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Abstract
We present ways of defining neuromanifolds – models of stochastic matrices – that
are compatible with the maximization of an objective function such as the expected
reward in reinforcement learning theory. Our approach is based on information geometry and aims at the reduction of model parameters with the hope to improve gradient
learning processes.
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Introduction

Within many formal models of neural networks the dynamics of the whole system can
be described as a stochastic transition in each time step, mathematically formalized in
terms of a stochastic matrix. Well-known models of this kind are Boltzmann machines
[2], their generalizations [5], and policy matrices within reinforcement learning [7].
It is helpful to consider not only one stochastic matrix but a parametrized family
of matrices, which forms a geometric object, referred to as a neuromanifold within
information geometry [1, 2]. This information geometric view point suggests to select
appropriate neuromanifolds and to define corresponding learning processes as gradient
flows on these manifolds. The natural gradient method, developed by Amari and
co-workers (see for example [1]), proved the efficiency of the geometric approach to
learning. The study of learning systems should further address the interplay between
geometric properties and the quality of learning. In this paper we study criteria for
the selection of neuromanifolds. We do not only focus on manifolds that are directly
induced by neuronal models, but also study more general geometric objects that satisfy
natural optimality conditions. Therefore, in the following we will talk about models
instead of neuromanifolds.
We assume that learning maximizes an objective function f : C → IR defined on
the set C of stochastic matrices. A model N ⊆ C is consistent with f , if the set of
maximizers of f can be reached through the learning. This implies that the maximizers
should be contained in the closure of N . If f is convex on C, then each locally maximal
value is attained at an extreme point (vertex) of C, and therefore corresponds to a
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deterministic function. We refer to the following three examples in which optimal
systems also turn out to be close to deterministic functions:
1. Optimal policies in reinforcement learning [6],
2. dynamics with maximal predictive information as considered in robotics [8], and
3. dynamics of neural networks with maximal network information flow [3].
This suggests to consider parametrizations that can approximate all extreme points
of C, the deterministic functions. In this paper we concentrate on the first example to
illustrate the main idea.
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The main geometric idea

We first consider general convex sets and return to stochastic matrices in Section 3.
The convex hull of a finite set ξ (1) , . . . , ξ (n) in IRd is defined as
)
( n
n
X
P
p(i) = 1 .
p(i) ξ (i) : p(i) ≥ 0 ∀i and
C :=
i=1

i=1

The set of extreme points of this polytope C is a subset of {ξ (1) , . . . , ξ (n) }. In general,
there are many ways to represent a point x ∈ C as a convex combination in terms of
a probability distribution p. Here, we are interested in convex combinations obtained
from an exponential family. To be more precise, denote Pn the set of probability
measures p = (p(1), . . . , p(n)) ∈ IRn and consider the map
m : Pn → C,

p 7→

n
X

p(i) ξ (i) .

i=1

For a family of functions φ = (φ1 , . . . , φl ) on {1, . . . , n}, we consider the exponential
family Eφ consisting of all p ∈ Pn of the form
Pl
e k=1 λk φk (i)
Pl
p(i) = P
,
i = 1, . . . , n.
n
λk φk (j)
k=1
j=1 e

We denote the image of Eφ under m by Cφ . With the choice
(i)

φ∗k (i) := ξk ,

i = 1, . . . , n, k = 1, . . . , d,

the closure of the exponential family Eφ can be identified with the polytope C. This
allows to define natural geometric structures on C, such as a Fisher metric, by using
the natural structures on the simplex Pn . In the context of stochastic matrices this
leads to a Fisher metric that has been studied by Lebanon [4] based on an approach
by Čencov. The above construction also motivates the following definition: We call a
family Cφ an exponential family in C if the vectors φk , k = 1, . . . , l, are contained in
the linear span of the vectors φ∗k , k = 1, . . . , d.
In general, the families Cφ are not exponential families but projections of exponential families. In this paper the models Cφ will play the role of neuromanifolds. We
are mainly interested in models that are compatible with the maximization of a given
function f : C → IR in the sense that the closure of Cφ should contain the maximizers
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of f . This is clearly not the only consistency condition, but here we focus on this
assumption only.
As stated above, in many cases the local maximizers of f are elements of the
set {ξ (1) , . . . , ξ (n) }, and hence the problem stated above reduces to finding a family
φ = (φ1 , . . . , φl ) of functions such that Cφ contains that set in its closure. This is
always possible with only two functions φ1 , φ2 . One such family can be constructed as
follows: Consider a one-to-one map ϕ of the n points ξ (1) , . . . , ξ (n) into IR, for instance
ξ (i) 7→ i, i = 1, . . . , n, and the following family of distributions:
2

pα,β (i)

=

(i)
e−β (ϕ(ξ )−α)
2
Pn
(j)
e−β (ϕ(ξ )−α)

(1)

j=1

=

eλ1 φ1 (i)+λ2 φ2 (i)
Pn
,
λ1 φ1 (j)+λ2 φ2 (j)
j=1 e

where φ1 (i) := ϕ(ξ (i) ), φ2 (i) := ϕ2 (ξ (i) ), and λ1 := 2 α β, λ2 := −β. It is easy to see
that for α = ϕ(ξ (i) ) and β → ∞, the distribution
Pn pα,β converges to the point measure
concentrated in i. The convex combination j=1 pα,β (i) ξ (i) therefore converges to the
point ξ (i) . This proves that the closure of this two-dimensional family in C contains
all the points ξ (i) , i = 1, . . . , n. In general, the geometric properties of this family
strongly depend on ϕ, as we discuss in the following section.
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Application to reward maximization

Given non-empty finite sets X and Y , the stochastic matrices from X to Y are maps
(x, y) 7→ π(x; y) satisfying
π(x; y) ≥ 0 for all x ∈ X , y ∈ Y , and
X
π(x; y) = 1 for all x ∈ X .
y∈Y

The set of stochastic matrices is denoted by C := C(X ; Y ). Stochastic matrices are
very general objects and can serve as models for individual neurons, neural networks,
and policies. Each extreme point of this convex set corresponds to a deterministic
function f : X → Y and is given as

1, if y = f (x),
(f )
π (x; y) =
0,
else.
Although the number of these extreme points is |Y ||X | , according to Section 2 there
always exists a two-dimensional manifold that reaches all of them. Note that in the
N
N
particular case of N binary neurons we have X = Y = {0, 1} and therefore (2N )(2 )
extreme points.
To illustrate the geometric idea we consider the example X = {1, 2, 3} and Y =
{1, 2}. This can, for instance, serve as a model for policies with three states and two
actions. In this case C is a subset of IRX ×Y ∼
= IR6 which can be identified with the
3
hypercube [0, 1] through the following parametrization (see Fig. 1 A):
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r
 s
[0, 1]3 3 (r, s, t) →
7
t


1−r
1−s .
1−t

To test the properties of that family with respect to the optimization of a function,
we consider a map (s, a) 7→ Ras , which we interpret as reward that an agent receives
if it performs action a after having seen state s. The policy of the agent is described
by a stochastic matrix π(s; a). The expected reward can be written as
X
X
f (π) =
pπ (s)
π(s; a) Ras .
s

a

In reinforcement learning, there are several choices of pπ (see [7]). Here we simplify
our study by assuming pπ to be the uniform measure.

A

β

α

B

β

α

Figure 1: Optimization with ordinary (green) and natural (magenta) gradient on the
model Cφ for two different choices of ϕ.
A: A Hamilton path ϕ = (1, 2, 3, 4, 5, 6, 7, 8).
B: An arbitrary map ϕ = (1, 7, 3, 5, 2, 8, 4, 6).
We investigate the influence of the map ϕ and compare the natural gradient flow
(gradient with respect to the Fisher metric, see [1]) with the ordinary gradient. For
the experiments we drew a random reward matrix R and applied gradient ascent
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(with fixed step size) on f (π) restricted to our model and several choices of ϕ (see
Figs. 1 A/B for typical outcomes). The optimization results strongly depend on ϕ.
We restricted ourselves to the case that ϕ maps the vertices of C onto the numbers
{1, . . . , n}. Such a map is equivalent to an ordering of the vertices. We recorded the
best results when ϕ corresponds to a Hamilton path on the graph of the polytope
C, i.e. a closed path along the edges of the polytope that visits each vertex exactly
once. This way ϕ preserves the locality in C, and the resulting model
 Cφ is a smooth
manifold. In Fig. 1 A, both methods reach the global optimum

01
10
01

. In Fig. 1 B,

ϕ is ‘unordered’. We see that the landscape f (πα,β ) is more intricate and contains
several local maxima. The natural gradient method only converged to a local but not
global optimum, and the ordinary gradient method failed. In Figs. 1 A/B every vertex
ξ of the cube is labeled by ϕ(ξ) for the corresponding ϕ.

4

Towards a construction of neuromanifolds

Here we approach implementations of policies π in the context of neural networks.
We start with the case of two input neurons and one output neuron (Fig. 2, left). All
neurons are considered to be binary with values 0 and 1.

x1

x1

y1

x2

y2

y
x2

Figure 2: Two simple neural networks.
The input-output mapping is modelled in terms of a stochastic matrix π. The set
of such 4 × 2-matrices forms a four-dimensional cube. A prominent neuronal model
assumes synaptic weights w1 and w2 assigned to the directed edges and a bias b. The
probability for the output 1, which corresponds to the spiking of the neuron, is then
given as
π(x1 , x2 ; 1) =

1
.
1 + e−(w1 x1 +w2 x2 −b)

(2)

This defines a three-dimensional model in the four-dimensional cube, see Fig. 3. Some
extreme points are not contained in this model, e.g. the matrix π(0, 0; 1) = π(1, 1; 1) =
0, π(0, 1; 1) = π(1, 0; 1) = 1. This corresponds to the well-known fact that the standard model cannot represent the XOR-function. On the other hand, it is possible
to reach all extreme points, including the XOR-function, with the two-dimensional
models introduced above. However, there are various drawbacks of our models in
comparison with the standard model. They are not exponential families but only
projections. Moreover, we do not have a neurophysiological interpretation of the parameters.
We now discuss models for the case of one additional output neuron. The system
is modelled by stochastic 4 × 4 matrices, which form the 12-dimensional polytope
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Figure 3: The standard model given in equation (2) for three values of the bias parameter
b (left) and the new model (right) introduced in Section 2.
C := C({0, 1}2; {0, 1}2). A natural assumption is the independence of the outputs Y1
and Y2 given the input pair X1 , X2 . This is the case if and only if the input-output
map of each neuron i is modelled by a separate stochastic matrix πi , i = 1, 2. The
stochastic matrix of the whole system is given by
π(x1 , x2 ; y1 , y2 ) = π1 (x1 , x2 ; y1 ) · π2 (x1 , x2 ; y2 ).
This defines an 8-dimensional model Nproduct that contains all extreme points of C.
Furthermore, it contains the submodel Nstandard given by the additional requirement
that π1 and π2 are of the form (2). The model Nstandard is an exponential family
of dimension 6. However, as in the one-neuron case, Nstandard does not reach all
extreme points. Another submodel Nnew of Nproduct is defined by modelling each
of the stochastic matrices πi in terms of two parameters as described above. The
following table gives a synopsis:
model
C
Nproduct
Nstandard
Nnew

dim.
12
8
6
4

exponential family
yes
yes
yes
no

reaches all extreme points
yes
yes
no
yes

We conclude this section with the maximization of a reward function in the family
Nnew , as in the previous section. Fig. 4 shows a histogram of the results for a fixed
randomly chosen reward R after 500 steps for ordinary gradient and natural gradient
methods. We chose a constant learning rate and 5,000 different initial values. Both
methods find 3 local maxima. The natural gradient process tends to converge faster.
Furthermore, it finds the global maximum for a majority of the initial values, which
is not the case for the ordinary gradient.
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Figure 4: Histogram of the objective value f (π) after 500 steps of gradient ascent in Nnew .
Magenta: natural gradient. Green: ordinary gradient.
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Conclusions

We proposed and studied models which contain all extreme points in the set of stochastic matrices (the global maximizers for a variety of optimization problems). These
models have very few parameters, a rich geometric structure and allow a simple implementation of natural gradient methods. At this stage we do not suggest them for
describing neural systems but as basis for extensions to more plausible models.
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