T

involved in hypothesis (T.2).
Proposition 4. Let N be a natural number. Let (z1, p1) and (z2, p2) be

SN -balanced states satisfying

zit = Zt(q
t(pi)) for all t ∈ SN (35)

and
pit ∈ Pt(H), t ∈ T, (36)
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for some constant H and i = 1, 2. Then we haveX
t∈SN−λN

E|(z1
t , p

1
t )− (z2

t , p
2
t )|2 ≤ 4AHΞN (H). (37)

Here, A is the constant speciÞed in hypotheses (A) and (B). The num-
bers λN and ΞN (H) are described in (T.2).

Proof of Proposition 4. In view of (35), (36) and (B.2), relation (22)
holds with ζ(t) = ζH(t) for all t ∈ SN . By using Theorem 2 (with S = SN)
and formulas (25), (26), we obtain that the left-hand side of (37) is not
greater than

βN (H)
2 · (1 + 1

βN(H)
)1−λN

X
(t,s)∈∂SN

E|(p1
s − p2

s)(z
1
ts − z2

ts)| ≤

βN (H)
2 · (1 + 1

βN(H)
)1−λN · (#∂SN) · 4AH = 4AHΞN(H),

which proves the proposition.
Now everything is prepared to prove Theorem 1.
Proof of Theorem 1. For each N ≥ 1, consider the restrictionM(SN+1)

of the modelM to the set SN+1. By virtue of Proposition 2 and Theorem
3, this model possesses an equilibrium (z̄N , p̄N) = ((z̄Nt , p̄

N
t ))t∈SN+1 . In view

of Theorem 4, we have ||p̄Nt ||∞ ≤ H∗.
DeÞne

pNt =

(
p̄Nt , if t ∈ SN+1,
0, if t ∈ T\SN+1,

(t ∈ T ), pN = (pNt )t∈T ,

zNt = Zt(q
t(pN)) (t ∈ T ), zN = (zNt )t∈T . (38)

According to Proposition 3, (zN , pN) is an SN -balanced state (since clSN ⊆
SN+1), and we have ||pNt ||∞ ≤ H∗ for all t ∈ T .

Let us show that, for every t ∈ T , (zNt , pNt ) is a Cauchy sequence with
respect to the L2-norm || · ||2 = (E| · |)1/2. To prove this, Þx some t = t0 ∈ T
and consider the sequence {λn} described in (T.2). Let N0 be such that
t0 ∈ SN−λN for all N > N0. The number N0 exists since N − λN → ∞
(see (18)) and T is the union of the sets S1 ⊆ S2 ⊆ ... . Fix an arbitrary
² > 0 and consider a number N = N(²) > N0 such that 4AH∗ΞN(H∗) < ²,
where ΞN(·) is deÞned by (19). The existence of N = N(²) follows from
the fact that ΞN (H) → 0 for each H > 0. Let n,m > N = N(²). Then
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(zn, pn) and (zm, pm) are SN -balanced states. By virtue of (38), we have
(35) with i = m,n. Furthermore, (36) holds with i = m,n and H = H∗.
Thus, Proposition 4 can be applied, which yields

r(n,m) ≡ E|(znt0 , pnt0)− (zmt0 , pmt0)|2 ≤X
t∈SN−λN

E|(znt , pnt )− (zmt , pmt )|2 ≤ 4AH∗ΞN (H∗) < ².

Thus, r(n,m) < ² for all n andm large enough, which means that {(zNt0 , pNt0)}
is a Cauchy sequence.

Since the sequence (zNt , p
N
t ) is Cauchy with respect to the L2-norm ||·||2,

we have zNt → zt and p
N
t → pt for some zt ∈ Zt and pt ∈ Pt(H∗), where

the sequences zNt and pNt converge in L2 and hence in L1. This implies that
zt = Zt(q

t(p)) in view of (B.3) and of the equality zNt = Zt(q
t(pN)), which

holds for all N and t. For every t ∈ T , we have t ∈ SN for all N large
enough. Consequently,

gt(z
N ) + ht ≥ 0 (a.s.), pNt (gt(zN) + ht) = 0 (a.s.).

for all sufficiently large N , because (zN , pN) is an SN -balanced state. By
passing to the limit as N → ∞ in the above inequalities, we obtain the
relations (5), (6) and ||pt||∞ ≤ H∗. Consequently, (z, p) ≡ ((zt, pt))t∈T is an
equilibrium in the modelM satisfying (20).

To establish the uniqueness of an equilibrium state with bounded prices,
suppose that there are two such states (zi, pi) = ((zit, p

i
t))t∈T , i = 1, 2, sat-

isfying ||pit||∞ ≤ H. Then conditions (35) and (36) hold for all N and
i = 1, 2. Furthermore, (z1, p1) and (z2, p2) are SN -balanced states for each
N . Consequently, inequality (37) is true for all N . Fix some t ∈ T . Since
N − λN →∞, (37) implies

E|(z1
t , p

1
t )− (z2

t , p
2
t )|2 ≤ 4AHΞN(H)

for all N large enough. This is possible only if (z1
t , p

1
t ) = (z2

t , p
2
t ) (a.s.)

because ΞN (H)→ 0.
The proof is complete.

19



6 Some specialized models

Suppose that the mappings Zts(q) involved in the description of the equilib-
rium model in Section 2 are of the following form:

Zts(q) =

(
Wts(q), s ∈ K(t+),
Wtt(q)−Ct(qt), s = t,

(39)

where Wt(q) = (Wts(q))s∈K(t) is deÞned on Qt and takes values in Zt,
while Ct(·) acts from Pt into Xt. The mapping q 7→ Wt(q) characterizes
the production activity of the economic agent t depending on the prices
q = (qs)s∈K(t). The vector −Wtt(q) speciÞes the production input, and the
vectors Wts, s ∈ K(t+), represent the production outputs (delivered to the
agents s in K(t+)). The collection of vectors Wt(q) is interpreted as the
most preferred production program of agent t. For each t ∈ T , the mapping
l 7→ Ct(l) speciÞes the demand function. The vector Ct(l) describes the com-
modity bundle which agent t chooses for consumption, provided l ∈ Pt is
the price system prevailing at the local market t. According to formula (39),
the total input −Ztt(q) of agent t is the sum of the production input −Wtt(q)
and the consumption vector Ct(qt). In the present context, the elements of
T may represent economic units of various kinds (e.g. regions), so that the
term �economic agent� should be understood in a sufficiently broad sense.

Further, suppose that the structure of the mapping Wt(q) is as follows.
Let a convex set Wt ⊆ Zt and a strictly concave functional Ft(w), w ∈Wt,
be given. Assume that, for each q ∈ Qt, the functional

Ft(w) +Eqw, w ∈Wt, (40)

attains its maximum on Wt. Let Wt(q) be deÞned as (the unique) point of
maximum of (40). The model described above � with the mapping Wt(q)
deÞned in terms of the functional (40) and a general mapping Ct(·) � was
investigated in much detail in [22]. This class of models includes as spe-
cial cases those considered by Gale [25], [26], Dynkin [14], [15], Polterovich
[37], Radner [40], Arkin and Evstigneev [3], Taksar [44], [45], Evstigneev
and Katyshev [17]. In the paper [22], conditions on Wt, Ft(·), Ct(·) were
presented guaranteeing the fulÞllment of hypotheses (A), (B.1), (B.3) and
a somewhat weaker version of hypothesis (B.2). Below, we provide addi-
tional assumptions which imply (B.2). SpeciÞcally, we Þx some t ∈ T , and
examine conditions on the above data under which the inequality

E(Zt(q
1)− Zt(q2))(q1 − q2) ≥
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ζ(H) ·E[|Zt(q1)− Zt(q2)|2 + |q1
t − q2

t |2] (H > 0) (41)

holds for some function ζ : (0,∞)→ (0,∞) and for all qi ∈ Qt(H) ≡ {qi ∈
Qt : qit ∈ Pt(H)}, where qit stands for the tth component of the collection
of vectors qi = (qs)s∈K(t). The conditions guaranteeing (41) are discussed
in Remarks 1-3 below.

Remark 1. If
E(Ct(l

1)−Ct(l2))(l1 − l2) ≤
− γ(H) ·E[|Ct(l1)−Ct(l2)|2 + |l1 − l2|2], (42)

for l1, l2 ∈ Pt(H), and
E(Wt(q

1)−Wt(q
2))(q1 − q2) ≥ ζ · E[|Wt(q

1)−Wt(q
2)|2, (43)

where γ(H) > 0 and ζ is a Þxed strictly positive number, then the mapping
(39) satisÞes (41). Indeed, we may assume without loss of generality that
γ(H) ≤ ζ (replace γ(H) by min(γ(H), ζ)). From (43) and (42) with li = qit,
we Þnd

E(Zt(q
1)− Zt(q2))(q1 − q2) ≥ γ(H) · E[|Wt(q

1)−Wt(q
2)|2+

|Ct(q1
t )−Ct(q2

t )|2 + |q1
t − q2

t |2] ≥
1

2
γ(H) ·E[|Zt(q1)− Zt(q2)|2 + |q1

t − q2
t |2],

which yields (41) with ζ(H) = γ(H)/2.
Remark 2. Hypothesis (42) is a consequence of the following one

E(Ct(l
1)−Ct(l2))(l1 − l2) ≤ −�γ(H) · E|l1 − l2|2, li ∈ Pt(H), (44)

and the Lipschitz property of Ct(·) on Pt(H):
||Ct(l1)−Ct(l2)||2 ≤ B(H) · ||l1 − l2||2, li ∈ Pt(H), (45)

where B(H) > 0 is some number independent of li. To show this, let us
write (45) in the form

E|l1 − l2|2 ≥ B(H)−2 ·E|Ct(l1)−Ct(l2)|2.
This, combined with (44), yields

E(Ct(l
1)−Ct(l2))(l1 − l2) ≤

−�γ(H)
2

· E|l1 − l2|2 − �γ(H)

2
B(H)−2 · E|Ct(l1)−Ct(l2)|2.
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The last inequality implies (42) with γ(H) = �γ(H) ·min{1, B(H)−2}/2.
Remark 3. Hypothesis (43) holds when Ft(w) is strongly concave in

the following sense:

Ft((w
1 +w2)/2) ≥ (Ft(w1) + Ft(w

2))/2 + ρ ·E|w1 −w2|2, wi ∈Wt, (46)

Indeed, suppose (46) is true. Consider any q1, q2 ∈ Qt and set wi =Wt(q
i),

i = 1, 2. Then, in view of (46), we have

Ft(w
i)+Eqiwi ≥ (Ft(w1)+Ft(w

2))/2+Eqi((w1+w2)/2)+ρ ·E|w1−w2|2.

By adding up the above inequality with i = 1 and the analogous inequality
with i = 2, we obtain, after easy computations, formula (43) with ζ = 4ρ.

7 Invariant equilibria

In the remainder of the paper, we will consider an invariant version of the
general model described in Section 2. Let G be a group of transformations
of the graph T , that is: every g ∈ G is a one-to-one mapping T → T ; the
identity mapping belongs to G; if g1 ∈ G and g2 ∈ G, then g1g2 ∈ G; if
g ∈ G, then g−1 ∈ G. The result of applying g ∈ G to t ∈ T will be denoted
by gt. Suppose that the graph structure on T is invariant with respect to
the action of the group G:

(G.1) We have gK(t) = K(gt), t ∈ T , g ∈ G.
Clearly (G.1) holds if and only if gM(t) = M(gt) for all t ∈ T and g ∈
G. Further, assume that, to each g ∈ G, there corresponds a one-to-one
transformation Θg : Ω → Ω of the space Ω such that Θg and Θ−1

g are
F-measurable, preserve the measure P , and satisfy ΘgΘg0 = Θgg0 for all
g, g0 ∈ G. The correspondence g 7→ Θg speciÞes a representation of the group
G by automorphisms Θg of the probability space (Ω,F , P ). By a standard
abuse of notation, we will denote by the same symbol Θg the operator acting
on functions of ω according to the formula Θgf(ω) = f(Θgω).

The modelM is said to be invariant if the following condition is fulÞlled.
(G.2) For all g ∈ G and t ∈ T , we have

Fgt = Θ−1
g Ft, mt = mgt, (47)

and
hgt = Θght, Zgt(Θgq) = ΘgZt(q)), q ∈ Qt. (48)
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Observe that (G.1), (47) and the fact that Θg is measure preserving for
each g imply

Xgt = ΘgXt, Pgt = ΘgPt, Zgt = ΘgZt, and Qgt = ΘgQt.

The notion of an invariant model can be used to express the idea of
temporal and spatial homogeneity of the system under consideration. For
example, let the graph T be of the form Z× B, where Z = {0,±1,±2, ...}
is the set of moments of time and B is the set of agents. Let the group G
include time shifts (n, b) 7→ (n+1, b) and mappings (n, b) 7→ (n, γb), γ ∈ GB,
where GB is some group of transformations of B. Invariance of the model
M under the time shifts corresponds to the common notion of stationarity
of a stochastic model (see [16], [40], [6], and [3], Chapter IV). Invariance
under the transformations (n, b) 7→ (n, γb) expresses spatial homogeneity of
the system. A typical example of B is a d-dimensional integer lattice Zd

(such spaces of agents are often considered in the studies of local economic
interactions: see, e.g., Föllmer [23] and Kirman [30]). The group GB may
consist of translations or of Euclidean transformations of the lattice.

In an invariant model, we can deÞne the notion of an invariant equilib-
rium state. Such states (z, p) = ((zt), (pt)) are deÞned as those satisfying

zgt = Θgzt, pgt = Θgpt, t ∈ T, g ∈ G. (49)

This deÞnition implies that the random vector function (zt, pt) is stationary
on every orbit T (t0,G) ≡ {gt0 : g ∈ G} of the group G (here t0 is any
Þxed vertex of the graph). In particular, (49) implies that the distributions
of the random vectors (zt, pt) are the same for all t ∈ T (t0, G). If T (t0,G)
coincides with T for some (and hence for all) t0 ∈ T , which means that T is
a homogenous space of the group G, then the probabilistic structure of the
programs and prices involved in an invariant equilibrium state is the same
at all the vertices of the graph T .

The uniqueness result contained in Theorem 1 allows to obtain the fol-
lowing theorem (in which hypotheses (A), (B), (T) and (F) are supposed
to hold).

Theorem 5. If the equilibrium model M is invariant, then any equilib-
rium state with prices pt satisfying supt∈T ||pt||∞ <∞ is invariant.

In combination with the existence part of Theorem 1, the last result
establishes the existence of an invariant equilibrium state in an invariant
model.
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Proof of Theorem 5. Let ((zt, pt))t∈T be an equilibrium state with
||pt||∞ ≤ H < ∞. To verify its invariance, it is sufficient to establish the
relations Θ−1

g zgt = zt and Θ
−1
g pgt = pt (t ∈ T , g ∈ G). To prove these

relations, in view of the uniqueness of an equilibrium with bounded prices,
it suffices to show that the random Þeld (z0t, p0t) ≡ (Θ−1

g zgt, Θ
−1
g pgt), t ∈ T ,

forms an equilibrium state. (Indeed, we have ||p0t||∞ = ||pt||∞, since Θ−1
g is

measure preserving, and so the prices p0t are bounded.)
Let us show that ((z0t, p0t))t∈T is an equilibrium state. We have

gt(z
0) + ht =

X
s∈M(t)

z0st + ht =
X

s∈M(t)

Θ−1
g zgs,gt + ht =

Θ−1
g [

X
s∈M(t)

zgs,gt +Θght] = Θ
−1
g [

X
s∈M(t)

zgs,gt + hgt] =

Θ−1
g [

X
r∈M(gt)

zr,gt + hgt] = Θ
−1
g (ggt(z) + hgt) ≥ 0 (a.s.), (50)

since Θght = hgt and r ∈ M(gt) ⇔ r = gs, s ∈ M(t), by virtue of (G.1).
The last inequality in (50) holds a.s. because ggt(z) + hgt ≥ 0 a.s. and Θg
preserves the measure P . Furthermore,

p0t(gt(z
0) + ht) = Θ−1

g [pgt(ggt(z) + hgt] = 0 (a.s.)

by virtue of (50) and the deÞnition of p0t. Finally,

z0t = Θ
−1
g zgt = Θ

−1
g Zgt(q

gt(p)) = Zt(Θ
−1
g qgt(p)) = Zt(q

t(p0)),

in view of the relations

Θ−1
g qgt(p) = Θ−1

g (ps)s∈K(gt) = (Θ
−1
g pgs)s∈K(t) = (p

0
s)s∈K(t) = qt(p0).

The theorem is proved.
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